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OVERVIEW 


The third edition of this book continues the goal of serving as a senior or first-year 
graduate textbook on viscous flow with engineering applications. Students should 
be pene to have knowledge of basic fluid mechanics, vector calculus, ordinary 
and partial differential equations, and elementary numerical analysis. The material 
can be selectively presented in a one-semester course or, with fuller coverage, in 
two quarters or even two semesters. At the author’s institution, the text is used in a 
first-seinester graduate course that has, as a prerequisite, a one-semester junior 
course 4 fluid mechanics. 

The evolution of viscous-flow prediction continues toward CFD instead of 
physical insight and mathematical analysis. However, this book still exists to intro- 
duce vifcous-flow concepts, not software. Dozens of new books and monographs on 
CFD a discussed and listed here for further specialized study. Since the second 
edition jappeared in 1991, more than 10,000 new articles have been published on 
viscous] flows. Clearly, the present book is an introductory textbook, not a compre- 
hensive! state-of-the-art treatment of the entire field. The goal is to make the book 
readable and informative and to introduce graduate students to the field. 


New to this edition: 
| 


° Over 30 percent of the problems are new or revised. 

e New'material has been added to Chapters 1, 3, and 4 on microflows, slip in liquids, 
gas stip flow in tubes and channels, and a novel micropump. 

e Section 2-9 on Dimensional Analysis is completely rewritten. Material has 
beenjadded on Euler’s equation and inviscid flow analysis and their relation to 
viscdus flow. 
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e Chapter 5 begins with the classic Kelvin-Helmholtz wind-wave instability. 


e Turbulence modeling in Chapter 6 is completely rewritten, expanded, and 
updated. 


e Chapter 7 includes a detailed discussion of isentropic flow analysis to increase 
its relation to the understanding of viscous effects. 


e References are completely updated. 
e An Instructor and Student Resource Web Site is available to users of the text. 


ORGANIZATION 


The seven-chapter format of the book remains the same. Chapter 1 covers the basic 
properties of fluids and introductory concepts. New material has been added on 
microfiows, slip in liquids, and an improved discussion of boundary conditions for 
flow. 

Chapter 2 covers the basic equations of flow, with a bit of condensing of Secs. 
2-8, 9 and 2-11, 12. Section 2-9 on Dimensional Analysis has been completely 
rewritten. Material has been added on Euler’s equation and inviscid flow analysis 
and their relation to viscous flow. 

Chapter 3 treats a variety of laminar-fiow solutions, both analytical and 
numerical, of the Navier-Stokes equation. A number of new exact solutions are dis- 
cussed and the Stokes paradox is illuminated a bit more. The creeping-flow discus- 
sion is updated. Two new interesting engineering CFD applications are given for 
liquid spheres and a novel micropump. 

Chapter 4 has some obsolete material deleted, such as the Stratford separation 
criterion. A new section has been added on unsteady boundary layers, including 
acoustic streaming and the Goldstein/MRS separation criteria. Numerical solutions 
are covered, but the traditional integral methods remain. 

Chapter 5 has dropped the beam-bucklhing instability analogy and now begins 
with the classic Kelvin-Helmholtz wind—wave instability. A great wind-shear photo 
by Brooks Martner has been added. The concept of pseudoresonance has been 
added. Section 5-4 on transition processes has been completely rewritten. New 
results of DNS transition prediction are now discussed. 

Chapter 6 has been updated with many new references, but the basic outline 
of turbulent mean-flow prediction remains. Section 6-7 on modeling has been com- 
pletely rewritten. The power-law overlap layer controversy is now included. DNS 
predictions are augmented. 

Chapter 7 has two new photos of supersonic boundary-layer flow. Isentropic 
flow analysis is added to increase our understanding of viscous effects. There is a 
new discussion of Morkovin’s hypothesis. Section 7-7 on compressible wall—-wake 
laws has been rewritten. 

The three Appendices are pretty much the same. More fluid property data 
have been added to App. A. Appendix C, a Runge—Kutta subroutine, is still useful 
and clarifies numerical integration. However, more and more readers are changing 
to spreadsheet calculations. 


j 
| 
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SUPPLEMENTS 

The new Instructor and Student Resource Web Site, http://www.mhhe.com/ 
Snede, will house general text information, the solutions to end-of-chapter prob- 
lems (under password-protection), additional problems (with password-protected 
solutions), and helpful Web links. 
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Coles’ wake parameter, Eq. (6-47) 

velocity potential (Chap. 2); latitude (Chap. 3); wave angle, Eq. (5-12); 
dimensionless disturbance, Eq. (5-23) 

dissipation function, Eq. (2-46) 

stream function 

polar coordinate angle; momentum thickness, Eq. (4-6) 
dimensionless temperature ratio, Eq. (3-167) or (4-56) 

density 

molecular collision diameter (Chap. 1); numerical mesh parameter, 
Eq. (3-247); turbulent jet growth parameter, Eq. (6-147) 
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LIST OF SYMBOLS Xxi 
Subscripts 

aw | adiabatic wall 

oO | far field 

e freestream, boundary-layer edge 

0 | initial or reference value 

c, crit; critical, at the point of instability 

m | mean 

n | normal 

rms ; root mean square 

sep | separation point 

t | turbulent, tangential 

tr | transition 

r recovery or adiabatic wall 

w wall 

x i at position x 

Superscripts 

= | time-mean 

j _ differentiation; turbulent fluctuation 
7 | dimensionless variable (Chaps. 2, 3, and 4) 
+ | law-of-the-wall variable 

A j 


small-disturbance variable (Chap. 5) 
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1-1 HISTORICAL OUTLINE 


By stretching a point one could say that the study of viscous fluid flow reaches back 
into antiquity, for it was probably in prehistoric times that human weaponry devel- 
oped from simple sticks and stones into streamlined, weighted spears and slim, 
pointed, fin-stabilized arrows. One can conclude that primitive man recognized and 
solved in part the problem of viscous resistance. 

The exact solution for the problem of the viscous fluid at rest was correctly 
given by the Greek mathematician Archimedes (287-212 B.c.) as his two postu- 
lates of buoyancy. Subsequently, in order to derive expressions for the buoyant 
force oh various-shaped bodies, Archimedes actually developed a version of the 
differential calculus. At about the same time, the Romans were building their 
magnificent water-supply systems and in so doing demonstrated some intuitive 
understanding of the effect of viscous resistance in long conduits. However, the 
Romans contributed little to a systematic solution of this problem, and in fact no 
significant progress on channel resistance was made until Chézy’s work in 1768. 

The period from the birth of Christ to the fifteenth century produced the same 
impact on viscous-flow analysis as it did on other fields of science, i.e., little if any. 
But thej mountains of conjecture and superstition accumulated in these unscientific 
centuries certainly contained nuggets of fact which the great thinkers of the 
Renaissance finally mined. In 1500, the equation of conservation of mass for incom- 
pressible one-dimensional viscous flow was correctly deduced by Leonardo da Vinci, 
the Italian painter, sculptor, musician, philosopher, anatomist, botanist, geologist, 
architect, engineer, and scientist. Leonardo’s notes also contain accurate sketches and 
descriptions of wave motion, hydraulic jumps, free jets, eddy formation behind bluff 
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bodies (see Example 2 of Sec. 1-2), reduction of drag by streamlining, and the 
velocity distribution in a vortex. _ 

The next notable achievement was by Evangelista Torricelli (1608-1647), 
who in 1644 published his theorem that the velocity of efflux of a (viscous) liquid 
from a hole in a tank 1s equal] to the velocity which a liquid particle would attain in 
free fall from its surface. Torricelli termed his discovery “almost useless,” but his- 
tory has seen fit to disagree. From the point of view of this text, the efflux princi- 
ple is unusually interesting, since it is one of the few flow phenomena for which 
viscous effects are often negligible. 

The above achievements do not relate directly to viscous motion. That is, 
these early workers were probably studying a fluid they thought to be inviscid, or 
perfect; it happens that their results are also true for a viscous, or real fluid. The first 
to make a direct study of fluid friction was probably Edme Mariotte (1620-1684), 
who invented a balance system to measure the drag of a model held stationary in a 
moving stream, the first wind tunnel. Mariotte’s text, “Traité du mouvement des 
eaux,’ was published in 1686, a year before the incomparable “Principia 
Mathematica” of Sir Isaac Newton. 

In 1687, Newton published in his “Principia” the simple statement which 
delineates the viscous behavior of nearly all common fluids: “The resistance which 
arises from the lack of lubricity in the parts of a fluid—other things being equal— 
is proportional to the velocity by which the parts of the fluid are being separated 
from each other.’ Such fluids, water and air being prominent examples, are now 
called newtonian in his honor. With the law of linear viscosity thus proposed, 
Newton contributed the first viscous-flow analysis by deriving the correct velocity 
distribution about a rotating cylinder. 

But the world was apparently not ready for viscous-flow theory. This was 
probably due to Newton himself, because of his more famous discovery, the differ- 
ential calculus. Whereas those who preceded Newton were essentially limited to 
discussion of fluid-flow problems, those who followed him could use the calculus 
to attack such problems directly. It is natural that the first efforts were directed 
toward the idealized frictionless fluid. First to succeed was Daniel Bernoulli, who 
in 1738 demonstrated the proportionality between pressure gradient and accelera- 
tion in inviscid flow. Subsequently, the master of the calculus, Leonhard Euler, 
derived in 1755 the famous frictionless equation which now bears Bernoulli’s 
name. Euler’s magnificent derivation is essentially unchanged today in ideal-fluid 
theory, or hydrodynamics, as Bernoulli termed it. Paralleling Euler, Jean 
d’ Alembert published in 1752 his famous paradox, showing that a body immersed 
in a frictionless flow would have zero drag. Shortly afterward, Lagrange 
(1736-1813), Laplace (1749-1827), and Gerstner (1756—1832) carried the new 
hydrodynamics to elegant heights of analysis. 

But theoretical results such as the d’Alembert paradox were too much for 
practical engineers to bear, with the tragic result that fluid mechanics was rent into 
two parts: hydrodynamics, under whose banner mathematicians soared to new fric- 
tionless summits, and hydraulics, which abandoned theory entirely and relied on 
experimental measurements. This schism continued unhealed for 150 years, to the 
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beginning of the twentieth century. Indeed, the separation of fluid mechanics theo- 
ry from experiment is not extinct even today, as witness the divergent views of the 
subject now held among aeronautical, chemical, civil, and mechanical engineers. 

After Euler and his colleagues, the next significant analytical advance was the. 
addition of frictional-resistance terms to Euler’s inviscid equations. This was done, 
with varying degrees of elegance, by Navier in 1827, Cauchy in 1828, Poisson in 
1829, St. Venant in 1843, and Stokes in 1845. The first four wrote their equations 
in terms of an unknown molecular function, whereas Stokes was the first to use the 
first coéfficient of viscosity u. Today these equations, which are fundamental to the 
subject, are called the Navier-Stokes relations, and this text can do little to improve 
upon Stokes’ analysis. 

The Navier-Stokes equations, though fundamental and rigorous, are non-lin- 
ear, norunique, complex, and difficult to solve. To this day, only a relatively few 
particular solutions have been found, although mathematicians are now taking an 
interest jin the general properties of these remarkable equations [Constantin and 
Foias (1988)]. Meanwhile, the widespread use of digital computers has given birth 
to many numerical models and published computations of viscous flows. Certain of 
these models can be implemented, for simple geometries, on a small personal com- 
puter and are described here in Chaps. 3, 4, and 6. Experimentation remains a 
strong component of viscous-flow research because even the largest supercomput- 
ers are incapable of resolving the fine details of a high-Reynolds-number flow. 

For practical fluids engineering, the biggest breakthrough was the demonstra- 
tion, byiLudwig Prandtl in 1904, of the existence of a thin boundary layer in fluid 
flow with small viscosity. Viscous effects are confined to this boundary layer, which 
may then be patched onto the outer inviscid fiow, where so many powerful mathe- 
matical techniques obtain. Boundary-layer theory applies to many, but definitely 
not all, engineering flows. The concept makes it possible, as Leslie Howarth said, 
“to think intelligently about almost any problem in real fluid flow.” 

The second most important breakthrough, also accomplished at the turn of 
the twentieth century, was to put fluid-flow experimentation on a solid basis, 
using dimensional analysis. Leaders in this effort were Osborne Reynolds 
(1842-1912), Lord Rayleigh (1842-1919), and Ludwig Prandtl (1875-1953). 
Moderni engineering studies—and textbooks—routinely place their results in 
dimensionless form, thus making them applicable to any newtonian fluid under 
the samé¢ flow conditions. 

With thousands of researchers now active in fluid mechanics, present progress 
is incremental and substantial. Instrumentation has advanced greatly with the 
inventions of the hot-wire, the hot-film, the laser-Doppier velocimeter, and minia- 
ture pressure and temperature sensors. Visualization of flow—through bubbles, 
smoke, dye, oil-films, holography, and other methods—is now outstanding [see, 
e.g., Van Dyke (1982), Nakayama and Tanida (1996), Smits and Lim (2000), and 
Nakayama (1988)]. Computational fluid dynamics (CFD) has grown from a special 
topic to infiltrate the entire field: Many user-friendly CFD codes are now available 
so that ordinary engineers can attempt to model a realistic two- or three-dimen- 
sional viscous flow. 
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. The literature in fluid mechanics is now out of control, too much to keep up 
with, at least for someone as dedicated as this writer. The first edition of this text had 
a figure to show the growth of viscous-flow papers during the twentieth century. 
Prandtl’s 1904 breakthrough could be considered as “Paper 1,” and the research out- 
put rose at a 7 percent annual rate to 70 papers per year in 1970. Well, that annual 
increase has continued to this day, so that thousands of papers are now being pub- 
lished each year. A dozen new fluids-oriented journals have been introduced, plus a 
half-dozen serials related to computational fluid dynamics. There are dozens of con- 
ferences and symposia every year devoted to fluids-oriented topics. Consider the fol- 
lowing statistics: 


e In 2002, the Journal of Fluid Mechanics printed 450 papers covering 9000 jour- 
nal pages. 

e In 2002, the Physics of Fluids printed 410 papers covering 4500 journal pages. 

e In 2002, the Journal of Fluids Engineering printed 120 papers covering 1068 
journal pages. 

è In 2002, the Fluids Engineering Division of the American Society of Mechanical 
Engineers sponsored 650 papers. 


e The May 2003 Meetings Calendar of the Journal of Fluids Engineering listed 38 
fluids-related conferences for the coming year. 


¢ The 2001 International Symposium on Turbulent Shear Flow Phenomena pre- 
sented 300 papers. 


This situation is, of course, much the same in other pure and applied sciences. The 
net effect of the above incomplete statistics is that the present text can only be an 
introduction to some of the many topics of ongoing research into laminar and tur- 
bulent shear flows. Many specialized monographs will be cited throughout this text 
for further reading. 

The historical details in this present section were abstracted from the excel- 
lent history of hydraulics by Rouse and Ince (1957). 


1-2 SOME EXAMPLES OF VISCOUS-FLOW 
PHENOMENA 


Before embarking upon the inevitable detailed studies of theoretical and experi- 
mental viscous flows, let us discuss four examples, chosen to illustrate both the 
strength and the limitations of the subject: (1) airfoil flow, (2) a cylinder in cross- 
flow, (3) pipe-entry flow, and (4) prolate spheroid flow. These examples remind 
one that a textbook tends to emphasize analytical power while deemphasizing 
practical difficulties. Viscous-flow theory does have limitations, especially in the 
high-Reynolds-number turbulent flow regime, where the flow undergoes random 
fluctuations and is only modeled on a semiempirical time-mean or statistical 
basis. 
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Although geometry and fluid buoyancy and compressibitity will be important, 
in all viscous flows, the primary controlling parameter is the dimensionless 
Reynolds number. 


Re, = puL/p (1-1) 


where U is a velocity scale, L is a characteristic geometric size, and p and p are the 
fluid density and viscosity, respectively. Fluid properties alone can cause dramatic 
differences in the Reynolds number and, consequently, the flow pattern. For exam- 
ple, if y= 1 m/s and L = 1 mat 20°C, Re; = 9E3, 7EA, and 1E6 for SAE-10 oil, 
air, and water, respectively. By adding in changes in size and speed, the Reynolds 
number can from a small fraction (falling dust particles) to 5E9 (a cruising 
supertanker) Mir a given geometry, as Re; increases, the flow pattern changes from 
smooth! or laminar through a transitional region into the fluctuating or turbulent 
regime. 


Example 1 Flow past a thin airfoil. Consider flow past a thin airfoil at small angle 
of incidence, a < 5°, as sketched in Fig. 1-1a. In practical applications, the Reynolds 
number, Rey, is large. For example, if L = 1 m, U = 100 m/s, and v = 1.5E-5 m?/s 
(air at 20°C and 1 atm), Rez = 6.7E6. In these circumstances the flow creates a thin 
bdundary layer near the airfoil surface and a thin wake downstream. The measured 
surface pressure distribution on the foil can be predicted by inviscid-flow theory [e.g., 
White (2003), Sec. 8.7], and the wal! shear stress can be computed with the boundary- 
layer theory of Chaps. 4 to 6. The sharp trailing edge establishes the flow pattern, for 
a viscous fluid cannot go around such a sharp edge but instead must leave smoothly 
and tangentially, as shown in Fig. 1-la. 


| Streamlines Boundary layer with 
| no separation 


(> 


Thin wake 


(a) 


i Boundary-layer 
aes separation 
p Broad 
f wake 
| FIGURE 1-1 


> Flow past a thin airfoil: (a) low inci- 
dence angle, smooth flow, no separation; 
(b) high incidence angle, upper surface 
(b) separates or “stalls,” lift decreases. 
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According to inviscid theory, if F is the lift force per unit depth on a symmet- 
ric (two-dimensional) airfoil, the dimensionless lift coefficient C, is given by 


C=; E = 2r sin (a) (1-2) 
: spUrL 


where L is the chord length of the airfoil. 

At larger incidence angles (10-15°), boundary-layer separation, or stall, will 
occur on the upper or suction (low-pressure) surface, as shown in Fig. 1-1. For thick- 
er airfoils, separation generally occurs at the trailing edge. Thin airfoils may form a par- 
tial separation, or bubble, near the leading edge. In stalled flow, the upper surface pres- 
sure distribution deviates considerably from inviscid theory, resulting in a loss of lift and 
an increase in drag force. 

When an airfoil flow separates, its lift coefficient levels off to a maximum and 
then decreases, sometimes gradually, sometimes quickly as a short leading-edge bub- 
ble suddenly lengthens. Figure 1-2 compares typical theoretical and experimental lift 
curves for a symmetric airfoil. 

As long as the angle of attack is below stall, the lift can be predicted by invis- 
cid theory and the friction by boundary-layer theory. The onset of stall can be pre- 
dicted. In the stalled region, however, boundary-layer theory is not valid, and one 
must resort either to experimentation or—with increasing success as turbulence mod- 
eling improves—numerical simulation on a digital computer. 

Figures 1-1 and 1-2 are for two-dimensional airfoils—of infinite span into the 
paper. Practical wings of course have tips and can have leading edges swept or 
nonorthogonal to the oncoming stream. The flow over them is three-dimensional. An 
example is the 45° swept wing shown in Fig. 1-3. The flow on the upper surface is 
visualized by streaks in an oil-film coating. At a = 12°, Fig. 1-3a, there is a leading- 
edge separation bubble (the white strip), but the remaining flow is attached and moves 
toward the (low-pressure) tip region. At 15° incidence, Fig. 1-3, the rear surface flow 
moves parallel to the trailing edge, toward a separated region at the tip. Finally, at 
a = 20°, Fig. 1-3c, the wing is heavily stalled and the surface flow actually moves 
backward or upstream toward the leading edge. Inviscid-flow computation is common 
for three-dimensional flows, e.g., Anderson (2001), and viscous-flow simulation of 
such flows is now possible with the advent of supercomputers [Chung (2002)]. 


Theory, Eq. (1-2) 
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FIGURE 1-2 

Typical comparison of theory and experi- 
ment for lift coefficient on a symmetric air- 
foil. 
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Attack 12° 
angle 


i 15° 
| (b) 


FIGURE 1-3 
Oil-film visualization of suction-surface flow past a 45° swept wing at Re; = 2.6ES: (a)a = 12°, flow 
attached except for leading-edge bubble; (b) at 15°, surface flow moves toward a stalled tip region; (c) at 20°, 


the wing i$ almost entirely stalled and surface flow moves upstream. [From Nakayama (1988), courtesy of 
Hitoshi Marai, Hiroshima Institute of Technology.] 
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FIGURE 1-3 
Continued. 


Example 2 Flow past a circular cylinder. A very common geometry in fluids engi- 
neering is crossfiow of a stream at velocity U» past a circular cylinder of radius R. 
For plane inviscid flow, the solution superimposes a uniform stream with a line dou- 
blet and is given in polar coordinates by [see, e.g., White (2003), p. 537] 


2 
v, = Ug (1 = E) cos 0 
r 


(1-3) 
Rey 2. 
Vg = —Ueo(1 + = ) sing 


r 


The streamlines of this flow can then be plotted as in Fig. 1-4. At the surface of the cylin- 
der, r = R, we have v, = 0 and vg = —2U œ sin 0, the latter velocity being finite and 
thus violating the no-slip condition imposed by intermolecular forces between the fluid 
and the solid. 

The pressure distribution at the cylinder surface can be found from Bernoulli’s 
equation, p + toV? = const, where p is the fluid density. The result is 


P, = Po + 3pU2,(1 — 4sin? 0) 
or 
Ps T Px 


C, = = = 1- 4sin? O 
e Ppt, 
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FIGURE 1-4 
Perfect-fluid flow past a circular cylinder. 


This distribution is shown as the dash-dot line in Fig. 1-5. Equations (1-3) illustrate 
a characteristic of inviscid flow without a free surface or “deadwater” region: There 
arẹ no parameters such as Reynolds number and no dependence upon physical prop- 
erties. Also, the symmetry of C,(@) in Fig. 1-5 indicates that the integrated surface- 
pressure force in the streamwise direction—the cylinder drag—is zero. This is an 
example of the d’Alembert paradox for inviscid flow past immersed bodies. 

The experimental facts differ considerably from this inviscid symmetrical pic- 
tute and depend strongly upon Reynolds number. Figure 1-5 shows measured C, by 
Flachsbart (1932) for two Reynolds numbers. The pressure on the rear or lee side of 
the cylinder is everywhere less than the freestream pressure. Consequently, unlike the 
d’Alembert paradox, the real fluid causes a large pressure-drag force on the body. 

| Nor are the real streamlines symmetrical. Figure 1-6 shows the measured flow 
pattern in water moving past a cylinder at Rep = 170. The flow breaks away or “sep- 
arates” from the rear surface, forming a broad, pulsating wake. The pattern is visual- 
izéd by releasing hydrogen bubbles at the left of the photograph, in streaklines paral- 
lel to the stream and timelines normal to the flow. Note that the wake consists of pairs 
of vortices shed alternately from the upper and lower part of the rear surface. They are 
called Kármán vortex streets, after a paper by Kármán (1911) explaining this alterna- 
tion to be a stable configuration for vortex pairs. Beginning for Rep > 35, the vortex 
streets occur in almost any bluff-body flow and persist over a wide range of Reynolds 
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FIGURE 1-5 
Comparison of perfect-ftuid theory and an experiment for the pressure distribution on a cylinder. 
[After Flachsbart (1932).] 
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FIGURE 1-6 
Timelines and streaklines for flow past a cylinder at Rep = 170. [From Nakayama (1988), courtesy 
of ¥. Nakayama, Tokai University.) 


numbers, as shown in Fig. l-7. As the Reynolds number increases, the wake becomes 
more complex—and turbulent—but the alternate shedding can still be detected at 
Re = 107. 

As shown in Fig. 1-8, the dimensionless cylinder shedding frequency or Strouhal 
number, St = fD/U ~ 0.2 for Reynolds numbers from 100 to 10°. Thus the shedding 
cycle takes place during the time that the freestream moves approximately five cylin- 
der diameters. Vortex shedding is one of many viscous flows which, though posed with 
fixed and steady boundary conditions, evolve into unsteady motions because of flow 
instability. The pressure distributions in Fig. 1-5 are time averages for this reason. 


FIGURE 1-7 
The effect of the Reynolds number on the tlow past a cylinder. [Azter Homann (/936).} 
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Measured Strouhal number for vortex shedding frequency behind a circular cylinder. 


: The drag coefficient on a cylinder, defined as C p = F/(pU’RL), is plotted in 
Fig. 1-9 over a wide range of Reynolds numbers. The solid curve, for a smooth wall, 
shows a sharp drop, called the drag crisis, at about Rep = 2E5, which occurs when the 
boundary layer on the front surface becomes turbulent. If the surface is rough, the drag 
crisis occurs earlier, a fact exploited in sports by the deliberate dimpling of golf balls. 
A$ shown in Fig. 1-9, freestream turbulence also causes an early drag crisis. 
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layer layer Flow in the entry region of a tube, 


To summarize, real fluid flow past a bluff body such as a circular cylinder can 
differ markedly from the inviscid-flow prediction. Viscous forces which are extreme- 
ly small (only a few percent of the total drag) actually contro} the flow by inducing 
separation and wake formation at the rear of the body. Boundary-layer theory can pre- 
dict the onset of separation, but the surface pressure distribution changes so marked- 
ly from inviscid theory (Fig. 1-6) that Prandtl’s matching scheme of Chap. 4 fails to 
be quantitative. For Re << 1, Stokes’ creeping-fiow theory can be used effectively 
(Sec. 3-9). For higher Reynolds numbers, both laminar and turbulent, numerical mod- 
eling on a digital computer is possible, e.g., Breuer (1998). 


Example 3 Flow in a circular pipe. Consider now the flow illustrated in Fig. 1-10, 
where a steady viscous flow enters a tube from a reservoir. Wall friction causes a vis- 
cous layer, probably laminar, to begin at the inlet and grow in thickness downstream, 
possibly becoming turbulent further inside the tube. Unlike the external flows of 
Examples | and 2, this is an internal flow constrained by the solid walls, and inevitably 
the viscous layers must coalesce at some distance x;, so that the tube is then completely 
filled with boundary layer. Slightly further downstream of the coalescence, the flow 
profile ceases to change with axial position and is said to be fully developed. 

The developed flow in Fig. 1-10 ends up turbulent, which typically occurs for a 
Reynolds number U,D/v > 2000. At lower Re, both the developing and developed 
regions remain laminar. Figure !-11 shows such a laminar experiment, using hydrogen 
bubbles in water flow. Note that the wall flow slows down and the central core accel- 
erates. The bubble profiles change from near-slug flow at the inlet to near-parabolic 
downstream. 

Pipe flow is common in engineering. The theory of constant-area duct flow, for 
both developing and developed laminar and turbulent conditions, is well formulated 
and satisfying. Analytica] difficulties arise if the duct diameter is tapered. Tapered 
flow does not become fully developed and, if the area increases in the flow direction 
(subsonic diffuser), separation, backflow, and unsteadiness complicate the flow pat- 
tern. A sketch of flow in a “stalled” diffuser is shown in Fig. 1-12, after Kline et al. 
(1959). Diffusers can now be analyzed by numerical methods, using either boundary- 
layer theory, Johnston (1998), or computational fluid dynamics, Muggli (1997). If the 
duct area decreases in the flow direction (subsonic nozzle), there is no flow separa- 
tion or unsteadiness, and the nozzle is readily analyzed by elementary boundary- 
layer theory. 
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FIGURE 1-11 
Hydrogen-bubble visualization of laminar flow in the entrance of a tube at Re = 1600. [From 
Nakayama (1988), courtesy of Y. Nakayama, Tokai University.) 


Boundary-layer edge 


Fiow 
separation 


o T FIGURE 1-12 
Subsonic diffuser Flow separation in a diffuser. 


Example 4 Flow past a prolate spheroid. Flows involving complicated three- 
dimensional effects, such as the cylinder flow of Example 2, are rightly termed com- 
plex viscous flows and cannot be analyzed by traditional boundary-layer methods. 
Complex flows are studied either experimentally or, increasingly, by computational 
fluid dynamics (CFD). 

Figure 1-13 illustrates the computation of viscous flow past a 6:1 prolate sphe- 
roid (a slender football shape) at a high angle of attack of 20°. The angle of attack is 
defined as the angle between the oncoming flow and the central axis of the body. The 
Réynolds number is large, pUL/y = 4.2E6, and the flow near the body is turbulent. 
How might one analyze this flow with CFD? Laminar (smooth, nonfluctuating) flow 
can be computed accurately with a suitable fine mesh. However, the wide spectrum of 
random fluctuations of turbulence will yield to direct numerical simulation (DNS) only 
for low Reynolds numbers of order 10*. Higher Reynolds numbers require modeling 
the small scale eddies with a time-averaging scheme (Chap. 6). 

The prolate spheroid flow in Fig. 1-13 was computed using large-eddy simula- 
tian (LES) by Constantinescu et al. (2002). The authors directly simulated the large 
eddies but used a turbulence model for the fine-scale motions. The three-dimensional 
grid in Fig. 1-13a uses 2.6 million nodes, yet it still cannot resolve the important small 
fluctuations. Figure 1-13b shows the computed surface streamlines when the body is 
placed at a 20° angle to the freestream. The computations are in reasonable agreement 
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FIGURE 1-13 


Computational fluid dynamics model of flow past a prolate spheroid: (a) meridian slice showing the million- 


node grid system; (b) surface pattern at Re; = 4.2E6 and an angle of attack of 20°. [After Constantinescu 
et al. (2002).] 
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with the data of Chesnakas and Simpson (1997) for surface pressures and shear stress- 
eS, separation lines, and surface turning angles. 
Prolate spheroid flow is a good example of fluids engineering research. Detailed 
benchmark experiments are followed by prediction methods that are gradually improved. 
In addition to the LES computations of Constantinescu et al. (2002), the same flow has 
been modeled by a multivortex simulation, Dimas et al. (1998), and by traditional turbu- 
lence modeling without large-eddy simulation, Paneras (1998). 

The general subject of computational fluid dynamics is beyond the scope of the 
present text. We will briefly discuss CFD simulations in Chaps. 3, 4, and 6 but always 
tefer the reader to advanced monographs for details of the subject. 


1-3 PROPERTIES OF A FLUID 


It is common in introductory physics to divide materials into the three classes of 


solids, liquids, and gases, noting their different behavior when placed in a contain- 
er. This is a handy classification in thermodynamics, for example, because of the 
strong differences in state relations among the three. In fluid mechanics, however, 
there are only two classes of matter: fluids and nonfluids (solids) =kotid can resist 
an applied shear force and remain at rest, while a fluid cannot. This distinction is 
not completely clear-cut. Consider a barrel full of pitch at room temperature. The 
pitch looks hard as a rock and will easily support a brick placed on its surface. But 
if the brick is left there for several days, one will have trouble retrieving the brick 
from the bottom of the barrel. Pitch, then, is usually classed as a fluid. Consider the 
metal aluminum. At room temperature, aluminum is solid to all appearances and 
will resist any applied shear stress below its strength limit. However, at 400°F, well 
below its 1200°F melting point, aluminum flows gently and continuously under 
applied stress and has a measurable viscosity. Nor is high temperature the criterion 
for fluid behavior in metals, since lead exhibits this gentle viscous creep at room 
temperature. Note also that mercury is a fluid and has the lowest viscosity relative 
to its own density (kinematic viscosity) of any common substance. 

This text is primarily concerned, then, with easily recognizable fluids which 
flow readily under applied shear, although some slight attention will be paid to the 
borderline substances which partly flow and partly deform when sheared. All gases 
are true fluids, as are the common liquids, such as water, oil, gasoline, and alcohol. 
Some liquid substances which may not be true fluids are emulsions, colloids, high- 
polymer solutions, and slurries. The general study of flow and deformation of mate- 
rials constitutes the subject of rheology, of which viscous flow is a special case 
[see, e.g., the texts by Reiner (1969), Bird et al. (2001), Hutton (1989), and Owens 
and Phillips (2002)}. 

Restricting ourselves to true fluids, we now define and illustrate their proper- 
ties. These properties are of at least four classes: 


1. Kinematic properties (linear velocity, angular velocity, vorticity, acceleration, 
and strain rate). Strictly speaking, these are properties of the flow field itself 
rather than of the fluid. 


2. Transport properties (viscosity, thermal conductivity, mass diffusivity). 
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3. Thermodynamic properties (pressure, density, temperature, enthalpy, entropy, 
specific heat, Prandtl number, bulk modulus, coefficient of thermal expansion). 

4. Other miscellaneous properties (surface tension, vapor pressure, eddy-diffusion 
coefficients, surface-accommodation coefficients). 


Some items in class 4 are not true properties but depend upon flow conditions, sur- 
face conditions, and contaminants in the fluid. 

The use of class 3 properties requires hedging. It is a matter of some concern that 
classical thermodynamics, strictly speaking, does not apply to this subject, since a vis- 
cous fluid in motion is technically not in equilibrium. Fortunately, deviations from 
local thermodynamic equilibrium are usually not significant except when flow resi- 
dence times are short and the number of molecular particles few, e.g., hypersonic flow 
of a rarefied gas. The reason is that gases at normal pressures are quite dense in the sta- 
tistical sense: A cube of sea-level air 1 4m on a side contains approximately 10° mol- 
ecules. Such a gas, when subjected to a change of state—even a shock change—will 
rapidly smooth itself into local equilibrium because of the enormous number of molec- 
ular collisions occurring in a short distance. A liquid is even more dense, and thus we 
accept thermodynamic equilibrium as a good approximation in this text." 


1-3.1 The Kinematic Properties 


In fluid mechanics, one’s first concern is normally with the fluid velocity. In solid 
mechanics, on the other hand, one might instead follow particle displacements, 
since particles in a solid are bonded together in a relatively rigid manner. 

Consider the rigid-body dynamics problem of a rocket trajectory. After solv- 
ing for the paths of any three noncollinear particles on the rocket, one is finished, 
since all other particle paths can be inferred from these three. This scheme of fol- 
lowing the trajectories of individual particles is called the Lagrangian description 
of motion and is very useful in solid mechanics. 

But consider the fluid flow out of the nozzle of that rocket. Surely we cannot 
follow the millions of separate paths. Even the point of view is important, since an 
observer on the ground would perceive a complicated unsteady flow, while an 
observer fixed to the rocket would see a nearly steady flow of quite regular pattern. 
Thus it is generally useful in fluid mechanics (1) to choose the most convenient ori- 
gin of coordinates, with luck making the flow appear steady, and (2) to study only 
the velocity field as_a function of position and time, not trying to follow any spe- 
cific particle paths Gis scheme of describing the flow at every fixed point as a 
function of time is called the Eulerian formulation of motion. The Eulerian veloc- 
ity vector field can be defined in the following Cartesian form: 


Vir) = Vix, y,2z,0 
iu(x, y, z, 0) + ju(x, y, z, D + kw, y, z, t) (1-4) 


‘Note, however, that flows involving chemical or nuclear reactions require an extended concept of equilibrium. 
Such flows typically involve knowledge of reaction rates and are not treated here. 


PRELIMINARY CONCEPTS 17 


Complete knowledge of the scalar variables u, v, and w as functions of (x, y, z, t) is 
often the solution to a problem in fluid mechanics. Note that we have used the nota- 
tion (u, v, w) to mean velocity components, not displacement components, as they 
would be in solid mechanics. Displacements are of so little use in fluid problems 
that they have no symbol reserved for themselves. 

The Eulerian, or velocity-field system, is certainly the proper choice in 
fluid mechanics, but one definite conflict exists. The three fundamental laws of 
mechanics—conservation of mass, momentum, and energy—are formulated for 
particles (systems) of fixed identity, i.e., they are Lagrangian in nature. All three of 
these laws relate to the time rate of change of some property of a fixed particle. Let 
Q represent any property of the fluid. If dx, dy, dz, dt represent arbitrary changes in 
the four independent variables, the total differential change in Q is given by 

do = Farr Lay + a+ 2 a (1-5) 
Since we are deliberately following an infinitesimal particle of fixed identity, the 
Spatial increments must be such that 


dx = udt dy = vdt dz = wdt (1-6) 


Substituting in Eq. (1-5), we find the proper expression for the time derivative of Q 
of a particular elemental particle: 

dQ _ ðQ dQ dQ dQ 

da or © “ae TY ag wae (1-7) 
The quantity dQ/dt is variously termed the substantial derivative, particle deriva- 
tive, ot material derivative—all names which try to invoke the feeling that we are 
following a fixed fluid particle. To strengthen this feeling, it is traditional to give 
this derivative the special symbol DQ/Dt, purely a mnemonic device, not intended 
to frighten readers. In Eq. (1-7), the last three terms are called the convective deriv- 
ative, since they vanish if the velocity is zero or if Q has no spatial change. The term 
4Q/dt is called the local derivative. Also note the neat vector form 


Q 0, 
ge == + (V-V (1-8) 


where V is the gradient operator 


ð . 0 ð 


EB tig tka 


1-3.2 : Acceleration of a Fixed-Identity Particle 
If Q is V itself, we obtain our first kinematic property, the particle-acceleration vector: 


DV _ Vy wigy =, Ru, , Du, Dw 
De a TWN = 15, tib tS, (1-9) 
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Note that the acceleration is concerned with u, v, and w and 12 scalar derivatives, i.e., 
the local changes du/dt, dv/dt, and dw/dt and the nine spatial derivatives of the form 
du;/Ax;, where i and j denote the three coordinate directions. Henceforth, we shall not 
use i, j, and k to denote unit vectors but instead use them as Cartesian indexes. 

The convective terms in D/D1 present unfortunate mathematical difficulty 
because they are non-linear products of variable terms. It follows that viscous flows 
with finite convective accelerations are non-linear in character and present such vex- 
ing analytical problems as failure of the superposition principle; nonunique solu- 
tions, even in steady laminar flow; and coupled oscillating motion in a continuous 
frequency spectrum, which is the chief feature of a high Reynolds number, or tur- 
bulent, flow. Note that these non-linear terms are accelerations, not viscous stresses. 
It is ironic that the main obstacle in viscous-flow analysis is an inviscid term; 
the viscous stresses themselves are linear if the viscosity and density are assumed 
constant. 

In frictionless flow, non-linear convective accelerations still exist but do not 
misbehave, as can be seen with reference to the valuable vector identity 


y2 


VVV = v5 


Vx(V xX V) (1-10) 
As we shali see, the term V X V usually vanishes if the viscosity is zero (irrota- 
tionality), leaving the convective acceleration equal only to the familiar kinetic- 
energy term of Bernoulli’s equation. Inviscid flow, then, is non-linear also, but the 
non-linearity is confined to the calculation of static pressure, not to the determina- 
tion of the velocity field, which is linear. 

If we agree from this brief discussion that viscous flow is mathematically 
formidable, we deduce that a very important problem is that of modeling a viscous- 
fiow experiment. That is, when can a velocity distribution V, measured in a flow 
about or through a model shape B, be scaled by (say) a simple multiplier to yield 
the velocity distribution V, about or through a geometrically similar but larger (say) 
model shape B2? This happy condition is called similarity, and the conditions for 
achieving it or the frustrations in not achieving it are discussed in Chap. 2. 


1-3.3 Other Kinematic Properties 


In fluid mechanics, as in solid mechanics, we are interested in the general motion, 
deformation, and rate of deformation of particles. Like its solid counterpart, a fluid 
element can undergo four different types of motion or deformatior(= ) translation; 
(2) rotation; (3) extensional strain, or dilatation; and (4) shear strain. The four types 
are easy to separate geometrically, which is of course why they are so defined. The 
reader familiar with, say, the theory of elasticity for solids will find the following 
analysis of fluid kinematic properties almost identical to that in solid mechanics. 
Consider an initially square fluid element at time ¢ and then again later at time 
t + dt, as illustrated in Fig. 1-14 for motion in the xy plane. We can see by inspec- 
tion the four types of motion which acted on the element. There has been transla- 
tion of the reference corner B to its new position B’. There has been a counter- 
clockwise rotation of the diagonal BD to the new position B’D’. There has been 
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FIGURE 1-14 
Distortion of a moving fluid element. 


dilatation; the element looks a little bigger. There has been shear strain, i.e., the 
square ‘has become rhombic. 

Now put this discussion on a quantitative basis. Note in each case that the 
final result will be a rate, i.e., a time derivative. 

The translation is defined by the displacements udt and vdt of the point B. 
The rate of translation is u, v; in three-dimensional motion, the rate of translation 
is the velocity u, v, w. 

The angular rotation of the element about the z axis is defined as the average 
counterclockwise rotation of the two sides BC and BA. As shown in Fig. 1-14, BC 
has rotated an amount da. Meanwhile, BA has rotated clockwise, thus its counter- 
clockwise turn is (—d). The average rotation is thus 


dN. = (da ~ dB) (1-11) 


where the subscript z denotes rotation about an axis parallel to the z axis. Thus we 
perceived the counterclockwise rotation in Fig. 1-14 because da was drawn larger 
than df. Referring to Fig. 1-14, we find that both da and dap are directly related to 
velocity derivatives through the calculus limit: 


Ov 
— dx dt 
da = lim tan”! a. - = W ay 
dt dx + 5 dx dt 
X 
9 (1-12) 
H dy dt 
4 —| oy ou 
dp = lim] tan ye ire ie ay at 
pe dy + + dy dt y 


oy 
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Substituting Eq. (1-12) into (1-11), we find that the rate of rotation (angular velocity) 
about the z axis is given by 
dQ. _Ilfdv_ au (1-13) 
dt 2\dx dy j 


In exactly similar fashion, the rates of rotation about the x and y axes are 


dQ, _ 1faw _ dv 40s _ 1 (au _ ow (1-14) 
dt 2\ay bz dt = 2\ dz ax 


These are clearly the three components of the angular velocity vector dO./dt. The 
three factors of one-half are irritating, and it is customary to work instead with a 
quantity œ equal to twice the angular velocity: 


o = 2—- (1-15) 


The new quantity w, of vital interest in fluid mechanics, is called the vorticity of 
the fluid. By inspecting Eqs. (1-13) to (1-15), we see that vorticity and velocity are 
related by the vector calculus: 


Ss = culV=VXxV (1-16) 
and hence the divergence of vorticity vanishes identically: 
div w = V- œ = divcurl V = 0 (1-17) 


Mathematically speaking, we say the vorticity vector is solenoidal. Note also that 
vorticity is intimately connected with convective acceleration through Eq. (1-10). If 
= 0, the flow is irrotational. 

Now consider the two-dimensional shear strain, which is commonly defined 
as the average decrease of the angle between two lines which are initially perpen- 
dicular in the unstrained state. Taking AB and BC in Fig. 1-14 as our initial lines, 
the shear-strain increment is obviously 4(da + df). The shear-strain rate is 


_lfda , @)\_1 ðu 
Se. - e 7 7) = (g i au) e 


Similarly, the other two components of shear-strain rate are 


_ ifaw , av _ 1 (au , ow 
Eam AG + 2) é,, = (g + w ) (1-19) 


By analogy with solid mechanics, the shear—strain rates are symmetric, that is, 
ey = Eji 

The fourth and final particle motion is dilatation, or extensional strain. Again 
with reference to Fig. 1-14, the extensional strain in the x direction is defined as the 
fractional increase in length of the horizontal side of the element. This is given by 


= (dx + du/dx dx dt) — ðu 
endt = ee = at (1-20) 
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with exactly similar expressions for the other two strains. Thus the three extensional 
strain rates are 


Ou Ou ðw 
= Ex = oy = ay E: = By (1-21) 


Taken as a whole, the strain rates, both extensional and shear, constitute a symmet- 
ric second-order tensor, which may be visualized as the array 


E xx Eyy Ekz 
E= [ew Ep Éy (1-22) 
€zx Ezy Ezz 


Although the component magnitudes vary with a change of axes x, y, and z, the 
strain-rate tensor, like the stress tensor [Eq. (2-14)] and the strain tensor of elastic- 
ity, follows the transformation laws of symmetric tensors [see, e.g., Aris (1990), 
Spain (2003), or Taipaert (2003)]. In particular, there are three invariants that are 
independent of direction or choice of axes: 


rf = Exx + Ey + €-- 


E oe aa a 2 
h = e640 EnEn T EE Ey E- er 
[-23 
Evy Evy Ez ( ) 
h = jen Ew Ex 
Ey Eno € 


Kia 


A further property of symmetric tensors is that there exists one and only one set of 
axes for which the off-diagonal terms (the shear-strain rates in this case) vanish. 
These are the principal axes, for which the strain-rate tensor becomes 


€e O 0 
0 e 0 (1-24) 
0 0 €3 


The quantities €j}, €2, €3 are called the principal strain rates. For this special case, 
the three tensor invariants become 
i) = €) te +t e 
lh = €j€2 + €2€3 + €36] (1-25) 
l3 = €1€263 
If the invariants are known, Eqs. (1-25) are necessary and sufficient to solve for the 
principal strain rates, although there are actually much simpler ways to do this [see, 
e.g., Timoshenko and Goodier (1970). 
Finally, if we adopt the short notation u; ; = du;/dx;, where i and j are any two 


coordinate directions, note that any velocity derivative of this type can be split into 
two parts, one symmetric and one antisymmetric: 


B: = A + uj) + dU; j — uj, (1-26) 
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By comparing Eq. (1-26) with Eqs. (1-13), (1-14), (1-18), (1-19), and (1-21), we 
see that Eq. (1-26) can also be written as 


Ou; dQ); 
=) Ox; = Ejj a "dt (1-27) 


That is, each velocity derivative can be resolved into a strain rate plus an angular 
velocity. The angular velocity does not distort the element, so that only the strain 
rate will cause a viscous stress, a fact which is exploited in Chap. 2. 

To summarize, we have shown that all the kinematic properties of fluid 
flow—acceleration, translation, angular velocity, rate of dilatation, and shear—strain 
rate—are directly related to the fluid velocity vector V = (u, v, w). These relations 
are identical to the equivalent expressions from infinitesimal solid mechanics, if 
(u, v, w) are instead taken to be components of the displacement vector. This anal- 
ogy between fluid and solid continuum mechanics is sometimes used to produce the 
equations of motion of a viscous linear fluid as a direct carryover from the equa- 
tions of linear (Hookean) elasticity, with which students are often more familiar. 


1-3.4 The Transport Properties of a Fluid 


The three so-called transport properties are the coefficients of viscosity, thermal con- 
ductivity, and diffusion, so named because of the relation they bear to movement, or 
transport, of momentum, heat, and mass, respectively. Thus it is now popular in the 
field of chemical engineering to refer to a viscous-flow study as a problem in momen- 
tum transport, giving pause to the casual reader. The idea is not without merit. Each 
of the three coefficients relates a flux or transport to the gradient of a property. 
Viscosity relates momentum flux to velocity gradient, thermal conductivity relates 
heat flux to temperature gradient, and the diffusion coefficient relates mass transport 
to concentration gradient. Further, the mathematica! properties of momentum, heat, 
and mass-flux problems are often similar and sometimes genuinely analogous. The 
perfect analogy, when it exists, is so striking that Bird et al. (2001) have devoted an 
entire textbook to an exposition of analogies among this trinity of problems. We 
should note now that the analogy fails in multidimensional problems because heat 
and mass flux are vectors while momentum flux (stress) is a tensor. 


1-3.5 The Coefficient of Viscosity 


The layperson knows from experience what viscosity means and associates it with the 
ability of a fluid to flow freely. Heavy oil takes a long time to flow out of a can. Light 
oil flows out quickly. The disastrous Boston molasses-tank explosion of 1919 [see 
Shank (1954)] caused one of the slowest floods in history. The idea of viscosity being 
proportional to time to flow has become accepted practice in the petroleum industry. 
Thus the motorist purchases oil with a viscosity labeled SAE 30. This means that 
60 mi of this oil at a specified temperature takes 30 s to run out of a 1.76-cm hole in 
the bottom of a cup. This experiment is convenient and reproducible for very viscous 
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Š Fixed FIGURE 1-15 
A fluid sheared between two plates. 


Fixed C= 


No-slip 


liquids such as oil, but the time to flow is not viscosity, any more than the speed of 
sound is the time it takes an echo to return from a mountainside. It is an intriguing 
fact that the flow of a viscous liquid out of the bottom of a cup is a difficult problem 
for which no analytic solution exists at present. 

A more fundamental approach to viscosity shows that it is the property of a 
fluid which relates applied stress to the resulting strain rate. The general relations 
are considered in Sec. 2-4. Here we consider a simple and widely used example of 
a fluid sheared between two plates, as in Fig. 1-15. This geometry is such that the 
shear stress Txy must be constant throughout the fluid. The motion is in the x direc- 
tion only and varies with y, u = u(y) only. Thus there is only a single finite strain 
rate in this flow: 


_A fou, av) _ lau _ ldu 
ey = 3(H + 2) = 4 5 a 


If one performs this experiment, one finds that, for all the common fluids, the 
applied shear is a unique function of the strain rate: 


(Ss = Flew) (1-29) 


Since, for a given motion V of the upper plate, 7,, is constant, it follows that in these 
fluids €w, and hence du/dy, is constant, so that the resulting velocity profile is linear 
across the plate, as sketched in Fig. 1-15. This is true regardless of the actual form 
of the functional relationship in Eq. (1-29). If the no-slip condition holds, the veloc- 
ity profile varies from zero at the lower wall to V at the upper wall (Prob. 1-16 con- 
siders the case of a slip boundary condition). Repeated experiments with various 
values of 7,, will establish the functional relationship Eq. (1-29). For simple fluids 
such as water, oils, or gases, the relationship is linear or newtonian: 


Sy ~| Ery 


or 
V 
Tx = Hg = 2HExy = H dy (1-30) 


The quantity 2, called the coefficient of viscosity of a newtonian fluid, is what hand- 
books commonly quote when listing the viscosity of a fluid (see App. A). Actually, 
there is also a second coefficient, A, related to bulk fluid expansions, but it is rarely 
encountered in practice (see Sec. 2-4). Equation (1-30) shows that the dimensions 
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FIGURE 1-16 
Viscous behavior of various materials. 


of u are stress-time: N s/m? [or kg/(m-s)] in metric units and Ibf-s/ft? [or 
slugs/ft + s)] in English units. The conversion factor is 


1 N+ s/m? = 0.020886 Ibf- s/ft? (1-31) 


The coefficient u is a thermodynamic property and varies with temperature and 
pressure. Data for common fluids are given in App. A. 

If the functional relationship in Eq. (1-29) is nonlinear, the fluid is said to be 
nonnewtonian. Some examples of nonnewtonian behavior are sketched in Fig. 1-16. 
Curves for true fluids, which cannot resist shear, must pass through the origin on a 
plot of 7 vs. e. Other substances, called yielding fluids, show a finite stress at zero 
strain rate and are really part fluid and part solid. 

The curve labeled pseudoplastic in Fig. 1-16 is said to be shear-thinning, 
since its slope (local viscosity) decreases with increasing stress. If the thinning 
effect is very strong, the fluid may be termed plastic, as shown. The opposite case 
of a shear-thickening fluid is usually called a dilatant fluid, as shown. 

Also illustrated in Fig. 1-16 is a material with a finite yield stress, followed 
by a linear curve at finite strain rate. This idealized material, part solid and part 
fluid, is called a Bingham plastic and is commonly used in analytic investigations 
of yielding materials under flow conditions. Yielding substances need not be linear 
but may show either dilatant or pseudoplastic behavior. 

Sull another complication of some nonnewtonian fluids is that their behavior 
may be time-dependent. If the strain rate is held constant, the shear stress may vary, 
and vice versa. If the shear stress decreases, the material is called thixotropic, while 
the opposite effect is termed rheopectic. Such curves are also sketched in Fig. 1-16. 

A simple but often effective analytic approach to nonnewtonian behavior is 
the power-law approximation of Ostwald and de Waele: 


ey re 2Ke\, (i -31 a) 
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where K and n are material parameters which in general vary with pressure and 
temperature (and composition in the case of mixtures). The exponent n delineates 
three cases on the left-hand side of Fig. 1-16. 


n < | pseudoplastic 
Sy = 1  newtonian (K = p) (1-31) 
n > ] dilatant 


Note the Eq. (1-31a) is unrealistic near the origin, where it would incorrectly pre- 
dict the pseudoplastic to have an infinite slope and the dilatant a zero slope. Hence 
many other formulas have been proposed for nonnewtonian fluids; see, e.g., Bird 
et al. (2001) or Hutton et al. (1989). The reader is advised to become familiar with 
such flows although the present text is confined to the study of newtonian flow. 


1-3.6 Viscosity as a Function of Temperature 
and Pressure 


The coefficient of viscosity of a newtonian fluid is directly related to molecular 
interactions and thus may be considered a thermodynamic property in the macro- 
scopic sense, varying with temperature and pressure. The theory of the transport 
properties of gases and liquids is still being developed, and a comprehensive review 
is given by Hirschfelder et al. (1954). Extensive data on properties of fluids are 
given by Reid et al. (1987). 

No single functional relation (T, p) really describes any large class of fluids, 
but reasonable accuracy (+20 percent) can be achieved by nondimensionalizing the 
data with respect to the critical point (7;, pe). This procedure is the so-called princi- 
ple of corresponding states [Keenan (1941)], wherein the given property, here Hj bes IS 
found to be roughly a function of T/T, and p/pe, the reduced temperature and pres- 
sure. This principle is not justified on thermodynamic grounds but arises simply from 
dimensional analysis and experimental observation. Since changes occur very rapidly 
near the critical point, T, and p, are known only approximately, and it is essentially 
impossible to measure ue accurately. Appendix A contains a table of critical constants 
(Te, Per Me, ke) for common fluids, which should be regarded as best-fit values. 

Figure 1-17 shows a recommended correlation of reduced viscosity Hf be VS. 
reduced temperature T/T, and reduced pressure p/p.. As stated, the accuracy for 
any given fluid is about +20 percent. By examining this figure, we can make the 
following general statements: 


1. The viscosity of liquids decreases rapidly with temperature. 

2. The viscosity of low-pressure (dilute) gases increases with temperature. 
3. The viscosity always increases with pressure. 

4. Very poor accuracy obtains near the critical point. 


Since pe for most fluids is greater than 10 atm (App. A), typical gas flow problems 
are at low reduced pressure and approximate the low-density-limit curve of Fig. 1-17. 
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FIGURE 1-17 


Reduced viscosity vs. reduced temperature for several values of reduced pressure p, = p/p.. [After Uyehara 
and Watson (1944).] 


Thus it is common in aerodynamics, for example, to ignore the pressure dependence 
of gas viscosity and consider only temperature variations. 


1-3.7 The Low-Density Limit 


The kinetic theory of dilute gases is now highly refined and has been the subject of 
several excellent texts, e.g., Brush (1972), Present (1958), and Hirschfelder et al. 
(1954). In these theories, which date back to Maxwell, the macroscopic concept of 
viscosity is related to a statistical average of the momentum exchange occurring 
between molecules of the fluid. For dilute gases, the viscosity is found to be pro- 
portional to the density p, the mean free path £, and the speed of sound a in the gas. 
The accepted approximation for nonpolar gases is a slight adjustment of Maxwell’s 


original expression: 
u ~= 0.67 pt a (1-32) 


The product p€ is approximately constant for dilute gases, but more refined calcu- 
lations by Chapman and Cowling (1970) show that it varies slightly with tempera- 
ture due to the so-called collision integral Q, computed from an approximate 
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intermolecular force potential between the given molecules of effective collision 
diameter o. Thus the generalized kinetic-theory formula for dilute-gas viscosity is 
of the form. 


_ 2.68E-—6V MT 
i aD 
where ø = collision diameter, A 
M = molecular weight of gas 
u = viscosity, kg/(m * s} 
T = absolute temperature, K 


[Chapman and Cowling (1970) (1-33) 


v 


l 


i 


§2,, is dimensionless and equal to unity for noninteracting molecules. Note that the 
mean free path can be computed by comparing Eqs. (1-32) and (1-33). In the gen- 
eral theory, £}, is found to depend upon the ratio T/T., where T, is an effective tem- 
perature characteristic of the force potential chosen and the particular molecule. 
Most calculations are based either upon the Stockmayer potential or the 
Lennard-Jones potential function. Some calculated values of Q, for the 
Stockmayer potential function are given in Table 1-1. A curve-fit formula which fits 
these computed values to +2 percent is 


—0.145 —2.0 
3 ©. T 
0, = na ) + (z + 05) (1-34) 


€ 


The second term is negligible for T/T, greater than about 10. Values of the molec- 
ular parameters T, and ø are given in App. A for the common gases. 

For routine calculations, a simpler formula than Eg. (1-33) may be desired. At 
higher temperatures, Eq. (1-34) indicates that Q, ~ T~'45 and hence u from 
Eq. (1-33) is proportional to T°°, which is approximately correct for all gases. 
Figure 1-17 also suggests the same power-law behavior. Thus a common approxi- 
mation for the viscosity of dilute gases is the power law 


H = T n 
TABLE 1-1 


Collision integrals computed from 
the Stockmayer potential 


RS Se ee ee Oe 
m= T/Te Q. Q, Eq. (1-34)} 
0.3 2.840 2.928 
1.0 1.593 1.591 
3.0 1.039 1.060 
10.0 0.8244 0.8305 
30.0 0.7010 0.7015 
100.0 0.5887 0.5884 
400.0 0.4811 0.4811 


ee E 
Svurce: Data from Hirschfetder et al. (1954). 
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TABLE 1-2 


Power-law and Sutherland-law viscosity parameters for gases 
[Eqs. (1-35) and (1-36)}' 


Error, %, Temperature 
temperature range for 2% 
Gas Ty, K Ho N- s/m? n range, K S,K error 
Air 273 1.716E—5 0.666 +4 210-1900 11i 170-1900 
Argon 273 2.125E—5 0.72 +3 200-1500 144 120-1500 
co, 273 t.370E—5 0.79 +5 209-1700 222 190-1700 
co 273 1.657E~-5 0.71 +2 230-1500 136 130-1500 
N, 273 1.663E—5 0.67 +3 220-1500 107 100-1500 
O, 273 1.919E-—5 0.69 +2 230-2000 139 190-2000 
H, 273 8.411E-6 0.68 +2 80-1100 97 220-1100 
Steam 350 1.12E-5 1.45 +3 280-1500 1064 360-1500 


Source: Data from Hilsenrath et al. (1955). 


*No data given above maximum temperature listed. Formulas inaccurate below minimum temperature listed. 


where n is of the order of 0.7 and To and go are reference values. This formula was 
suggested by Maxwell also and later deduced on purely dimensional grounds by 
Rayleigh. Table 1-2 lists empirical values of n for various gases and the accuracy 
obtainable for a given temperature range. 

A second widely used approximation resulted from a kinetic theory by 
Sutherland (1893) using an idealized intermolecular-force potential. The final for- 
mula is 


Hie | EO lot S ET 
io n] TFS o 
where S is an effective temperature, called the Sutherland constant, which is char- 
acteristic of the gas. The accuracy is slightiy better than that of Eq. (1-35) for the 
same temperature range. Values of S for common gases are aiso given in Table 1-2. 
Less common gases are tabulated in App. A. 

These dilute-gas formulas are strictly valid only for a single component sub- 
stance; air qualifies only because its two principal components, oxygen and nitrogen, 
are nearly identical diatomic molecules. For mixtures of gases of markedly different 
species, the mixture viscosity varies strongly with species concentration. A good dis- 
cussion of transport properties of gas mixtures 1s given in Bird et al. (2001). 


1-3.8 The Coefficient of Thermal Conductivity 


It is well established in thermodynamics that heat flow is the result of temperature 
variation, i.e., a temperature gradient. This can be formally expressed as a propor- 
tionality between heat fiux and temperature gradient, i.e., Fourier’s law: 


q = -kVIr (1-37) 
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where q is the vector rate of heat flow per unit area. The quantity k is our second trans- 
port coefficient, the thermal conductivity. Solid substances often show anisotropy, or 
directional sensitivity: 


oT oT 
~ so = («, E43 k, - k- ar) (1-38) 


Fortunately, a fluid is isotropic, i.e., has no directional characteristics, and thus k is 
a thermodynamic property and, like viscosity, varies with temperature and pressure. 
Also, hike viscosity, the common fluids will correlate with their critical properties, 
as shown in Fig. 1-18. Note that the general remarks for Fig. 1-17 also apply to 
Fig. 1-18 but the actual numerical values are quite different. The low-density limit 
for k is quite practical for the problems in this text, and the kinetic theory of dilute 
gases applies once more. 
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FIGURE 1-18 
Reduced thermal conductivity vs. reduced temperature. [After Owens and Thodos (1/95 7).J 
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By inspection of Eq. (1-37), we see that thermal conductivity k should have 
dimensions of heat per time per length per degree, the common engineering unit 
being Btu/(h)(ft)(°R). The metric unit is W/(m + K), and the conversion factor is 


1 W/(m- K) = 0.5778 Btu/(h)(ft)(CR) (1-39) 


Also, k has the dimensions of viscosity times specific heat, so that the ratio of these 
is a fundamental parameter called the Prandtl number: 
MC, 
Prandtl number = Pr = Ez (1-40) 

This parameter involves fluid properties only, rather than length and velocity scales 
of the flow. As we shall see, the Prandt! number is important in heat-transfer calcu- 
lations but does not enter into friction computations. 

The kinetic theory for conductivity of dilute gases is very similar to the vis- 
cosity analysis and leads to an expression similar to Eq. (1-33): 


0.0833 VT 
P, VM 


where o, 0, and M have the same meanings and the same numerical values as in 
Eq. (1-33) and T is in kelvins. The collision integral ©, is again given by Table 1-1. 
If Eq. (1-41) is divided by Eq. (1-33), the result is 


kW/(m+K) = (1-41) 


HC, 4y Cp 


Be ele, Tse 


(1-42) 
which relates the Prandtl number to the specific-heat ratio of the gas. The accuracy 
is only fair, however, and this relation was modified by Eucken (1913) and now 
serves as a purely empirical correlation formula: 


p 4y ee if y = 1.40 (diatomic gas) 


a E 1-43 
r% 7.08y — 1.80 0.667 ify = 1.67 (monatomic gas) ae 


This is seen to be a fair approximation to the Prandtl numbers of the gases plotted 
in Fig. 1-26. 

For routine calculations with dilute gases, the power law and Sutherland for- 
mula, which correlated viscosity data, can also be used for thermal conductivity: 


; RALLIN 

Power law: is (z) (1-44a) 
l k {TN ee 

Sutheriand: A X (z) TiS (1-44b) 


The accuracy is from 2 to 4 percent, depending upon the gas. Values of n, S, ko, and 
To are given for the common gases in Table 1-3, along with their accuracy when 
compared with the data compiled by White (1988). 
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TABLE 1-3 

Power-law and Sutherland-law thermal-conductivity parameters for gases 

[Eqs. (1-44a) and (1-444)} 

—_—_—_—_——— 


Error, % Temperature 
temperature range for +2% 
Gas To K ko W/m- K n range, K S,K error, K 
eee eee 
Air 273 0.0241 0.81 +3 210-2000 194 160-2000 
Argon 273 0.0163 9.73 +4 210-1800 170 150-1800 
co, 273 0.0146 1.30 +2 180-700 1800 180-700 
co 273 0.0232 0.82 +2 210-800 180 200-800 
N, 273 0.0242 0.74 +3 210-1200 150 200-1200 
O, 273 0.0244 0.84 +2 220-1200 240 200-1200 
H, 273 0.168 0.72 +2 200-1000 120 200-1000 
Steam 300 0.0181 1.35 +2 300-900 2200 300-700 


Source: Data from White (1988). 


1-3.9 The Coefficient of Mass Diffusivity 


The third and final transport coefficient is associated with the movement of mass 
due to molecular exchange. This process, called diffusion, constantly occurs in a 
fluid because of random molecular motion; the air in a given portion of a room con- 
tinually loses some particles and gains others, so that the specific content of a given 
volume is always changing. We cannot notice the change on a macroscopic basis 
because the air mixture remains the same; such diffusion of nearly identical parti- 
cles is called self-diffusion. 

Diffusion becomes macroscopically evident when a variable mixture of two 
or more species is involved. If we stand on one side of a room while an amount of 
hydrogen sulfide gas is released at the other side, we soon notice the odor as the 
hydrogen sulfide diffuses to our side, replacing some of our air, which diffuses to 
the other side. The transfer of mass is equal and opposite, i.e., diffusion is an equal 
exchange of species, and the final state in this case would be a uniform mixture of 
air and hydrogen sulfide throughout the room. It is well to note that the rate of dif- 
fusion is not equal to the mean molecular speed ¢ but is far slower. Many molecu- 
lar collisions occur in a short distance, the mean free path; hence the hydrogen sul- 
fide “front” advances slowly, a mean free path at a time, so to speak. 

Mass diffusion occurs, then, whenever there is a gradient in the proportions of 
a mixture, i.e., a concentration gradient. There are two different definitions of con- 
centration in frequent use: (1) the volume concentration p; = m;/volume = mass of 
component i per unit volume and (2) the mass concentration C; = pi/p = the mass 
of species i per unit mass of the mixture. The second definition or mass concentration 
will be more useful in this text if for no other reason than that it is a dimensionless 
fraction less than or equal to unity. By analogy with viscosity and thermal conduc- 
tivity, we postulate that mass diffusion per unit area is proportional to concentration 
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gradient. In vector form, we have 


wt = ~DV(pi) (1-45) 


where m; is the mass flux of species 7 in the direction of decreasing concentration 
(which accounts for the minus sign). The quantity D is called the coefficient of mass 
diffusivity and has dimensions of (iength)*/time, usually either square feet per sec- 
ond or square centimeters per second. Equation (1-45) is called Fick’s law of 
diffusion. 
In terms of mass concentration C; = p;/p, Eq. (1-45) becomes 
rin; | | 
Fas —p;DVUn Cì) (1-46) 
where In denotes the natural logarithm. Since mass flux per unit area equals density 
times velocity, we can write, by definition, 
m; 
aPN (1-47) 
where V; is called the diffusion velocity of species i. In this simpler form, then, 
Fick’s law can be written as 


V; = —DViin Cà (1-48) 


Here we account only for concentration gradients. Rigorous kinetic theory shows 
that species mass fluxes may also be caused by pressure gradients or by tempera- 
ture gradients, with a general expression 


V; = —DV(n C) — D,V(n p) — D;Vdn T) (1-49) 


as explained in Chapman and Cowling (1970), for example. The pressure-diffusion 
term is usually small because pressure gradients are smaller than concentration gra- 
dients in flow problems. The thermal-diffusion term is usually neglected because 
Dr is typically much smaller than D. 

The diffusion coefficient D has the same dimensions as the kinematic viscos- 
ity v = p/p or the thermal diffusivity a = k/pcp. Thus their ratios, like the Prandtl 
number considered earlier, are important dimensionless parameters in a fluid- 
diffusion problem: 


i E ARE 

Schmidt number = Sc = oD D 
Lewis number = Le = —— = D 
k a 


The Schmidt number relates viscous diffusion to mass diffusion, and the Lewis 
number compares mass diffusion to thermai diffusion. 
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For dilute gases, kinetic theory yields the following expression for the binary- 
diffusion coefficient Diz between species 1 and 2 [Chapman and Cowling (1970)): 


0.0018587?[(M, + M/M M3) 
Dus - (1-51) 
PI}2Qp 


where Di2 = binary-diffusion coefficient, cm/s 
Mı, Mz = molecular weight of two gases 
Qp = diffusion collision integral 
O12 = effective collision diameter, A 
T = absolute temperature, K 
p = pressure, atm 


The collision integral is about 10 percent smaller than Q, from Table 1-1 and can 
be approximated closely by modifying Eq. (1-34): 


Qp = 1.0T*O' + (T* + 0.572? (1-52) 


where T* = T/ T.,,, The effective temperatures and diameters are averages com- 
puted from the separate molecular properties of each species: 


O12 = ACA + G2) 
(1-53) 
Tey = (Te,Te,)'? 


The molecular properties listed in App. A are valid for these diffusion calculations 
also. Note that, unlike viscosity and conductivity, diffusion coefficient D varies 
inversely with pressure in Eq. (1-51). Thus, at low pressures, product pD is a func- 
tion only of temperature. For dense gases, there is considerable pressure depend- 
ence also, but very few data are available. Figure 1-19 is a tentative plot of this pres- 
sure effect for self-diffusion D,, (nearly identical molecules). Note that reduced 


0 FIGURE 1-19 
0.1 0.15 0.2 0.30.40.50.60.81.0 152.0 3.0 40 Tentative generalized chart for 
pak self-diffusivity of a dense gas. 


Pe [After Slattery and Bird (1958).] 
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diffusivity D/D, cannot be used. The plot involves instead the ratio of pD to its 
value (pD) at the same temperature but very low pressures. 

Since binary-diffusion data are scarce, we shall not attempt to present a power 
law or a Sutherland formula for estimating D2 of dilute gases. For further infor- 
mation on diffusion estimates, consult Reid et al. (1987). 


1-3.10 Transport Properties of Dilute-Gas 
Mixtures 


The previous discussion of viscosity has been confined essentially to fluids of a single 
species. For gases, the kinetic theory has been extended, for the low-density limit, to 
multicomponent mixtures. The details are given by Hirschfelder et al. (1954). For rou- 
tine calculations, the semiempirical formula of Wilke (1950) is recommended: 


Xiph; 
mix ~ Non! (1-54) 
í > j= bij 


where = A 
_ [Lh + i/e) ?(M,/M)4/ 
(8 + 8M,/M,)'” 
This formula is for a mixture of n gases, where M; are the molecular weights and x; 
are the mole fractions. In terms of the mass fractions C; = p;/p, we have 


C/M; 


I 


~ EL (C/M) 


A similar formula is recommended by Wilke for the thermal conductivity k of a 
mixture of n gases except that u; are replaced by k;. 


ij 


Xi 


(1-55) 


1-3.11 Transport Properties of Liquids 


The theoretical analysis of liquid transport properties is not nearly as well devel- 
oped as that for gases. The difficulty is that liquid molecules are very closely 
packed compared to gases and thus dominated by large intermolecular forces. 
Momentum transfer by collisions—so dominant in gases—is small in liquids. The 
kinetic theory of liquids is summarized in the texts by Bird et al. (1977) and Reid 
et al. (1987). However, the theory is not yet quantitative, in the sense that a given 
liquid’s properties cannot be predicted from other thermodynamic data. 

If no data are available, we recommend the reduced temperature and pressure 
plots, Figs. 1-17 and 1-18, for +20 percent accuracy. If data are available for cali- 
bration, however, they may be fit accurately to the empirical formula: 


$e, aha i H os To Ty \? 
Liquid: Nyy Yat b yter (1-56) 


where (xo, To) are reference values and (a, b, c) are dimensionless curve-fit con- 
stants. For nonpolar liquids, c ~ O, i.e., the plot is linear. 
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FIGURE 1-20 
Empirical plot of the viscosity of water in the manner suggested by Eq. (1-56). 


For example, App. A tabulates the viscosity of water at atmospheric pressure. 
If these data are plotted in the manner suggested by Eq. (1-56), the results are 
shown in Fig. 1-20. The plot is nearly linear, and the curve-fit values are 


a = —2.10 b = —4.45 c = 6.55 (1-57) 


corresponding to Ty = 273 K and mọ = 0.00179 kg/m +s. The accuracy of the 
curve fit is +1 percent when compared to the data of App. Table A.1. 

For thermal conductivity of liquids, Eq. (1-56) may not be a good fit—see, 
e.g., data for water in App. Fig. A-5. Reid et al. (1987) recommend the simple lin- 
ear fit 


Kiiq or Diiq = at bT (1-58) 


which will be accurate at least over a limited temperature range. 
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1-3.12 The Thermodynamic Properties 


As stated before, by their very nature viscous flows are technically not in equilibrium, 
but at normal densities the deviations from equilibrium are negligible. Two exceptions 
to this are chemically reacting flows and very sudden state changes, as in a strong 
shock wave. Generally, though, it is quite reasonable to assume that a moving viscous 
fluid is a pure substance whose properties are related by ordinary equilibrium thermo- 
dynamics. The properties most important to this subject are pressure, density, temper- 
ature, entropy, enthalpy, and internal energy. Of these six, two may be regarded as the 
independent variables from which all others follow through experimental (or theoreti- 
cal) equations of state. In Chap. 2, it will be convenient to consider p and 7 as primary 
variables, but technically this is a flawed choice. 
The first law of thermodynamics can be written as 


dE = dQ + dW (1-59) 
where dE = change in total energy of system 


dQ = heat added to system 
dW = work done on system 


For a substance at rest with infinitesimal changes, we have 
dW = —pd (volume) 
dQ = TdS 


Substituting in Eq. (1-59) and expressing the result on a unit mass basis, we have 


(1-60) 


de = Tds + dp (1-61) 
p 
which is one form of the first and second laws combined for infinitesimal processes. 
Equation (1-61) implies that the single state relation 
e = e(s, p) (1-62) 
is entirely sufficient to define a fluid thermodynamically. For, in terms of the cal- 
culus of two variables, 


de de 
de = a5 B + ap P (1-63) 


from which, by comparison with Eq. (1-61), the temperature and pressure can be 
calculated by 


=e P = Pap], (1-64) 
after which the enthalpy can be calculated from its definition: 


AEE! 5 (1-65) 
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Thus a single chart of e vs. s for lines of constant p is sufficient to calculate all 
thermodynamic properties. Equation (1-62) is therefore called a canonical equation 
of state. 

A second and more popular canonical equation of state is obtained by using 
Eq. (1-65) to eliminate de in Eq. (1-61), with the result 


1 


dh = Tds + p oP (1-66) 
Again using calculus, we find that from the canonical relation 
h = h(s, p) (1-67) 
all other properties can be calculated: 
3 p P $ 
(1-68) 
e=h- = 
p 


In this case, a chart of / vs. s for lines of constant p will define the substance com- 
pletely. Such a plot is very popular and is called a Mollier chart, after Richard 
Mollier (1863-1935), a German engineering professor who first proposed it. 
Figure 1-21 is a sketch of the Mollier chart for air as given by Little (1963) 
from many sources of data. Tabular properties for eight common gases are given by 
Hilsenrath et al. (1955). Figure 1-21 shows only the constant-pressure lines, which 
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are quite sufficient thermodynamically, as discussed previously. However, in prepar- 
ing such a Mollier chart for publication, it is usual to include other lines (constant 
density, temperature, speed of sound). Data for water and steam are given by Parry 
et al. (2000). 


1-3.13 Secondary Thermodynamic Properties 


Still other properties are often used in flow analyses, particularly with idealized 
equations of state such as the perfect-gas law. Two of these are the specific heats 
(so-called) at constant pressure and constant volume: 


_. de 


_ oh 
Cc amr Cy = GT 


P ôT (1-69) 


P v 


which of course are not heats at all but expressions of energy change. The ratio of 
specific heats 


yar (1-70) 


is an important dimensionless parameter in high-speed (compressible) flow problems. 
This ratio lies between 1.0 and 1.7 for ail fluids. For a liquid, which is nearly incom- 
pressible, c, % c, and y * 1.0. Figure 1-22 shows values of y at atmospheric 
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pressure for various gases as a function of absolute temperature. The pressure depend- 
ence of y is very weak, and the figure shows that the approximation (y = const) is 
accurate over fairly wide temperature variations. 

Another minor but important thermodynamic property is the speed of sound 
a. defined as the rate of propagation of infinitesimal pressure pulses: 


a? = <P 
dP |s 


[see, e.g., White (2003), Sec. 9.2]. The partial derivative in Eq. (1-71) is often rather 
clumsy to handle, in which case an alternate relation can be used: 


By fe 


The student may prove as an exercise that Eqs. (1-71) and (1-72) are thermody- 
namically identical. Since viscous flows are definitely not isentropic in general, the 
speed of sound is not a natural inhabitant of viscous analyses but enters instead 
through the assumption of perfect-gas relations, as does the Mach number. 


(1-71) 


1-3.14 The Perfect Gas 


All the common gases follow with reasonable accuracy, at least in some finite 
region, the so-called ideal or perfect-gas law: 


p = pRT (1-73) 


where R is called the gas constant. Equation (1-73) has a solid theoretical basis in 
the kinetic theory of dilute gases, e.g., Brush (1972), and should not be regarded as 
an empirical formula. The gas constant R is the ratio of Boltzmann’s constant to the 
mass of a single molecule: 


R=; (1-74) 


Alternately, R may be written in terms of the molecular weight M of the gas: 


Ro 


R = ——— 
gas Meas 


(1-75) 


where Ro is a universal constant similar to Boltzmann’s constant. In metric units, 
Ro = 8314 J/(kg-+ mol: K) (1-76) 
which is too many significant figures, since no gas really fits the law that well. 
Equations (1-73) and (1-75) are also suitable for mixtures of gases if the equivalent 
molecular weight is properly defined in terms of the mass fractions C; = Pil p: 


M mix = (1-77) 


l 
> (C/M) 
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In terms of the mole fractions x; (number of moles of species i per mole of mix- 
ture), we have 


Mmix = S, xMi (1-78) 


As a classic example, air at ordinary temperatures has mole fractions of approxi- 
mately 78 percent nitrogen, 21 percent oxygen, and 1 percent argon. Then, from 
Eq. (1-78), 


Mair = 0.78(28.016) + 0.21(32.000) + 0.01(39.944) = 28.97 


from which 


8314 
Rair = 48907 ~ 287 J/{kg+ K} 
These are the accepted values for room-temperature dry air. 


According to Eq. (1-73), the so-called compressibility factor 


P 

Z= DRT (1-79) 
should be unity for gases. Actually, Z varies from zero to 4.0 or greater, depending 
upon temperature and pressure. To good accuracy, Z is a function only of the 
reduced variables p, = p/Derit and T, = T/T orit referred to the critical point. This is 
illustrated in Figs. 1-23 and 1-24, which are representative of all gases. Examining 
these figures, we see that the perfect-gas law (Z = 1) is accurate to +10 percent in 
the range 1.8 = T, = 15 and 0 = p, = 10, which is the range of interest of the 
majority of viscous-flow problems. The higher temperatures should be viewed with 
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FIGURE 1-25 
Caiculated compressibility of air. [After Hansen (1958).] 


suspicion for multiatom molecules, which may dissociate into smaller particles and 
raise the value of Z markedly. In air, for example, dissociation happens twice: at 
2000 K, where O — 20, and at 4000 K, where N- —> 2N. Figure 1-25 shows the 
compressibility factor of air as calculated by Hansen (1958). Note the first and sec- 
ond plateaus corresponding to O2 and then N3 dissociation. The effect is particu- 
larly strong at low pressure. 


1-3.15 Other Properties of the Perfect Gas 


As a direct consequence of the perfect-gas law [Eq. (1-73)], many useful and simple 
relations arise. The specific heats are constrained to be functions of temperature only: 


c, = c,(T) only 
and 


Cy = c (T) only (1-80) 
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Hence, from Eqs. (1-69), we have 


de = c, aT 
1-81) 
dh = cp dT ( 
Further, it follows that 
y = y(T) only 
(T) = eT) + R = OR (1-82) 
“p Cv y(T) — 1 i 
_ R 
AD = VF) =I 


Finally, from Eq. (1-72), the speed of sound takes the simple form 
Fa gas — yRT (1-83) 


Because of reasonable accuracy and delightful simplicity, the perfect-gas relations 
are understandably popular in viscous-flow analysis. We make liberal use of the 
perfect-gas law in Chap. 7. 

As shown in Fig. 1-22, the specific-heat ratio y tends to decrease with tem- 
perature. Since all these gases are reasonably perfect, it follows from Eqs. (1-82) 
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that cp and c, must increase with temperature. Since R is known from Eq. (1-75), 
Fig. 1-22 may be used to calculate c, and c, to good accuracy. 

Finally, Fig. 1-26 shows the Prandtl number, Pr = jc, /k, for various com- 
mon gases. Note by comparison with Fig. 1-22 that Eucken’s formula, Eq. (1-43), 
is only a fair approximation. 


'1-3.16 Bulk Modulus 


In flow problems which involve sound-wave propagation, it is useful to have a ther- 
modynamic property which expresses the change of density with increasing pres- 
sure. This property is the bulk modulus K: 


K= (2) 1-84 

= Pla, (1-84) 

From Eq. (1-72), then, we see that the speed of sound can be written in terms of K: 
2_ YK 

per (1-85) 


where y may be taken as 1.0 for liquids and solids.* For a perfect gas, the reader 
may verify that K = p itself. For liquids, however, K is fairly constant, varying 
slightly with pressure and temperature. For water, a good average value is 
K = 2.2E9 Pa. Taking y = 1.0 and an average water density of 998 kg/m, we cal- 
culate the speed of sound in water to be approximately 1480 m/s. 


1-3.17 Coefficient of Thermal Expansion 


There is a subset of flow problems, called natural convection, where the flow pat- 
tern is due to buoyant forces caused by temperature differences. Such buoyant 
forces are proportional to the coefficient of thermal expansion 8, defined as 


_ _1/9°P 
d5 o ee 


For a perfect gas, the reader may show that B = 1/T. Fora liquid, 8 is usually 
smaller than 1/T and may even be negative (the celebrated inversion of water near 
the freezing point). For imperfect gases, 8 can be considerably larger than | /T near 
the saturation line, particularly at high pressures. This is illustrated in Fig. 1-27 for 
steam. We see that steam is well approximated by the perfect-gas result BT = 1 at 
low pressures and high temperatures. 


“A solid has Avo sound speeds: (K/p)'/? is the dilatation, or longitudinal-wave, speed, and (G/ p)! is the rota- 
tional, or shear-wave, speed. Fluids have only one sound speed. 
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Temperature, °R Thermal-expansion coefficient for steam. 


The quantity £ is also useful in estimating the dependence of enthalpy on 
pressure, from the thermodynamic relation 


2 dp 
dh = c,dT + (1 — BT) (1-87) 


where we remark that of course T must be absolute temperature. For the perfect gas, 
the second term vanishes, so that h = A(T) only. Figure 1-27 shows that imperfect 
gases like steam also often fit this approximation dh ~ cp aT. 

Table 1-4 gives measured values of the bulk modulus K and the thermal- 
expansion coefficient 6 for water at saturation pressures. 


TABLE 1-4 
Bulk modulus K and expansion coefficient 
B for water at saturation conditions 


T,K Psaty KPa BT K, MPa 
273 0.61 ~0.019 2,062 
293 2.34 0.057 2,230 
313 7.38 0.119 2,304 
333 19.92 0.176 2,301 
353 47.35 0.230 2,235 
373 101.3 0.281 2,120 
423 461 0.447 1,692 
473 1,580 0.637 1,190 
523 3,970 0.985 716 
573 8,560 1.80 342 
623 16,500 4.8 82 
647" 22,090" eo 0 


“Critical point. 
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1-4 BOUNDARY CONDITIONS FOR 
VISCOUS-FLOW PROBLEMS 


The equations of motion to be discussed in Chap. 2 will require mathematically ten- 
able and physically realistic boundary conditions. It is of interest here to study the 
underlying physical mechanisms of the boundary approximations commonly used. 
For fluid flow, there are five types of boundaries considered: 


1. A solid surface (which may be porous) 
2. A free liquid surface 

3. A liquid—vapor interface 

4, A liquid—liquid interface 

5. An inlet or exit section 


Cases 2 and 3 are related in the sense that a free liquid surface is a special case of 
the liquid—vapor interface where the vapor causes a negligible interaction. Let us 
take up these cases in order. 


1-4.1 Conditions at a Solid Surface: Microflow 

Slip in Liquids 

Wall boundary conditions depend upon whether the fluid is a liquid or a gas. For 
macroflows, system dimensions are large compared to molecular spacing, so that both 
liquid and gas particles contacting the wall must essentially be in equilibrium with the 
solid. At a solid surface, the fluid will assume the velocity of the wall (the no-slip 
condition) and the temperature of the wall (the no-temperature-jump condition): 


V fluid = Vs01 


(1-88) 
Thui¢ = Tsoi 


We shall use Eqs. (1-88) throughout this text for newtonian liquids. However, cer- 
tain liquid/solid combinations are known to slip under small-scale microflow con- 
ditions. The subject is somewhat controversial and is reviewed in the monograph 
edited by Gad-el-Hak (2001). Some liquid microflows studies show slip and others 
do not. 

One way to characterize slip in liquids is the slip length L sip relating slip 
velocity to the local velocity gradient, a model first suggested by Navier himself: 


Ou 


Uwall = Lslip (2) F (1-89) 


The slip length depends upon the liquid, the geometry, and the shear rate. Tretheway 
and Meinhart (2002) test water flowing in a 30 um width microchannel coated with 
hydrophobic octadecyltrichlorosilane (OTS). They measure Lsp = 1 um and a wall- 
slip velocity equal to 10 percent of the centerline velocity. Choi et al. (2003), studying 
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hydrophilic and hydrophobic coated 1-2 ym width microchannels, report 
Lsip = 5-35 nm, increasing with shear rate. Lin and Schowalter (1989) measure both 
slip and stick-slip behavior when high molecular weight polybutadienes flow through 
a capillary. Brutin and Tadrist (2003) report an unexpected wall friction increase 
when water flows through fused silica microtubes. They hypothesize a fluid ionic 
coupling with the silica surface. Denn (2001) reviews the extrusion of polymer melts 
and reports slip-flow conditions. A recent conference, CECAM (2004), is entirely 
devoted to experimental measurements of microfluidic interfaces. 

To the writer’s knowledge, there is no fundamental theory yet that can predict 
the slip of liquids flowing past solid walls. This is not the case for gases. 


1-4.2 Kinetic Theory for Slip Velocity in Gases 


If the fluid is a gas, Eqs. (1-88) will fail when the mean free path € is comparable 
to the length-scale L of the flow. The ratio of these two lengths is called the 
Knudsen number, Kn: 


Kn = I (1-90) 


Thus, if Kn << 1, there is negligible slip. If Kn = ©(0.1), there is slip. If 
Kn = O(1) or greater, the flow is molecular and slip is an inadequate concept. 
There are two ways for the Knudsen number to dominate: (1) if € is very large, that 
is, a very rarefied gas, Cercignani (2000); and (2) if Z is very small, as occurs in 
micro- and nanofiows, Karniadakis and Bestok (2001). 

Consider gas molecules as they strike and reflect from a solid wail, as in 
Fig. 1-28. If the wall is perfectly smooth, the molecules would impinge and reflect 
at the same angle 0, similar to light rays from a mirror. This is specular reflection, 
where molecules conserve their tangential momentum and exert no wall shear. In 
this case, there is perfect slip flow at the wall. 

On a molecular scale, however, even the most highly polished wall appears 
rough. It is more likely that the impinging molecules view the wall as rough and 
reflect at random angles uncorrelated with their entry angle. This is termed diffuse 


‘SSX 


y Smooth wall: specular reflection 


x 


Random angle 


Sra 8 


FIGURE 1-28 
Specular and diffuse reflection of particles. 


Rough wall: diffuse reflection 
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reflection and is shown in the lower half of Fig. 1-28. Equilibrium across a plane y 
near the wall requires that the loss of tangential momentum be balanced by a finite 
slip velocity u, to transmit shear to the wall. As postulated by Navier in 1827, the 
slip velocity is proportional to the wall shear: 


iy, ~ AT w 


where œ is a constant. Later, Maxwell in 1879 showed with kinetic theory that 
an ffp, or 


~ p| ou 
Uy ($e) (1-91) 


where € is the mean free path of the gas. See, for example, Chap. 8 of the text by 
Kennard (1938). One can approximate the fluid away from the wall as a newtonian 
continuum. If we assume that a fraction f of the molecules is reflected diffusely, the 


slip velocity becomes 
z 2 =f Ou 
e= (eS). ais 


However, this correction seems superfluous, as a recent review by Sharipov and 
Seleznev (1998) indicates that the simpler Eq. (1-91) is quite accurate for single- 
component gases. Further, the recent theory of Sharipov and Kalempa (2003), 
based upon the Boltzmann equation, shows that Eq. (1-91) is only a few percent 
low for a wide variety of gas mixtures. 

Is slip important in boundary-layer flows? When we substitute for € from 
Eq. (1-32) and for (du/dy) from Eq. (1-91), viscosity cancels and the slip velocity 
becomes 


3 Tw 


uw = 5 pa (1-93) 


We can then compare the slip velocity to freestream velocity U by dividing and 
rearranging: 


U Tw 

z up = 0-75 MaC; (1-94) 
a pU 

where Ma = U/a is the Mach number of the freestream and C; is called the skin 
friction coefficient of the flow. In turbulent flow, Cy is no larger than 0.005 and 
decreases with Mach number. In laminar flow, Cp increases as the Reynolds num- 
ber decreases and can be quite large. Thus we conclude: 


Boundary layers: Turbulent gas flow:  no-slip 


Laminar gas flow: possible slip at low (1-95) 


Re, and high Ma 
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For further study of micro- and nanoflows and rarefied gases, see the monographs 
by Karniadakis and Bestok (2001) and Cercignani (2000). For most gas flow analy- 
ses in this text, we will use the standard no-slip condition, Eqs. (1-88). 

For a new method of computer calculation of molecular flows, formulated by 
following and averaging thousands of individual particles, see the text by Bird 
(1994). This type of calculation is now called the direct simulation Monte Carlo 
method (DSMC). 


1-4.3 Kinetic Theory for Wall-Temperature Jump 


The temperature condition in Eq. (1-88) will also fail for a gas flow if the mean free 
path is large compared to flow dimensions. This effect is called temperature jump 
and is analogous to velocity slip. The kinetic-theory expression for the jump 
Toas — Ty in a gas flow was given by Smoluchowski (1898): 


sp CO as Vt eR aE 
ed Ca aC) 98 


where a is the so-called therma!l-accommodation coefficient, defined as the fraction 
of impinging molecules which becomes accommodated to the temperature of the 
wall. Clearly œ is analogous to the diffuse-reflection coefficient f in Eq. (1-92). 
Experiments have shown that a is also fairly close to unity. With a = 1.0, we can 
again substitute for € from Eq. (1-32) and for dT/dy from Eq. (1-37) to obtain 


3y HK Qw 
T gas aa Ty TA y +j PaLCy k (1-97) 
Eliminating yz and k, we divide by the temperature difference T, — Tą which con- 
trois the wall heat transfer (see Sec. 7-3) and rearrange: 


T..-T. 3 i 
gas wo ¥ U ee : y 
T, b Te t Y +12 pcp UT, = T) Yy + j MaC, (1-98) 


where C, is the so-called Stanton number, or wail heat-transfer coefficient of the 
flow. It will be shown in Chap. 4 that in boundary-layer flows, the Stanton number 
is approximately one-half the friction coefficient, an effect which is called the 
Reynolds analogy: 


Ch © 5Cy (1-99) 


If finally we combine Eqs. (1-98) and (1-99) and take y = 1.4 (air), we find that 
the temperature jump, expressed as a fraction of the driving temperature difference 
T, — Tẹ, becomes 

T gas — Ty at 

Ter 0.87MaC; (1-100) 
which is nearly identical to the slip relation, Eq. (1-94). Thus the same remarks as 
before apply here. Temperature jump in turbulent flow is entirely negligible, and the 
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jump in laminar flow is also extremely small except at low Reynolds number and 
high Mach number. It is customary, then, to adopt the no-slip and no-temperature- 
jump conditions in routine analysis of viscous gas-flow problems: 


Vio. = V 


gas w 


To = T. 


gas Ww 


(1-101) 


In many cases, of course, the coordinate system is such that the wall is Stationary, 
so that the velocity condition is simply Wauia = O. 


1-4.4 Conditions at a Permeable Wall 


In the event that the wall is porous and can permit fluid to pass through, the no-slip 
condition is relaxed on the velocity component normal to the wall. The proper con- 
ditions are complicated by the type of porosity of the wall, but, in general, we assume 


Vieuoertial = 0 no slip 


V 


normal 7 0 flow through wall (1-102) 


The temperature condition is also complicated by a porous wall. For wall suction, 
where the fluid leaves the main fiow and passes into the wall, it is sufficiently accu- 
rate to assume 


T tuid = T, suction ( 1-1 03) 


For injection through a porous wall into the main stream (sometimes called tran- 
spiration), the injected fluid may be, say, a coolant at a temperature considerably 
different from the wall, and one needs to consider an energy balance at the wall. A 
good approximation for coolant injection is to use the boundary condition proposed 
by Roberts [in Truitt (1960, Chap. 11)]: 


Injection: k= Me Pu VnCpl Ta — Teootant) (1-104) 


where pV, is the mass flow of coolant per unit area through the wall. The actual 
numerical value of V, depends largely upon the pressure drop across the porous 
wall. In general, although a few simple porous-wall solutions will be given in this 
text, the flow characteristics of porous media are a self-contained specialized sub- 
ject of fluid mechanics. For more information, consult such texts on porous media 
as Bear (2000) or Crolet (2000). 


1-4.5 Conditions at a Free Liquid Surface 


There are many flow problems where the liquid fluid ends, not at a solid wall, but 
at an open or free surface exposed to an atmosphere of either gas or vapor. We dis- 
tinguish between two cases: (1) the ideal or classic free surface that exerts only a 
known pressure on the liquid boundary and (2) a more complicated case where the 
atmosphere exerts not only pressure but also shear, heat flux, and mass flux at the 
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FIGURE 1-29 
Conditions at an ideal free surface. 


surface. This latter, more involved surface is more properly termed a liquid—vapor 
interface, the ocean surface being a splendid example. 

The classic free surface is sketched in Fig. 1-29. Let us assume that the xy 
plane is more or less parallel to the free surface, so that the actual deflected shape 
of the surface can be denoted by z = n(x, y). 

The two required conditions for this surface are (1) the fluid particles at the 
surface must remain attached (kinematic condition) and (2) the liquid and the 
atmospheric pressure must balance except for surface-tension effects. The kine- 
matic condition is specified mathematically by requiring the particle’s upward 
velocity to equal the motion of the free surface: 


Dy ð a ô 
wayn = pre huha (1-105) 


The pressure equilibrium is expressed by 


si, ca cs ee S 
px, y: n) E Pa J (x + +) (1-106) 


where R, and R, are the radii of curvature of the surface and where F is the coeffi- 
cient of surface tension of the interface. For a two-dimensional surface deflection 
n = nx) only, Eq. (1-106) becomes 
Tend? 

[1 + (dn/dxyP? 
We see from this relation that, when the interface smiles (concave upward, positive 
curvature), p < Pa, while a frowning interface (concave downward) results in 
p > Pa. Equations (1-105) and (1-106) are compljex non-linear conditions, but they 
can be evaluated by numerical computer modeling. 


In the range 0 to 100°C, a clean air—water interface has a nearly linear varia- 
tion of surface tension with temperature: 


PO, n) = Pa (1-107) 


(X) œ 0.076 — 0.00017T (°C) (1-108) 


with accuracy of +1 percent. Measured values of air—water surface tension are 
given in Table 1-5 for temperatures up to the critical point. These are ideal data for 
a very clean interface. Under field conditions, J can vary greatly due to the pres- 
ence of surface contaminants or slicks. 
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TABLE 1-5 
Surface-tension coefficient for an 
air—water interface 


T, °C F,N/m T, °C J,N/m 
0 0.0757 200 0.0377 
20 0.0727 220 0.0331] 
40 0.0696 240 0.0284 
60 0.0662 260 0.0237 
80 0.0627 280 0.0190 
100 0.0589 300 0.0144 
120 0.0550 320 0.0099 
t40 0.0509 340 0.0056 
160 0.0466 360 0.0019 
180 0.0422 374* 0.0° 
“Critical point. 


In large-scale problems, such as open-channel or river flow, the free surface 
deforms only slightly and surface-tension effects are negligible. Equations (1-105) 
and (1-106) then simplify to 


dn 
Wi ae DP ™ Da (1-109) 


These are obviously very attractive linearized conditions. 

Note: The present discussion concerns the deformation of an interface by uni- 
form surface tension. If the surface tension varies along the interface, due, for exam- 
ple, to a temperature gradient, a flow called Marangoni convection will be induced 
from the hot surface toward the cold surface. This condition is beyond the scope of 
the present text. For an example of Marangoni flow analysis, see the paper by 
Sasmal and Hochstein (1994) or the reviews by Ostrach (1982) and Davis (1987). 


1-4.6 Conditions at a Liquid—Vapor 
or Liquid—Liquid Interface 


The term free surface means that the gas lying over the liquid has no effect except to 
impose pressure on the interface. Heat transfer and shear effects are negligible. In a 
true liquid—vapor or liquid-liquid interface, the upper fluid is strongly coupled and 
exerts kinematic, stress, and energy constraints on the lower fluid. The motions of the 
two fluids are solved simultaneously and must match in certain ways at the interface. 

Since an interface has vanishing mass, it cannot store momentum or thermal 
energy. Therefore the total velocity, shear stress, and temperature must be continu- 
ous across the interface. If “1” and “2” denote the upper and lower fluid, respec- 
tively, then, at a true fluid—fluid interface, 


Vj = V2 TAR ie (1-110) 
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The normal velocities match, V,,; = Vn2, and each can, if desired, be expressed in 
terms of the interface motion (x, y, ^) as in Eq. (1-105). The tangential velocities 
also match, Va = V,2, which is the equivalent of the no-slip condition, Eq. (1-101). 
The pressures satisfy Eq. (1-106) with p2 = p and pı = pa and do not match unless 
surface tension or interface curvature is negligible. 

Although velocities and temperatures are continuous across the interface, their 
slopes generally do not match because of differing transport coefficients, that is, 


av, ƏV 
Ty M gan T5 p daib 
aT, aT, 
Bh =k app a= IG, 


where n is the coordinate normal to the interface. The slopes are not equal if 
Hi Æ po or ki Æ ko. This situation is illustrated in Fig. t-30 and is typical of 
momentum and energy interactions between dissimilar fluids. 

Since k and yz for a vapor are usually much smaller than for a liquid, we can 
often approximate liquid conditions at the interface as 


dV, ƏT 
E i = an i = 0 (1-112) 
Finally, if there is evaporation, condensation, or diffusion at the interface, the mass 
flows must also balance, m, = m2. For diffusion, 
pee a pos: 1-113 
lən “2 an (t-113) 


This condition is of course analogous to Eqs. (1-111). 


Interface 


(2) 


FIGURE 1-30 
Conditions at an actual fluid interface. Velocities and temperatures match, but their slopes do not because of 
differing & and u. Pressures also match except for the surface-tension effect of Eq. (1-106). 
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1-4.7 Conditions at a Deformable 
Fluid-Solid Interface 


In most of the problems of this text, we shall take a solid boundary to be a rigid 
interface which merely imposes no-slip and no-temperature-jump conditions on the 
fluid. The dynamics and thermodynamics of the solid are neglected. However, there 
is a growing field of research in which the solid is coupled to the fluid through 
deformable and dynamic interactions. In this case, we must match the velocity, 
stress, temperature, and heat transfer across the interface, and the equations of 
motion of fluid and solid are to be solved simultaneously. Material-behavior rela- 
tions analogous to Eqs. (1-111) must be used—-perhaps the fluid is newtonian and 
the solid satisfies Hooke’s law. For details, see the texts by Blevins (1977) or 
Au- Yang (2001). 


1-4.8 Inlet and Exit Boundary Conditions 


In many viscous-flow problems, it is convenient to limit the analysis to a finite 
region through which the flow passes. In the pipe-flow problem of Fig. 1-11, for 
example, we would like to limit our analysis to the short length of pipe shown. 

Both finite and infinite regions require known property conditions at all 
boundaries. In pipe flow, Fig. 1-11, we specify no-slip and no-temperature-jump at 
the pipe walls. An alternate temperature condition would be known heat flux, 
q,. = —k(@T/dn),,, which specifies the normal temperature gradient. In this latter 
case, the wall temperature would be found from the solution. At the pipe inlet, we 
would specify the distributions of V, T, and p. Often the inlet pressure is assumed 
uniform as a simplification. At the pipe exit, we specify V and T. No exit condition 
is required upon p, which is then found from the solution. As we shall see, pressure 
occurs only as first derivatives in the equations of motion (Chap. 2); thus only one 
pressure condition is needed. We can disregard temperature conditions if the flow 
is assumed isothermal. 

For the infinite-region example of flow about a cylinder (Fig. 1-6), we specify 
no-slip and no-temperature-jump at the cylinder walls. At the “inlet,” or approach 
flow, we would specify the distributions of V, T, and p. Far downstream, we speci- 
fy V and T, which is very difficult, because the wake of the body will cause nonuni- 
formity and possible unsteadiness in V and T. We would not know, in advance, the 
exact velocity and temperature far downstream, but there are several useful down- 
Stream approximations that lead to excellent CFD simulations of flow past immersed 
bodies. Pressure downstream will be calculated and need not be specified. 


1-4.9 Résumé of Fluid-Flow Boundary 
Conditions 


We have discussed the physical conditions which must hold at three different types 
of fluid-flow boundaries: (1) a fluid—solid interface, (2) a fluid—fluid interface, and 
(3) the inlet and exit of a flow. These various types of conditions are sketched in 
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Liquid—vapor interface: 
equality of 
m, w, p, gq, and T 


$ Vapor across the surface 

, Liquid : 

| : 
Inlet: >t tH 
ye ie Ly— Outlet: 


mw known V, T 
i 


Solid contact: | 


' 
4 (V, T) fluid = (V, T) wall 


Solid impermeabile wall 


FIGURE 1-31 
Various boundary conditions in fluid flow. 


Fig. 1-31. The general results are that, for the majority of viscous-flow analyses, we 
must have the following information at the boundaries: 


1. No slip or temperature jump at a fluid-solid interface: 
Vivia = Vso Tuia = Toot (1-101a) 


Note that there is no condition on p unless the wall is permeable. 


2. Equality of velocity, momentum flux, heat flux, and mass flux at a liquid—fluid 
interface (neglecting surface tension): 


(V, Ps T, q, mM )fluid above m (V, P.» T, d, M)liq below (1-1 14) 


If the fluid above is a gas with negligible interaction, the conditions on 7, q, and 
m may be ignored. ~ 
3. Known values of V, p, and T at every point on an inlet section of the flow. Also, 


unless simplifying approximations are made, V, and T must be known on any 
exit section. 


SUMMARY 


This chapter has reviewed the introductory concepts of fluid motion with which the 
reader should already be conversant. A brief history and some sample viscous-flow 
problems were outlined, followed by an extensive discussion of the different quan- 
tities which distinguish a fluid: (1) the kinematic properties, (2) the transport prop- 
erties, and (3) the thermodynamic properties. The chapter closes with a detailed 
look at the various boundary conditions relevant to viscous-fluid flow. 
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PROBLEMS 


1-1. 


1-2. 


1-5. 


1 -6. 


1-7. 


1-10. 


A sphere 1.4 cm in diameter is placed in a freestream of 18 m/s at 20°C and 1 atm. 
Compute the diameter Reynolds number of the sphere if the fluid is (a) air, (b) water, 
(c) hydrogen. 


A telephone wire 8 mm in diameter is subjected to a crossflow wind and begins to 
shed vortices. From Fig. 1-8, what wind velocity (in m/s) will cause the wire to “sing” 
at middle C (256 Hz)? 


If the wire in Prob. 1-2 is subjected to a crossflow wind of 12 m/s, use Fig. 1-9 to esti- 
mate its drag force (in N/m). 


. For oil flow in a pipe far downstream of the entrance (Figs. 1-10 and 1-11), the axial 


velocity profile is a function of r only and is given by u = (C/uXR? — °), where C 
is a constant and R is the pipe radius. Suppose the pipe is | cm in diameter and 
Umax = 30 m/s. Compute the wail shear stress (in Pa) if u = 0.3 kg/(m-s). 


A tornado may be simulated as a two-part circulating flow in cylindrical coordinates, 
with v, = v. = 0, 


v= wr ifr=R and v = wR*/r ifr=R 


Determine (a) the vorticity and (b) the strain rates in each part of the flow. 
A plane unsteady viscous flow is given in polar coordinates by 


where C is a constant and v is the kinematic viscosity. Compute the vorticity w-(r, t) 
and sketch an array of representative velocity and vorticity profiles for various times. 


A two-dimensional unsteady flow has the velocity components: 
u = Š v= 4 
i+tf |i 2 


Find the equation of the streamlines of this flow which pass through the point (xo, yo) 
at time ¢ = 0. 

Using Eq. (1-2) for inviscid flow past a cylinder, consider the flow along the stream- 
line approaching the forward stagnation point (r, 0) = (R, a). Compute (a) the distri- 
bution of strain rates €, and €, along this streamline and (b) the time required for a 
particle to move from the point (2R, 7) to the stagnation point. 


A commonty used equation of state for water is approximately independent of tem- 


perature: 
P p\" 
grat (£) — A 


where A % 3000,n = 7, pọ = I atm, and pọ = 998 kg/m*. From this formula, com- 
pute (a) the pressure (in atm) required to double the density of water, (b) the bulk 
modulus of water at | atm, and (c) the speed of sound in water at 1 atm. 


As shown in Fig. P1-10, a 3 x 3-ft plate slides down a long 30° incline on which there 
is a film of oil 0.005 in. thick with viscosity u = 0.0005 slug/(ft-s). Assuming that 
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the plate does not deform the oil film, estimate (a) the terminal sliding velocity (in 
ft/s) and (b) the time required for the plate to accelerate from rest to 99 percent of the 
terminal velocity. 


3' x 3' area 0.005" oil 


FIGURE P1-10 


1-11. Estimate the viscosity of nitrogen at 86 MPa and 49°C and compare with the meas- 
ured value of 45 pPa ‘s. 


1-12, Estimate the thermal conductivity of helium at 420°C and 1 atm and compare with the 
measured value of 0.28 W/(m: K). 


1-13. It is desired to form a gas mixture of 23% CO», 14% O, and 63% N- at 1 atm and 
20°C. The constituent properties are as follows: 


Constituent Mole fraction jp, Pa-s k, W/(m: K) 


CO2 0.23 1.37E—5 0.0146 
O: 0.14 1.92E—-5 0.0244 
Nz 0.63 1.66E—5 0.0242 


Estimate the viscosity and thermal conductivity of this mixture. 


I-14. Some measured values for the viscosity of ammonia gas are as follows: 


T,K 300 400 500 600 700 800 
H, Pars 1.03E-5 1.39E—5 1.76E—-5 2.14E—5 2.51E—-5 2.88E—5 


Fit these data, in the least-square-error sense, to the power law, Eq. (1-35), and the 
Sutherland law, Eq. (1-36). 


1-15. Analyze the flow between two plates of Fig. 1-15 by assuming the fluid is a de Waele 
power-law fluid as in Eq. (1-31a). Compute (a) the velocity profile u(y) with the power 
n as a parameter and (b) the velocity at the midpoint #/2 for n = 0.5, 1.0, and 2.0. 
Answer: (b) u = V/2 for all cases 


1-16. Repeat the analysis of the velocity profile between two plates (Fig. 1-15) for a new- 
tonian fluid but allow for a slip velocity du ~ €(du/dy) at both walls. Compute the 
shear stress at both walls. [7,. = wV/(h + 2€) at both walls.] 


1-17. By considering the equilibrium of forces on the element shown in Fig. P1-17, derive 


Eq. (1-106), which expresses the pressure jump across a curved surface due to surface 
tension. 
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FIGURE P1-17 


1-18. Two spherical bubbles of radii R; and R2, respectively, containing air, coalesce into a 
single bubble of radius R3. If the ambient air pressure is pọ and the merging process 
is isothermal, derive a formula for relating R; to (po, Ry, R>, F). 


1-19. In Prob. 1-1, if the temperature, sphere size, and velocity remain the same for airflow. 
at what air pressure will the Reynolds number Rep be equal to 10,000? 


1-20. A solid cylinder of mass m, radius R, and length LZ falls concentrically through a verti- 
cal tube of radius R + AR, where AR << R. The tube is filled with gas of viscosity u 
and mean free path £. Neglect fluid forces on the front and back faces of the cylinder 
and consider only shear stress in the annular region, assuming a linear velocity profile. 
Find an analytic expression for the terminal velocity of fall, V, of the cylinder (a) for no 
slip; (b) with slip, Eq. (1-91). 

1-21. Oxygen at 20°C and approximately 1200 Pa absolute flows through a 35 um diame- 


ter smooth capillary tube at an average velocity of 10 cm/s. Estimate the Knudsen 
number of the flow and whether slip flow will be important. 


1-22, In Fig. P1-22 a disk rotates steadily inside a disk-shaped container filled with oil of 
viscosity u. Assume linear velocity profiles with no slip and neglect stress on the 
outer edges of the disk. Find a formula for the torque M required to drive the disk. 


Clearance 
h 


4 


| p | a | FIGURE P1-22 


1-23. Show, from Eq. (1-86), that the coefficient of thermal expansion of a perfect gas is 
given by 8 = 1/T. Use this approximation to estimate 8 of ammonia gas (NH;,) at 
20°C and |] atm and compare with the accepted value from a data reference. 


1-24. The rotating-cylinder viscometer in Fig. P1-24 shears the fluid in a narrow clearance 
Ar, as shown. Assuming a linear velocity distribution in the gaps, if the driving torque 
M is measured, find an expression for u by (a) neglecting, and (b) including the bot- 
tom friction. 
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Viscous 
fluid u 


Ar<< R 


FIGURE P1-24 


1-25. Consider | m? of a fluid at 20°C and 1 atm. For an isothermal process, calculate the 
final density and the energy, in joules, required to compress the fluid until the pres- 
sure is 10 atm, for (a) air and (b) water. Discuss the difference in results. 


1-26. Equal layers of two immiscible fluids are being sheared between a moving and a fixed 
plate, as in Fig. P1-26. Assuming linear velocity profiles, find an expression for the 
interface velocity U as a function of V, m, and po. 
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Fixed FIGURE P1-26 


1-27. Use the inviscid-fiow solution of flow past a cylinder, Eqs. (1-3), to (a) find the loca- 
tion and value of the maximum fluid acceleration along the cylinder surface. Is your 
result valid for gases and liquids? (b) Apply your formula for amax to airflow at 10 m/s 
past a cylinder of diameter 1 cm and express your result as a ratio compared to the 
acceleration of gravity. Discuss what your result implies about the ability of fluids to 
withstand acceleration. 


CHAPTER 


Z 


FUNDAMENTAL 
EQUATIONS OF 
COMPRESSIBLE 
VISCOUS FLOW 


2-1 INTRODUCTION 


The equations of viscous flow have been known for more than 100 years. In their 
complete form, these equations are very difficult to solve, even on modern digital 
computers. In fact, at high Reynolds numbers (turbulent flow), the equations are, in 
effect, impossible to solve with present mathematical techniques because the bound- 
ary conditions become randomly time-dependent. Nevertheless, it is very instructive 
to derive and discuss these fundamental equations because they give many insights, 
yield several particular solutions, and can be examined for modeling laws. Also, 
these exact equations can then be simplified, using Prandtl’s boundary-layer approx- 
imations. The resulting simpler system is very practical and yields many fruitful 
engineering solutions. 


2-2 CLASSIFICATION OF THE 
FUNDAMENTAL EQUATIONS 
The basic equations considered here are the three laws of conservation for physical 


systems: 


1. Conservation of mass (continuity) 
2. Conservation of momentum (Newton’s second law) 
3. Conservation of energy (first law of thermodynamics) 
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The three unknowns that must be obtained simultaneously from these three basic 
equations are the velocity V, the thermodynamic pressure p, and the absolute tem- 
perature T. We consider p and T to be the two required independent thermodyna- 
mic variables. However, the final forms of the conservation equations also contain 
four other thermodynamic variables: the density p, the enthalpy A (or the internal 
energy e), and the two transport properties yz and k. Using our tacit assumption of 
local thermodynamic equilibrium, the latter four properties are uniquely deter- 
mined by the values of p and T. Thus the system is completed by assuming knowl- 
edge of four state relations 


P = p(p,T) h = h(p,T) 
we = pw(p, T) k=kp,T) 


which can be in the form of tables or charts or semitheoretical formulas from kinetic 
theory. Many useful analyses simply assume that p, jz, and k are constant and that h 
is proportional to T (h = c,T). 

Finally, to specify a particular problem completely, we must have known con- 
ditions (of various types) for V, p, and T at every point of the boundary of the flow 
regime. 

The preceding considerations apply to a fluid of assumed uniform, homoge- 
neous composition, i.e., diffusion and chemical reactions are not considered. 
Multicomponent reacting fluids must consider at least two extra basic relations: 


(2-1) 


4, Conservation of species 
5. Laws of chemical reaction 


plus additional auxiliary relations such as knowledge of the diffusion coefficient 
D = D(p, T), chemical-equilibrium constants, reaction rates, and heats of forma- 
tion. This text does not consider reacting boundary-layer flows [see Kee et al. 
(2003)]. 

Finally, even more relations are necessary if one considers the flow to be 
influenced by electromagnetic effects. This is the subject of the field of magneto- 
hydrodynamics. Such effects are not considered in the present text. 

Let us now derive the three basic equations of a single-component fluid, bear- 
ing in mind that the results will also apply to uniform nonreacting mixtures, such 
as air or liquid solutions.* 


2-3 CONSERVATION OF MASS: 
THE EQUATION OF CONTINUITY 


As mentioned in the discussion of Eq. (1-5), all three of the conservation laws are 
Lagrangian in nature, i.e., they apply to fixed systems (particles). Thus, in the 


‘Note, however, that air flowing at very high temperatures will undergo spontaneous diffusion and chemical 
reactions, as will many other mixtures. Even single-component fluids, such as oxygen, will dissociate into 
aiomic oxygen at high temperatures. 
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Eulerian system appropriate to fluid flow, our three laws must utilize the particle 
derivative 


D 
a= 24+ (V-9) (1-8) 


which is a formidable expression. In Lagrangian terms, the law of conservation of 
mass is surpassingly simple: 


m = pV = const (2-2) 
where V is the volume of a particle. In Eulerian terms, this is equivalent to 
Dm D DV 


We can relate DV /Dt to the fluid velocity by noticing that the total dilatation or 
normal-strain rate is equal to the rate of volume increase of a particle per unit 
volume: 


1 DV 
Exx F Ey FE = F Dt (2-4) 


Further, we can substitute for the strain rates from our kinematic relations, Eqs. (1-21): 


_ ou, dv, dw 
E€ Feyter = ax ay ae 


= div V = V-V (2-5) 


Combining Eqs. (2-3) to (2-5) to eliminate V, we obtain the equation of continuity 
for fluids in its most common general form: 


D 
E + pdivV = 0 or 


op 
D l + div pV = 0 (2-6) 


Ot 


If the density is constant (incompressible flow), Eq. (2-6) reduces to the simpler 
condition of velocity solenoidality: 


divV =0 (2-7) 


which is equivalent to requiring particles of constant volume.* 


2-3.1 A Useful Strategy: The Stream Function 


If the continuity Eq. (2-6) reduces to only two nonzero terms, it can be satisfied 
identically, and therefore replaced, by the so-called stream function yw. The idea 
dates back to the French mathematician J. L. Lagrange in 1755. The Cartesian 


“But not necessarily constant shape, i.e., the element may undergo normal strains of opposite sign plus shear 
strains of any sign. 
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incompressible-flow stream function is treated in detail in Sec. 2-11. Here we illus- 
trate with two-dimensional steady compressible flow in the xy plane, for which the 
continuity equation reduces to 


3x (ou) + 5 (pv) = 0 (2-8) 


If we now define the stream function w& such that 


ð ð 
= x and pv = ow (2-9) 


pu 

we see by direct substitution that Eq. (2-8) is satisfied identically, assuming of 

course that yy is continuous to second-order derivatives. Thus the continuity equa- 

tion can be discarded and the number of dependent variables reduced by one, the 

penalty being that the remaining velocity derivatives are increased by one order. 
The stream function is not only useful but has physical significance: 


ous ous 
dy = ax & + ay = —pudx + pudy 


pV-dA = dh (2-10) 


which means that lines of constant W} (dy = 0) are lines across which there is no 
mass flow (dm = 0), that is, they are streamlines of the flow. Also, the difference 
between the values of if of any two streamlines is numerically equal to the mass 
flow between those streamlines. 


2-4 CONSERVATION OF MOMENTUM: 
THE NAVIER-STOKES EQUATIONS 


This relation, commonly known as Newton’s second law, expresses a proportional- 
ity between applied force and the resulting acceleration of a particle of mass m: 


F = ma (2-11) 


If the system is a fluid particle, it is convenient to divide Eq. (2-11) by the volume 
of the particle, so that we work with density instead of mass. It is also traditional to 
reverse the terms and place the acceleration on the left-hand side. Hence we write 


DV 
P Dr ae ie fooay + feurface (2-12) 


where f is the applied force per unit volume on the fluid particle. Note that in our 
chosen Eulerian system, the acceleration is the rather complicated particle deriva- 
tive from Eq. (1-9). We have divided f into two types: surface forces and body 
forces. 

The so-called body forces are those that apply to the entire mass of the fluid 
element. Such forces are usually due to external fields such as gravity or an applied 
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t= Stress in the j 
direction on a 
face normal to FIGURE 2-1 
the fj axis , Notation for stresses. 


electromagnetic potential. We ignore magnetohydrodynamic effects here and con- 
sider only the gravitational body force, which on our unit volume basis is 


foody = PLZ (2-13) 


where g is the vector acceleration of gravity. 

The surface forces are those applied by external stresses on the sides of the ele- 
ment. The quantity stress 7;; is a tensor, just as the strain rate €;; was in Sec. 1-3. The 
sign convention for stress components on a Cartesian element is shown in Fig. 2-1, 
where all stresses are positive. The stress tensor can be written as 


Tix Tin r Ty me 
Ty Age yee fi (2-14) 
T- T. T- 


by analogy with e; in Eq. (1-22). Like strain rate, T,; forms a symmetric tensor; that 
is, T; = T; This symmetry is required to satisfy equilibrium of moments about the 
three axes of the element.: 

The positions of the 7’s in the array of Eq. (2-14) are not arbitrary; the 
rows correspond to applied force in each coordinate direction, Considering the 


“Here we assume the absence of concentrated couple stresses. 
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front faces of the element in Fig. 2-1, the total force in each direction due to 
stress is 


dF, = Ta dy dz + T, dx dz + T, dx dy 


X 


dF, = T dy dz + T, dx dz + T., dx dy (2-15) 
dF. = 7,, dy dz + T, dx dz + T., dx dy 

preserving the positions in the array. For an element in equilibrium, these forces 

would be balanced by equal and opposite forces on the back faces of the element. 

If the element is accelerating, however, the front- and back-face stresses will be dif- 

ferent by differential amounts. For example, 


OTs 
T xx, front = T yx, back + ox dx (2-16) 


Hence the net force on the element in the x direction, for example, will be due to 
three derivative terms: 


aT, OT yy OT... 
dF, nee = | py Z | D dz + ay Y dx dz + a E dx dy 


or, on a unit volume basis, dividing by dx dy dz, since Ty = Tj; 


OT xx OT xy OT. 
Je ax + ðy + az (2-17) 


which we note is equivalent to taking the divergence of the vector (T,,, Ta» Tx,), the 
upper row of the stress tensor. Similarly, f, and f, are the divergences of the sec- 
ond and third row of 7;;. Thus the total vector surface force is 


ÔT; 
fgur = Very = dx; (2-18) 
where the divergence of 7, is to be interpreted in the tensor sense, so that the result 
is a vector. 
Newton’s law, Eq. (2-12), now becomes 


DV 
Ppp = PEt VT; ' (2-19) 
and it remains only to express T; in terms of the velocity V. This is done by relat- 


ing 7; to €,;, through the assumption of some viscous deformation-rate law, e.g., the 
newtonian fluid. 


2-4.1 The Fluid at Rest: Hydrostatics 


From the definition of a fluid, Sec. 1-3, viscous stresses vanish if the fluid is at rest. 
The velocity and shear stresses are zero, and the normal stresses become equal to 
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the hydrostatic pressure. Equation (2-19) reduces to the hydrostatic equation if 
V = 0: 


Ta Tg = Tee HP 
Ty 50 fori #j (2-20) 
Vp = pg 
If we take the z coordinate as up and assume p and g are constant, the pressure 
varies linearly with z, 6p = —pg 5z. Pressure increases downward, proportional to 


the specific weight of the fluid. Recall that hydrostatics is treated extensively in 
undergraduate texts, e.g., White (2003). We must ensure here that our dynamic 
momentum equation reduces to Eq. (2-20) when V = 0. 


2-4.2 Deformation Law for a Newtonian Fluid 


By analogy with Hookean elasticity, the simplest assumption for the variation of 
viscous stress with strain rate is a linear law. These considerations were first made 
by Stokes (1845), and, as far as we know, the resulting deformation law is satisfied 
by all gases and most common fluids. Stokes’ three postulates are 


1. The fluid is continuous, and its stress tensor T; 1S at most a linear function of the 
strain rates €; 

2. The fluid is isotropic, i.e., its properties are independent of direction, and therefore 
the deformation law is independent of the coordinate axes in which it is expressed, 

3. When the strain rates are zero, the deformation law must reduce to the hydro- 
static pressure condition, Ty = —p6;;, where 6, is the Kronecker delta function 
(ô; = lifi = jand ô; = Oifi ¥* j). 


Note that the isotropic condition 2 requires that the principal stress axes be identi- 
cal with the principal strain-rate axes. This makes the principal axes a convenient 
place to begin the deformation-law derivation. Let x,, y,, and z, be the principal 
axes, where the shear stresses and shear strain rates vanish [see Eq. (1-24)]. With 
these axes, the deformation law could involve at most three linear coefficients, 
Ci, Cs, C3. For example, 


Tij = =p + Créer) + C,€5 + C3€33 (2-21) 


The term —p is added to satisfy the hydrostatic condition (condition 3 above). But the 
isotropic condition 2 requires that the crossflow effect of €», and €33 be identical, i.e., 
that C, = C,. Therefore, there are really only nwo independent linear coefficients in 
an anisotropic newtonian fluid. We can rewrite Eq. (2-21) in the simpler form 


where K = C, — C, for convenience. Note also that €,, + €», + €33 equals div V 
from Eq. (2-5). 
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Now let us transform Eq. (2-22) to some arbitrary axes x, y, z, where shear 
stresses are not zero, and thereby find an expression for the general deformation 
law. With respect to the principal axes x}, Y Z), let the x axis have direction cosines 
l, m, n, let the y axis have h» My, m, and let the z axis have l, m3, n3. Remember 
also that, for example, P [oF mi + nî = 1.0 for any set of direction cosines. Then 
the transformation rule between a normal stress or strain rate in the new system and 
the principal stresses or strain rates is given by, for example, 

2 2 2 

= Thi + Tami + 7337} (2-23) 
Ex = Eph + enmi + eyni 

Similarly, the shear stresses (strain rates) are related to the principal stresses (strain 
rates) by the following transformation law: 


= Tilil + Tamm + T330 
(2-24) 
En = Eh lo + Emm + EnA 
We can now eliminate 7 |), €j}; T22; etc., from Eq. (2- 22) by using the principal-axis 
deformation law, Eq. (2-22), and the fact that /? + m? + n? = 1.0. The result is 


Ty = —p + Ke + C div V (2-25) 


with exactly similar expressions for 7,,. and 7... Similarly, we can eliminate T41, E}, 
etc., from Eqs. (2-24) to give 


Sker (2-26) 


and exactly analogous expressions for 7,- and 7,.. Note that the direction cosines 
have all politely vanished. Equations (2- 25) and 2- 26) are, in effect, the desired 
general deformation law. By comparing Eq. (2-26) and Eq. (1-30) for shear flow 
between parallel plates, we see that the linear coefficient K is equal to twice the 
ordinary coefficient of viscosity, K = 2u. The coefficient C, is new and independ- 
ent of u and may be called the second coefficient of viscosity. In linear elasticity, 
C, is called Lamé’s constant and is given the symbol A, which we adopt here also. 
Since A is associated only with volume expansion, it is customary to call it the 
coefficient of bulk viscosity X. 

Equations (2-25) and (2-26) can be combined, using the initial notation, and 
rewritten into a single general deformation law for a newtonian (linear) viscous fluid: 


ðu; ðu; 
= —pd; + u ax, + -= ax, + 6,A div V (2-27) 


where we have written e€; in terms of the velocity gradients from Eq. (1-26). As 
mentioned, this deformation law was first given by Stokes (1845). In deriving it, we 
have assumed knowledge of the geometric rules for coordinate transformation of 
stresses and strain rates. The interested reader may wish to obtain further details 
from textbooks on continuum mechanics, e.g., Lai et al. (1995), Malvern (1997), or 


Talpaert (2003). 


FUNDAMENTAL EQUATIONS OF COMPRESSIBLE VISCOUS FLOW 67 


2-4.3 Thermodynamic Pressure versus 
Mechanical Pressure 


Stokes (1845) pointed out an interesting consequence of Eq. (2-27). By analogy 
with the strain relation [Eqs. (1-25)], the sum of the three normal stresses 
Ty, + Ta + T. is a tensor invariant. Define the mechanical pressure p as the neg- 
ative one-third of this sum, i.e., the average compression stress on the element. 
Then, by summing Eq. (2-27), we obtain 


p = -3 Ga E Tyy F Taz) =p (à + 3H) div V (2-28) 


Thus the mean pressure in a deforming viscous fluid is not equal to the thermody- 
namic property called pressure. This distinction is rarely important, since div V is 
usually very small] in typical flow problems, but the exact meaning of Eq. (2-28) has 
been a controversial subject for more than a century. Stokes himself simply 
resolved the issue by an assumption: 


Stokes’ hypothesis (1845): A + s w=0 


This simply assumes away the problem; it is essentially what we do in this book. 
However, the available experimental evidence from the measurement of sound-wave 
attenuation, as reviewed by Karim and Rosenhead (1952), indicates that A for most 
liquids is actually positive, rather than —2y /3, and often is much larger than u. The 
experiments themselves are a matter of some controversy [Truesdell (1954)]. 

A second type of assumption will also make p equal to p: 


Incompressible flow: div V = 0 


Again this merely assumes away the problem. The bulk viscosity cannot affect a 
truly incompressible fluid, but in fact it does affect certain phenomena occurring 
in nearly incompressible fluids, e.g., sound absorption in liquids, Meanwhile, if 
div V # 0, that is, compressible flow, we may still be able to avoid the problem if 
viscous normal stresses are negligible. This is the case in boundary-layer flows of 
compressible fluids, for which only the first coefficient of viscosity u is important. 
However, the normal shock wave is a case where the coefficient A cannot be neg- 
lected. The second case (only two cases are known to this author) is the previously 
mentioned problem of sound-wave absorption and attenuation. 

It appears, then, that the second viscosity coefficient is still a controversial 
quantity. In fact, A may not even be a thermodynamic property, since it is apparent- 
ly frequency-dependent. Fortunately, the disputed term, A div V, is almost always so 
very small that it is entirely proper simply to ignore the effect of A altogether. An 
interesting discussion of second viscosity is in Landau and Lifshitz (1959, Sec. 78). 
For further reading, see Panton (1996). 


2-4.4 The Navier-Stokes Equations 


The desired momentum equation for a general linear (newtonian) viscous fluid ts 
now obtained by substituting the stress relations, Eq. (2-27), into Newton’s law 
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[Eq. (2-19)]. The result is the famous equation of motion which bears the names of 
Navier (1823) and Stokes (1845). In scalar form, we obtain 


Di P afa Mey, fore af (ou, av 
P Dr ~ P8s — ay * a(n a aaivv) + ay (2 : av | 


e 
~ 
~ 

| 
D 
2 
Qs 
= 
x| 
y 


Dw _ „ _ 9 _ ð| (aw, au\|, a| fav , aw 
P Di ~ P8:~ az * ax .(& au) | * ay De - | 


These are the Navier-Stokes equations, fundamental to the subject of viscous-fluid 
flow. Considerable economy is achieved by rewriting them as a single vector equa- 
tion, using the indicial notation: 
DV ð ðv; | OY : 
P Dr = pg — Vp + ETO Hee + x) + 6;;A div v| (2-29b) 
j j 


t 


2-4.5 Incompressible Flow: Thermal 
Decoupling 


If the fluid is assumed to be of constant density, div V vanishes due to the continuity 
Eq. (2-7) and the vexing coefficient A disappears from Newton’s law. Equations (2-29) 
are not greatly simplified, though, if the first viscosity u is allowed to vary with 
temperature and pressure (and hence with position). If, however, we assume that u is 
constant, many terms vanish, leaving us with a much simpler Navier-Stokes equation 
for constant viscosity and density: 


DV 
P pr = PB — Vp t+ hVV (2-30) 


Most of the problems and solutions in this text are for incompressible flow, Eqs. (2-7) 
and (2-30). Note that, if p and u are constant, these equations are entirely uncoupled 
from temperature. One may solve continuity and momentum for velocity and pres- 
sure and then later, if one desires, solve for temperature from the energy equation of 
Sec. 2-5. This approximation often divides textbooks into “fluid mechanics” and, 
later, “heat transfer’ However, the present text will maintain some heat-transfer dis- 
cussions throughout. 
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2-4.6 Inviscid Flow: The Euler and Bernoulli 
Equations 


If we further assume that viscous terms are negligible, Eq. (2-30) reduces to 


DV 
P Dr ~ ps — Vp (2-30a) 


This is called Euler’s equation (derived by Leonhard Euler in 1755) for inviscid 
flow. It is first order in V and p and thus rather simpler than the second-order 
Navier-Stokes Eq. (2-30). At a fixed wall, the no-slip condition must be dropped, 
and tangential velocity is allowed to slip. Much research has been reported for 
Euler’s equation: analytical (Currie 1993), numerical (Tannehill et al. 1997), and 
mathematical theorems (Kreiss and Lorenz 1989). As covered in undergraduate 
texts, for example, White (2003), Euler’s equation for steady, incompressible, 
frictionless flow may be integrated along a streamline between any points 1 and 2 
to yield 


(p + 5pV? + pgz), = (p + 4 pV + pgz) (2-30b) 


where z is up, that is, opposite gravity. This is Bernoulli’s equation for steady fric- 
tionless flow. Though approximate, since all fluids are viscous, it has many appli- 
cations in aeronautics and hydrodynamics and serves as an outer boundary match- 
ing condition in boundary-layer theory (Chap. 4). The unsteady form of Bernoulli’s 
equation will be given in Sec. 2-10. 


2-5 THE ENERGY EQUATION (FIRST LAW 
OF THERMODYNAMICS) 


The first law of thermodynamics for a system is a statement of the fact that the sum 
of the work and heat added to the system will result in an increase in the energy of 
the system: 
dE, = dQ + dW (2-31) 
where Q = heat added 
W = work done on system 


The quantity E, denotes the total energy of the system; hence, in a moving system, 
such as a flowing fluid particle, E, will include not only internal energy but also 
kinetic and potential energy. Thus, for a fluid particle, the energy per unit volume is 
E, = ple + 3V - g-r) (2-32) 
where e = internal energy per unit mass 
r = displacement of particle 


Just as in conservation of mass and momentum, the energy equation for a 
fluid is conveniently written as a time rate of change, following the particle. Thus 
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Heat flow per 
unit area: 


Wy 
Work done FIGURE 2-2 
per unit area: Heat and work exchange on the left and right sides of 
Wy = —(UTyy + VTyy WTyz) an element. 


Eg. (2-31) becomes 


DE, DQ DW 
Dro De DE (2-33) 


From Eq. (2-32), we have 
DE, De DV 
Dt ! (3 K Dt gtv (2-34) 


It remains to express Q and W in terms of fluid properties. 
It is assumed that the heat transfer Q to the element is given by Fourier’s law. 
From Eq. (1-37), the vector heat flow per unit area is 


q = —kVT (1-37) 
Referring to Fig. 2-2, the heat flow into the left face of the element is 
q, dy dz 


while the heat flow out of the right face is 
04, 
Ix + x dx į dy dz 


A similar situation holds for the upper and lower faces, involving q,, and the front 
and rear faces, involving q,. In each case, the net heat flow is out of the element. 
Hence the net heat transferred to the element is 


dqx  94y | 9g; 
-(% + ay ae dx dy dz 


Dividing by the element volume dx dy dz, we have the desired expression for the 
heat-transfer term neglecting internal heat generation: 


D 
eo = —div q = + div(k VT) (2-35) 
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Referring again to Fig. 2-2, the rate of work done to the element per unit area on 
the left face is 


w, = — (UT t UT, + WT.) 
and the rate of work done by the right-face stresses is 


ow, 
“WwW, — |, ad per unit area 


Again the other faces are similar. In just the same fashion as the heat transfer, then, 
the net rate of work done on the element is 


ae = —diy w = Z (uty Hay Ts) 
+ F (ut,, + UT + WT) 
+ È ur, + vty + wr.) (2-36) 
Using the indicial notation, this becomes, very simply, 
D AN LE) (2-37) 


This expression can be decomposed in very convenient fashion into 


Ou; 
VeV ap = VV nts a (2-38) 
4 


the first term of which is directly related to the momentum equation 


DV 
Very = o( BY - ) (2-19) 


Hence 


VNT) 


o( v2 = e-v) (2-39) 


which are exactly the kinetic- and potential-energy terms in Eq. (2-34). Thus the 
kinetic and potential energy vanish when we substitute for E,, Q, and W in Eq. (2-33) 
from Eqs. (2-34), (2-35), and (2-38): 


De aie VET eG (2-40) 
P Di J Ox; 

This is a widely used form of the first law of thermodynamics for fluid motion. If 

we split the stress tensor into pressure and viscous terms, using Eq. (2-27), we have 


Ou; Ou; : 
= 7 — pdiv V (2-41) 


ToT — 
i ax. ax. 
Ox, Ox; 
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From the equation of continuity, Eq. (2-6), we have 


D D 
pdivV = -£ = p2 (5) -2 (2-42) 


Combining Eqs. (2-40) to (2-42) gives 


D ed ag fie 
P Di (e + 4 S + div(k VT) + Tix, (2-43) 
The advantage of this rearrangement, if any, is that an old friend crops up, the fluid 
enthalpy: 


h=e+% (2-44) 


Generally, enthalpy will be a more useful function than internal energy, particularly 
in boundary-layer flows. Also, the pressure term Dp/Dt may often be neglected in 
Eq. (2-43), while the related term p div V in Eq. (2-40) will be nonnegligible for 
the same flow. 

The last term in Eq. (2-43), involving viscous stresses, is customarily called 
the dissipation function PD: 


, Ou; 
$ = TOK, (2-45) 
The term ® is always positive definite, in accordance with the second law of ther- 
modynamics, since viscosity cannot add energy to the system. For a newtonian 
fluid, using 7’ from Eq. (2-27), we obtain 


2 2 2 2 
_ [5 (au av aw av , au 
w= uela) +2(5) +292) + (e+) 


2 2 2 
ðw , dv ðu _ ow ou dv , dw 
s ($ + wv) a (H+ me) | a (Se + a w) (EAD) 
which is always positive since all the terms are quadratic. On the other hand, A may 
. ; : +- 22 ‘ $ : 
actually be negative, e.g., Stokes’ hypothesis, A = —3y. It is an interesting exer- 


cise, using Eq. (2-46), to prove that the correct conditions in which © may not be 
negative are 


p=o0 3A + 2n = 0 (2-47) 
Using this short notation, the energy relation Eq. (2-43) takes the final form 
Dh _ Pp l 
P Dr ~ Dr + div(k VT) + ® (2-48) 


where ® is given by Eq. (2-46). 
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2-5.1 The Incompressible-Flow Approximation 
From the thermodynamic identity (1-87), we can rewrite Eq. (2-48) as 


DT _ ppPP l 
Pop He = BT >, + div(k VT) + ® (2-49) 


Now, if flow velocity scale U becomes smaller, while heat transfer remains impor- 
tant, the fluid kinetic energy U? will eventually become much smaller than the 
enthalpy change c, AT. Since both Dp/Dt and ® are of order U?, the limit of low- 
velocity or incompressible flow will be 


pe, oe = div(k VT) (2-50) 
If we further assume constant thermal conductivity, we obtain the more familiar 
incompressible heat-convection equation: 


pe, BE x kT (2-51) 


Note that the correct specific heat is Ep hot c,, even in the incompressible-flow limit 
of near-zero Mach number. A very good discussion of this point is given in Panton 
(1996, Sec. 10.9), 


2-5.2 Summary of the Basic Equations 


Summarizing, the three basic laws of conservation of mass, momentum, and energy 
have been adapted for use in fluid motion. They are, respectively, 


dp l 
oF + div pV = 0 (2-6) 
DV ; 
P pr = P8 + V-ra — Vp (2-19a) 
Dh _ Dp | ,. , Ou; 
Pa ~ Di + div(k VT) + Tij ay, (2-48a) 


where, for a linear (newtonian) fluid, the viscous stresses are 
du; ÖU; , 
T= Mls + =] + ôA div V (2-27) 
j i 


As mentioned in the beginning of this chapter, Eqs. (2-6), (2-19), and (2-48) involve 
seven variables, of which three are assumed to be primary: p, V, and T (say). The 
remaining four variables are assumed known from auxiliary relations and data of 
the form 


p = p(p,T) u = pp, T) 


(2-1) 
h = kíp, T) k = kíp, T) 
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Finally, we note that these relations are fairly general and involve only a few 
restrictive assumptions: (1) the fluid forms a (mathematical) continuum, (2) the par- 
ticles are essentially in thermodynamic equilibrium, (3) the only effective body 
forces are due to gravity, (4) the heat conduction follows Fourier’s law, and (5) 
there are no internal heat sources. 


2-6 BOUNDARY CONDITIONS FOR VISCOUS 
HEAT-CONDUCTING FLOW 


The various types of boundary conditions have been discussed in detail in Sec. 1-4 
for the three different basic boundaries: (1) a fluid—solid interface, (2) a fluid—fluid 
interface, and (3) an inlet or exit section. A sketch was given in Fig. 1-31. In their 
full generality, the conditions in Sec. 1-4 can be quite complex and non-linear, 
necessitating digital-computer treatment. Thus the bulk of our analytical solutions 
in this text will be confined to simple but realistic approximations: 


1. At a fluid—solid interface, there must be no slip 


V fuia = Vsot (2-52) 
and either no temperature jump (when the wali temperature is known) 
Tawid m ER (2-53) 


or equality of heat flux (when the solid heat flux is known) 
oT _ . . 
(x ar) =g from solid to fluid (2-54) 
njo. 
fluid 
2. At the interface between a liquid and a gaseous atmosphere, there must be kine- 
matic equivalence 


an 
Vaiia ~ Op (2-55) 


where 77 is the surface coordinate, and there must be equality of normal momen- 
tum flux 


Priq = Pam (2-56) 


We must also have equality of tangential momentum flux and heat flux, which 
leads to the approximations 


av 
on 


_ aT 


= 2 (2-57) 


liq liq 
when the atmosphere has negligibly small transport coefficients. Also, in some 
problems, such as the analysis of confused, stormy seas, we need to know the 
moisture evaporation rate m at the interface. 

3. At any inlet section of the flow, we need the three quantities V, p, and T at every 
point on the boundary. At the exit section, we generally need to know VY and T, 
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but not the pressure p, as you recall from the discussion of Fig. 1-31. Exit con- 
ditions are difficult because of the formation of wakes and other a priori 
unknown outflow behavior. One approximation is to let the streamwise flow gra- 
dients vanish far downstream of the flow field of interest. 


Note: If the pressure can be eliminated, as, for example, with the 
vorticity/stream-function approach to be discussed in Sec. 2-11, then there is no 
need to impose a pressure boundary condition. The new computer-oriented vortex 
methods, explained in the monograph by Cottet and Koumoutsakos (1999), do not 
compute the pressure at all. 


2-7 ORTHOGONAL COORDINATE SYSTEMS - 


Most of the previous discussion has been illustrated by Cartesian coordinates, and 
only lip service has been paid to other important orthogonal systems. The basic 
equations of motion, Eqs. (2-6), (2-19), and (2-48) are, of course, valid for any 
coordinate system when written in tensor form; the problem for non-Cartesian sys- 
tems is to derive the correct formula for the gradient vector V plus the related 
expressions for divergence and curl. A straightforward procedure is to use the met- 
ric stretching factors h; to relate the new curvilinear coordinates to a Cartesian Sys- 
tem, as discussed in standard mathematical references, e.g., Pipes (1958). Let the 
general curvilinear system (x,, X2, x3) be related to a Cartesian system (x, y, Z) so 
that the element of arc length ds is given by 


(ds)? = (dx? + (dy? + (dz) 
= (hy dx? + (hy dx? + (h; dx)? (2-58) 


which defines the factors h;. Note that A; in general will be functions of the new 
coordinates x; Then, in the new system, the components of the gradient of a scalar 


ġ are 


Lee ee ee 
hy OX hy IX, h, 0X3 (2-59) 


The divergence of any vector A = (Aj, Aj, A3) is given by 


a ee On a a 


and the components of the vector B = curl A are given by 


TE On. ip i 
B, = highs E (h3A;3) ax, (nA) (2-61) 
with exactly similar expressions for B, and B;. Equations (2-59) to (2-61) are suf- 
ficient to derive the equations of motion in the new coordinate system x; We illus- 
trate with the two classic (and probably most important) systems, cylindrical and 
spherical. 
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2-7.1 Cartesian Coordinates 


Just to review our previous results, let x; = (x, y, z), from which h; = (4, 1, I). If 
V = (u, v, w), the vector operations are 


divv = e+ + oe 

curl V = (ae oe w au (2-62) 
ViVaue tug + wor 

rp Zt, A, $ 


+— + 
aay? a? 


2-7.2 Cylindrical Polar Coordinates 


These coordinates (r, @, z) are related to the Cartesian system (x, y, z) by 
x = recos y = rsin@ ge (2-63) 


from which we find that fh, = t, h, = r, and A; = 1. Let the cylindrical polar 
velocity components be (v,, vg, v.). Then the new vector relations are 


_ [db 1 9b Ib 
Nee (32.128,28) 


1 ð 1 ðv _ v: 
KEM Dy K UET 3z a 
V-V vo +25 taone 
V = 12 (,2) [od _ $ 
r or or 2 967 az 
2-7.3 Spherical Polar Coordinates 
The spherical polar coordinates (r, 0, A) are defined by the relations 
x = rsin@cosa y = rsin sin À z= rcosé (2-65) 


from which we find that h) = 1,4, = r, and h, = rsin@. Let the velocity 
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components be V = (v,, vg, vy). Then the desired new vector relations are 


_ (96 19 | ə 
C= (Sis 8 
ae ee ap ne va E 
div V oe (rv) -sing 08 (va sin 0) + SnO JA (2-66) 


EE a, Mw 8 
r or r ð rsin oA 


1 a [3$ 1 af. ð$ 1 8$ 
E AEN Lanp ae rien Wea a 
$ r? ar (- 2) r? sino 30 (sin i r? sin? 0 ðA? 


It is seen that the terms in non-Cartesian systems are somewhat more complicated 
in form but relatively straightforward. The complete equations of motion in cylin- 
drical and spherical coordinates [the special-case forms of Eqs. (2-6), (2-19), and 
(2-48)} are given in App. B. 


<€ 
< 
li 

< 


2-8 MATHEMATICAL CHARACTER 
OF THE BASIC EQUATIONS 


The character of the basic relations, Eqs. (2-6), (2-19), and (2-48), is extremely 
complex. There are at least two factors that hinder our analysis: (1) the equations 
are coupled in the three variables V, p, and T, and (2) each equation contains one 
or more non-linearities. Are these equations of the boundary-value type or are they 
wavelike in nature? Fhe answer is that they contain mixtures of both boundary- 
value and wavelike characteristics. 

The general theory concerning the character of partial differential equations 
has developed from the study of the interesting but rather specialized quasi-linear 
second-order equation studied in, for example, Kreyszig (1999): 

2 2 2 
ge yp On poe (2-67) 
ax Ox dy oy 


where the coefficients A, B, C, and D may be non-linear functions of x, y, @, d¢/0x, 
and ðġ/3y but not of the second derivatives of p (hence the term quasi-linear in the 
second derivatives). By developing an analytic continuation of these second deriva- 
tives, it is found that the character of Eq. (2-67) changes radically, depending upon 
the sign of the discriminant function B? — 4AC. In particular, 


<0 the equation is elliptical 
If B? — 4AC¥ =0 the equation is parabolic (2-68) 
>0 the equation is hyperbolic 


The names elliptical, parabolic, and hyperbolic mean little by themselves, hav- 
ing arisen by analogy with the conic sections of analytic geometry. However, 
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like the conic sections, these names denote a vastly different character for 
Eq. (2-67): 


1. If the equation is elliptical, it can be solved only by specifying the boundary con- 
ditions on a complete contour enclosing the region, it is a boundary-value problem. 

2. If the equation is parabolic, boundary conditions must be closed in one direction 
but remain open at one end of the other direction; it is a mixed initial- and 
boundary-value problem. 

3. If the equation is hyperbolic, it can be solved in a given region by specifying 
conditions at only one portion of the boundary, the other boundaries remaining 
open, it is an initial-value problem. 


Many of the partial differential equations of mathematical physics can be 
classified with reference to Eq. (2-67); for example, 


l p p an 

Laplace equation: or F = 0 elliptical 
a ð 

Heat-conduction equation: = = ee = 0 parabolic (2-69) 
Ox oy 

rp Fo 

Wave equation: > ag =O hyperbolic 

axe oy 


For further examples and discussion of these partial-differential-equation classifi- 
cations, see Chap. 2! of the text by Kreyszig (1999). Certain special cases of fluid 
flow, such as two-dimensional inviscid flow, do fit the form of Eq. (2-67). But the 
full viscous-flow equations, (2-6), (2-19), and (2-48), are too complicated and dis- 
play a variable mixture of elliptic, parabolic, and hyperbolic behavior. The mono- 
graph by Kreiss and Lorenz (1989) develops a variety of mathematical properties 
and theorems for the Navier-Stokes equations. 
It is instructive now to consider the special case of diffusion. 


2-8.1  Low-Speed Diffusion: The Prandtl 
Number 


Consider a newtonian fluid at low speed with constant p, yz, and k. Let the stream- 
wise changes be small, that is, neglect the convective derivatives compared to local 
.changes. Then the momentum and energy equations reduce to 


Momentum: oe ~ pg — Vp + pV°V (2-70) 
ðt 
Energy: pe, Sh ~ KVT (2-71) 


- We recognize Eq. (2-71) as a multidimensional form of the heat-conduction equa- 
tion (2-69). The temperature has elliptic boundary-value behavior in space (x, y, z) 
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and parabolic “marching” behavior in time. We only need an initial condition 
T(x, y, Z, 0) to get started and can “march” forward in time indefinitely if we know 
boundary values on T at all times. 

The behavior of Eq. (2-70) is not so obvious. But we can eliminate V by tak- 
ing the divergence of the entire equation, noting that div(V) = 0 for constant den- 
sity. The result is 


Vp=0 (2-72) 


Thus, for these simplifications, the pressure shows elliptic behavior from Eq. (2-69). 
Finally, the pressure itself could be eliminated by taking the curl of Eq. (2-70), with 
the result 


ðw _ P 

ðt P 
where 
w = curl V = fluid vorticity (2-73) 


This relation, like Eq. (2-71), is also the heat-conduction equation with diffusivity 
coefficients that are purely fluid properties: 


V = 5 = viscous diffusivity 
(2-74) 
& = ce thermal diffusivity 
Pc, 


The coefficient v is also called the kinematic viscosity because it has no mass units. 
The units of both coefficients are m?/s, exactly the same as the mass diffusivity D 
from Eq. (1-45). Their ratios are important dimensionless fluid-property groups that 
give a measure of relative rates of diffusion: 


v viscous diffusion rate 
: Pr = Z = OOO 
Prandtl number p a thermal diffusion rate 
. v viscous diffusion rate 
; r ee -7 
Schmidt number Se D mass diffusion rate (2-75) 
: _ D _ _mass diffusion rate 

Lewis number: eg = thermal diffusion rate 


Note the identity Pr = ScLe. Since mass diffusion is not emphasized here, consider 
viscous and thermal effects. Table 2-1 gives values of the Prandtl number for vari- 
ous fluids at 20°C. It shows that liquid metals have small Prandtl number, gases are 
slightly less than unity, light liquids somewhat higher than unity, and oils have very 
large Pr. Thus there are dramatic differences among the fluids in their relative 
spreading of viscous and thermal effects. 

Figure 2-3 shows low-speed viscous flow past a hot wall as an example. The 
Sketches illustrate low Reynolds number or laminar-flow effects. High Reynolds 
number, or turbulent, flows agree qualitatively with Fig. 2-3, but the profile differ- 
ences are not so broadly obvious. 
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TABLE 2-1 
Prandtl number of various fluids at 20°C 


Fluid Prandtl number Pr Fluid Prandtl number Pr 
Mercury 0.024 Benzene TA 

Helium 0.70 Carbon tetrachloride 79 

Air 0.72 Ethyl alcoho! 16 

Liquid ammonia 2.0 SAE 30 oil 3500 

Freon-12 3.7 Castor oi] 10,000 

Methyl alcoho! 6.8 Glycerin 12,000 

Water 7.0 


A quantitative formula for the relative spreading is obtained by remembering 
that the two diffusion equations 


maA WT (2-76) 
2w aava (2-77) 


can be made independent of the constants a and v by defining new spatial variables: 
x,/ Va for the T equation and x;/ Vv for the w equation. The equations then have 
unit diffusion constants and hence both show unit spreading. For any given time, 


then, the thermal spreading distance Ly and the viscous spreading length Ly must 
be related by 


Lr Ly 
Va Vv 
Or 
È 
D3 VPr (2-78) 
T 


Equation (2-78) is a good approximation for all laminar boundary-layer flows, even 
at high. speeds. 


n 


n 
V 
Vo 
V L 
Va + T 
0 4.0 0 t.0 0 1.0 0 
Liquid metals: Pr<<1 Gases: Pr = 0.7 Water: 2.0< Pr<7 Oils: Pr>>t 
FIGURE 2-3 


Prandtl number effects on viscous and thermal! diffusion. (Hot wall shown for convenience.) 
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2-9 DIMENSIONLESS PARAMETERS 
IN VISCOUS FLOW 


Since our basic equations of motion are extremely difficult to analyze in general, 
we should cast them in their most efficient form, thereby increasing the usefulness 
of whatever solutions we find. This is accomplished by nondimensionalizing the 
equations and boundary conditions. 

For simplicity, assume constant c, and c,, approximately true for all gases, 
and also neglect the second coefficient of viscosity, A, which is seldom needed. 
Then our four variables, p, p, V, and T, will depend upon space and time and eight 
parameters that occur in the basic equations and boundary conditions: 


V or p or p or T = f(x, t, u, k, g8, Ca Taau bT) (2-79) 


The eight parameters, u through J, are assumed to be known from data or ther- 
modynamic state relations. Let g be constant. Now select constant reference prop- 
erties appropriate to the flow: 


1. Reference velocity U (the freestream velocity) 


2. Reference length L (the writer suggests body length for external 
flows or duct diameter for internal flows) 


3. Freestream properties po, Po, To, Ho» Ko 


(2-80) 


Steady viscous flows have no characteristic time of their own, so select particle res- 
idence time L/U as a reference time. (If the flow oscillates with frequency w, one 
might select w' as a reference time). Now define dimensionless variables and 
denote them by an asterisk. 


xe = ži re == tU y= x p* = P = Po x = L 
i L L U pU? MA Sa 
(2-81) 
F Po Tis — To p Ho ko 


2-9.1 Nondimensionalizing the Basic Equations 


Substitute the above variables from (2-81) into our basic equations (2-6), (2-19), and 
(2-48). Collect terms and divide out dimensional constants so that all remaining terms 
are dimensionless. The final results are our nondimensional equations of motion: 


ee Op* 
Continuity: oF + V-(p*V*) = 0 
l DV* 1 1 dus Oup* 

; n E Ea E R qi —YV*. * im 
Navier-Stokes: p Dr z” V*p* + o e E + axt (2-82) 
Energy: pe DIE = peZ 1 gage yer + EC ge 

l Di* Dt* RePr Re 
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We see that continuity is devoid of parameters, while Navier-Stokes contains two: 


_ PoUL 
Reynolds number: Re = nm 
y? 
Froude number: Fr= = (2-83) 
gL 


The Reynolds number is the most important dimensionless group in fluid mechan- 
ics. Almost all viscous-flow phenomena depend upon the Reynolds number. The 
Froude number is important only if there is a free surface in the flow. 

The dimensionless energy equation also contains the Reynolds number, plus 
two additional parameters: 


Kol) 
Prandt] number: Pr= r 
0 
y? 
Eckert number: be (2-84) 
Cpl, 
p*o 


For a perfect gas, the more familiar Mach number, Ma = U/ag, can replace the 
Eckert number: 


y? 
= (y — 1) = (y — 1) Ma’ (2-85) 
0 


The Prandtl number is always important in convective heat-transfer problems. In 
high-speed flows, Re, Pr, y, and Ma are all important (Chap. 7), but at low speeds 
(Ma < 0.3), the Eckert/Mach number terms are often negligible and the energy 
equation reduces to Eq. (2-51). The product RePr in the conduction term is often 
called the Peclet number, Pe. 

An important point, sometimes neglected in elementary approaches, is that 
the variables p, u, and k must be specified as thermodynamic functions for the par- 
ticular fluid studied: 


Pe TT 
Thus, if different fluids are being compared, Re, Pr, and Ec might not be sufficient 
if there are large temperature variations. As seen in Chap. 1, gases and liquids have 


quite different temperature-dependent p, u, and k. Temperature corrections might 
be needed. 


2-9.2 Momentum with Free Convection 


In free or “natural” convection, there is no freestream U. The flow is driven by grav- 
ity acting on slight density changes. Pressure is nearly constant, and the density can 
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be modeled as 


P S poll — ET — T))] 
where 
_ 1f% 
B= a (2-86) 


The parameter U is replaced by the velocity grouping [u/(pPoD)]. The reader is 
invited (as a problem exercise) to nondimensionalize the Navier-Stokes equation 
again and find a new parameter characteristic of free convection: 


_ BBL X(T, — To) 
Ho 

As we shall see in Sec. 4-13, Gr and Pr correlate heat-transfer results in free 

convection. 


Grashof number: Gr (2-87) 


2-9.3 Nondimensionalizing the Boundary 
Conditions 


Just analyzing the basic equations is not enough. The boundary conditions also con- 
tain important dimensionless parameters. In the freestream, where V = U and 
T = To, the conditions simply become V* = 1 and T* = Q. If, then, we substitute 
the same variables from Eqs. (2-81) into the boundary conditions at a fixed wall in 
Sec. 2-6, we obtain 


ve =0 T* =] or (x Ee) Base = Nu (2-88) 
w w ðan* 7, ko, — To) 
So the temperature conditions specify either a unit temperature ratio or a dimen- 
sionless wall heat transfer that is called the Nusselt number, Nu. The computed 
results at the wall will then be the opposite: either a Nusselt number or a (nonunit) 
temperature ratio. 
If there is slip or temperature jump at the wall, Eqs. (1-91) and (1-96) become 


ou* 
už = Kn (ur) 


PN 2y ðT* 
Te =] + Pry + D4” (E) (2-89) 


and 


Slip conditions introduce the Knudsen number, Kn = €/L, and the specific-heat 
ratio, y = c,/c,. 

Finally, at an interface where surface tension is important, Eq. (1-106) for 
interfacial pressure becomes 


] l ] 1 
Přrterface = Ca + r = L(g + x) (2-90) 


84 VISCOUS FLUID FLOW 


This equation introduces our three final dimensionless groups: 


Cavitation number: Ca = ot a 
pu 
y? 

Froude number: Fr = eL (2-91) 
pol? L 

Weber number: We = F 


The Froude number is the most important of the three. It is fundamental to all free- 
surface flows and can never be neglected. The Weber number is important only if 
it is small, of O(10) or less, which is usually due to a small length scale L. The cav- 
itation number is appropriate if the pressure po is interpreted as the vapor pressure 
of the liquid, p, If Ca << 1. the liquid might vaporize (cavitate) when the local 
pressure drops below p. For further details, see the text by Brennen (1995). 

To summarize. the following parameters are important for any particular flow: 


1. All viscous flows: Reynolds number 

2. Variable-temperature problems: Prandtl and Eckert (or Mach) numbers 
3. Flow with free convection: Grashof and Prandtl numbers 

4. Wall heat transfer: temperature ratio or Nusselt number 

5. Slip flow: Knudsen number and specific-heat ratio 


6. Free-surface conditions: Froude number (always); Weber number (sometimes), 
and cavitation number (sometimes) 


It is interesting to note that, in spite of our care, we have missed two parameters 
which become important at higher Reynolds numbers, where the flow becomes tur- 
bulent (a mean flow plus a superimposed random unsteadiness). These two parame- 
ters, which occur in Chaps. 5 to 7, are the degree of surface roughness (a departure 
from geometric similarity) and the amount of turbulence (percentage of random fluc- 
tuation) in the reference velocity U (called freestream turbulence). Reference to 
these two effects was made in the discussion of the drag of a cylinder in Fig. 1-10. 
To the novice, these parameters express unexpected effects—timely reminders that 
fluid mechanics is a difficult subject, containing many hidden surprises to confound 
or delight the would-be analyst. 


2-10 VORTICITY CONSIDERATIONS 
IN INCOMPRESSIBLE VISCOUS FLOW 


As discussed in Chap. 1, the vorticity vector œ = curl V is a measure of rotational 
effects, being equal to twice the local angular velocity of a fluid element. While vor- 
ticity is not a primary variable in flow analysis, the velocity itself being far more use- 
ful and significant, it is still extremely instructive to examine the impact of the vor- 
ticity vector on the Navier-Stokes Eq. (2-29). To keep the lesson from being lost in a 
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maze of algebra, let us assume constant p and u, so that Eq. (2-30) applies. Also let 
g = —gk, again for simplicity. Then the Navier-Stokes equation becomes 


DV 
PR = Vp pek + uV’ (2-92) 


introduce vorticity into both the acceleration and the viscous terms, using the two 
vector identities, 


2 
(V-VV=VE-V Xo (1-10) 
VV = Vidiv V} — curl w (2-93) 
and remember that div V = 0 if p is constant. Equation (2-92) then becomes 
Vv 
pi + V(p + 1 pV? + pgz) = pV X œ — peurl o (2-94) 


Equation (2-94) is most illuminating. The left-hand side is the sum of the classic 
Euler terms of inviscid flow. The right-hand side vanishes if the vorticity is zero, 
regardless of the value of the viscosity. Thus, if œ = 0 identically, which is the 
classic assumption of irrotational flow, the velocity vector must by definition be a 
potential function, V = Vd, where œ is the velocity potential, and Eq. (2-94) 
becomes the celebrated Bernoulli equation for unsteady incompressible flow: 


op L 12 = 
Por + p+ 3pV° + pgz = const (2-95) 


It follows that Bernoulli’s equation is valid even for viscous fluids if the flow is 
irrotational, Put another way, Eq. (2-94) shows that every potential-flow solution 
of classical hydrodynamics is in fact an exact solution of the full Navier—Stokes 
equations. The difficulty is, of course, that potential flows do not and cannot 
satisfy the no-slip condition at a solid wall, which requires both the normal and 
tangential velocities to vanish. This is because the assumption of irrotationality 
eliminates the second-order velocity derivatives from Eq. (2-92), leaving only 
first-order derivatives, so that only one velocity condition can be satisfied at a 
solid wall. In potential flow, then, we require only the normal velocity to vanish 
at a wall and put no restriction on the tangential velocity, which commonly slips 
at the wall. It would appear at this point that potential solutions are no aid in vis- 
cous analysis, but in fact at high Reynolds numbers, viscous flow past a solid 
body is primarily potential flow everywhere except close to the body, where the 
velocity drops off sharply through a thin viscous boundary layer to satisfy the no- 
slip condition. In many cases, the boundary layer is so thin that it does not real- 
ly disturb the outer potential flow, which can be calculated by the methods of 
classical hydrodynamics described, for example, in the texts by Milne-Thomson 
(1968) or Robertson (1965). This was the case in Fig. 1-1a. It behooves the reader, 
therefore, to master potential-flow analysis as a natural introduction to the study 
of viscous flow. 
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We can ascertain when irrotational flow occurs by deriving an expression for 
the rate of change of vorticity. One form is obtained by taking the curl of Eq. (2-94), 
with the result 


BO = (WV + pV (2-96) 
which is the famous Helmholtz equation of hydrodynamics, usually written without 
the second term involving the kinematic viscosity. The first term on the right arises 
from the convective derivative and is called the vortex-stretching term; this term 
was zero in the special case of Eq. (2-77). The second term is obviously a viscous- 
diffusion term; if it is neglected (the ideal fiuid), Eq. (2-96) leads to Helmholtz’ the- 
orem that the strength of a vortex remains constant and also to Lagrange’s theorem 
that œ = O for all time if it is zero everywhere at t = O. Still a third result of neglect- 
ing the viscous term is Kelvin’s theorem that the circulation about any closed path 
moving with the fluid is a constant. All three theorems are valid and useful in the 
inviscid approximation, but all three fail when the viscosity is not zero because the 
second term in Eq. (2-96) is constrained by the no-slip condition not to vanish near 
solid walls. Thus, in all viscous flows, vorticity is generally present, being generated 
by relative motion near solid walls. If the Reynolds number is large, the vorticity is 
swept down stream and remains close to the wall. A boundary layer is formed, out- 
‘side of which the vorticity may be taken as zero. If the flow is between two walls, as 
in duct flow, the two boundary layers will meet and fill the duct with vorticity, as in 
Fig. 1-11, so that the potential-flow model is generally not valid in duct flow. 


2-11 TWO-DIMENSIONAL CONSIDERATIONS: 
THE STREAM FUNCTION 


In Eq. (2-9) we noted that the stream function is an exact solution of the continuity 
equation when only two independent spatial variables are involved in the flow. For 
maximum benefit, let us examine the simple case of constant u and p and two- 
dimensional flow in the xy plane, i.e., a flow with only the two velocity components 
u(x, y, £) and u(x, y, £). The equations of motion then are the continuity equation and 
the two components of the Navier-Stokes equations: 


Ou Ov 


ax + əy = 0 (2-97) 
ô 2 2 
ou y 9 4 yu _. 1h (2s + Zu) (2-98) 
ðt Ox oy P ax ox” Oy 
Ov av dv 1 Op ay e) 
Y y uZ +u =g -42 + ee 2 : 
bf de ay Oe Daye (23 ay? de, 


to be solved for the three dependent variables u, v, and p. Note that the momentum 
equation has been uncoupled from the energy equation by the assumption of 
constant u and p, so that T(x, y, ^) can be solved later from Eq. (2-50) if desired. 
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Lest the reader think that the system, Eqs. (2-97) to (2-99), has been so oversim- 
plified that it is not worth making a fuss over, the remark that this system has borne 
the brunt of much of the theoretical work on viscous flow to this date. 

By analogy with Eq. (2-9), Eq. (2-97) yields immediately to a stream func- 
tion w(x, y, t) defined by 

u = a v= Baa (2-100) 

where ys now takes on the meaning of volume flow rather than mass flow, since the 
density is missing in the definition. Meanwhile, the pressure and gravity can be 
eliminated from Eqs. (2-98) and (2-99) by cross-differentiation, i.e., taking the curl 
of the two-dimensional vector momentum equaiton. The result is 


dw, Ow. Jw. C> a) 


u = 2-101 
ot Ox ay ( ) 


+ —e-—_ 
ax? ay? 
where 


_ {dv _ ou 
w. = (2 au) (1-13) 


Since V = V(x, y, £t) only, the vorticity has only the single nonvanishing component 
w.. By comparison with the more general vorticity transport relation, Eq. (2-97), we 
see that the vortex-stretching term (w * V)V has vanished identically because, for this 
special case of flow in the xy plane, the vorticity vector œ is perpendicular to the gra- 
dient of V. Combining Eqs. (2-100) and (1-13), we have the intriguing relation 


w. = —Vy (2-102) 


so that Eq. (2-101) can be rewritten as a fourth-order partial differential equation 
with the stream function as the only variable: 


oy ð 
Oy Ox 


ð 
(Wy) — BA wy Vy (2103) 


9 y 

ap (Vp) + 
The boundary conditions would be in terms of the first derivatives of y, from 
Eq. (2-100). For example, in the flow of a uniform stream in the x direction past a 
solid body, the conditions would be 


ð ð 
At infinity: x = 0 on = Us 
(2-104) 
dys ay 
At the body (no stip): ae 0 = ai 


This stream-function vorticity approach is an alternative to the direct or “primitive” 
variable approach of solving for (u, v, p) in Eqs. (2-97) to (2-99). Equations (2-103) 
and (2-104) are convenient to numerical analysis and were used in the first (hand- 
calculated) CFD solution, Thom (1933), known to this writer. 
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2-11.1 Creeping Flow: Re < 1 


If the viscosity is very large, the Reynolds number UL/v is very smali, Re << 1, 
and the right-hand side of Eq. (2-103) dominates. We are left with a linear fourth- 
order equation: . 


Re << 1: Viy = 0 (2-105) 


This is the two-dimensional biharmonic equation for “creeping flow.’ Many solu- 
tions are known from elasticity, Timoshenko and Goodier (1970), which can be 
adapted to creeping flow. A wide variety of low Reynolds number flows are treated 
in the monographs by Langlois (1964) and by Happel and Brenner (1983). We shall 
briefly treat this subject in Sec. 3-9. 


2-12 NONINERTIAL COORDINATE SYSTEMS 


By far the majority of flow problems are attacked in a fixed, or inertial, coordinate 
system. Cases do arise, though, such as the flow over rotating turbine blades or the 
geophysical boundary layer on a rotating earth, where we may wish to use nonin- 
ertial coordinates moving with the accelerating system. Then we must modify 
Newton’s law, Eq. (2-11), which is valid only if a is the absolute acceleration of the 
particle relative to inertial coordinates. 

Suppose that (X, Y, Z) are in an inertial frame and that our chosen coordinates 
(x, y, Z) are translating and rotating relative to that frame. Let R and Q be the dis- 
placement and angular velocity vector of the (x, y, z) system relative to (X, Y, Z). 
Then, by straightforward vector calculus [see Greenwood (1988, pp. 49ff.)], we can 
relate the absolute acceleration a of a particle to its displacement r and velocity V 
relative to the moving system: 


2 
=-@R, Myre oxaxn+%4+20xV (2-106) 
dt dt dt 


Thus, if V is a noninertial velocity vector, the entire formidable right-hand side of 
Eq. (2-106) must replace the derivative DV/Dt in Eq. (2-12) or (2-19). However, we 
would be expected to know the functions R(#) and Q(t) which relate the two systems, 
so that in a sense we are merely adding known inhomogeneities to the problem. 


2-12.1 Geophysical Flows: The Rossby 
Number 


A classic example of a noninertial system is the use of earth-fixed coordinates to 
calculate large-scale (geophysical) motions, where the earth’s rotation cannot be 
neglected. In this case, the first three terms of Eq. (2-106) can be neglected, for 
three different reasons: (1) the first term is the earth’s acceleration relative to the 
fixed stars and is surely almost zero; (2) the second term vanishes because dQ,/dt 
is nearly zero for the earth; and (3) the third term is nothing more than the earth’s 
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centripetal acceleration, which essentially accounts for the variation of the gravity 
vector g with latitude. Thus, for geophysical flows, 


a x —— + 20 xV (2-107) 


the second term of which is called the Coriolis acceleration, named after the French 
mathematician G. Coriolis, who was the first, in 1835, to study this phenomenon. If, 
as before, we use U and L to nondimensionalize this expression, we obtain 


k y dv* a * * 
a Ga + CO X V») (2-108) 


where Ro = U/QL is the dimensionless Rossby number. It follows that the 
Coriolis term can be neglected if Ro is large, which will be true if the motion scale 
L is small compared to the earth’s radius. We shall study a geophysical viscous flow 
(Ekman flow) in Chap. 3. 


2-13 CONTROL-VOLUME FORMULATIONS 


The expressions so far in this chapter have all been differential relations: fluid flow 
in the small, so to speak. We shall also have use for integral relations to calculate 
the gross fluxes of mass, momentum, and energy passing through a finite region of 
the flow. This is the control-volume approach now widely used in fluid mechanics 
[see White (2003), Chap. 3]. We shall content ourselves here with a fixed control 
volume; the text by Hansen (1967) treats moving and deformable control volumes. 

Let the closed solid curve in Fig. 2-4 represent a finite region (control volume) 
through which a fluid flow passes. At any instant ż, the region is filled by an aggre- 
gate of fluid particles which we shall call the system, i.e., a quantity of known iden- 
tity. We wish to calculate the rate of change dB/dt of any gross property B (mass, 
kinetic energy, enthalpy, etc.) of the system at that instant z. We do this by a limit- 
ing process: At time t + Af, the system has passed on slightly to the right, as indi- 
cated by the dotted lines in Fig. 2-4 and suggested by the streamline arrows. 


Fixed control volume (CV) 

with a control surface (CS) . 5 
ine 

ove 


\ 
HI as dA = outward 

I normal 
f 


/ 


rs System at time t+ At 


J System at time t 
Pa FIGURE 2-4 


Sketch of a control volume. 
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The slight motion has outlined three regions, I, II, and YJ, as marked on the figure. 
The limit we are looking for is 


_ (By + AByDsa, — (AB, + Bi) 
lim A eea 


dB 
a (system at 7) 


Ari-0 At 
ost hg (Biar Z Bud), AB AB, 
7 tim, | At tAr At eh 


As shown in undergraduate texts, such as White (2003), Sec. 3.2, the region IT terms 
in the brackets become the rate of change of B within the control volume. The 
region III term is the outflow of B, and the region I term is the inflow of B into the 
control volume. By the device of defining the area vector dA as having the direc- 
tion of the outward normal to the control surface (see Fig. 2-4), we can account for 
outflow and inflow with a single dot product. The final limit is 


dB _d | dB dB wy, ; 
d ar) mP ODT S ae ee R 
CV CS 


This general relation is often called the Reynolds transport theorem. We can apply 
this formulation to any property B. Here we select mass, momentum, and energy. 


2-13.1 Conservation of Mass 


The relevant property is B = mass m, and dm/dm = 1. Equation (2-110) becomes 


d d 
TT =O patvod + f pv-aa (2-111) 


CV ČS 
This relation must be true for any fixed control volume and will be very useful in 


boundary-layer theory, Chap. 4. As an exercise, one can show, using Gauss’ theorem, 
that Eq. (2-111) is identical to the differential equation of continuity, Eq. (2-6). 


2-13.2 Conservation of Linear Momentum 


The relevant property is B = linear momentum mV, and d(mV)/dm = V itself. 
Equation (2-110) becomes equal to the total force F acting on the system passing 
through the control volume: 


F = £ mV) = ral Vpd(vol) + J Voy -an (2-112) 

CV ČS 
It is emphasized that this relation holds only for an inertial control volume. The 
force F includes both surface forces on the control surface and body forces on the 


mass within. Equation (2-112) was first applied to viscous boundary layers by 
Karman (1921). 
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2-13.3 Conservation of Energy 


The relevant property is B = total energy E, and we denote dE/dm = e, Recall the 
first law of thermodynamics, Eq. (1-59), dE = dQ + dW. Equation (2-110) 
becomes 


dE _ dQ dW_ ad 
ae ae + i a e, pd(vol) + J eovean (2-113) 


CV CS 
where 


e =Æ =e+}V -gr 


The work term dW includes work on the boundaries of normal and shear stresses 
plus any shaft work added to the system: 


W = W normal stress +W, shear stress + W shaft (2-1 14) 


Equation (2-113) may be applied to boundary layers to determine the heat transfer. 


2-13.4 The Steady-Flow Energy Equation 


An important special case of Eq. (2-113) occurs in steady flow when the control 
volume consists of fixed solid walls plus a simple one-dimensional inlet and outlet, 
as shown in Fig. 2-5. The work of boundary forces is zero at the fixed walls because 
of the no-slip condition. Further, if the inlet and outlet flows are approximately uni- 
form and parallel, we may reasonably neglect viscous normal stresses there, so that 
the only important boundary work is due to pressure forces at inlet and outlet. The 
term d/dt vanishes for steady flow, and Eq. (2-113) reduces to 


eau ae tas = dA = Jean (2-115) 


But the only contributions to V: dA are —V,A, and +V,A, at the inlet and outlet, 
respectively. Thus we can carry out the integration to yield two terms 


dW 
d = (2 


+e + iy? + ez) prAV> 
2 


dt dt Pp 
-(È+e+iV + AV 2-116 
poeti 8z } PIAL, (2-116) 
| 
gon  AWshear = 0 at walls 
Ze dw. and normat . 
Pr: V A = dQ 4 shat = po, Vo, As FIGURE 2-5 
se ; Sketch for the one-dimensional steady- 
Fixed casing 


flow energy equation. 
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where we have introduced (—g:r) = + gz, implying as before the choice of the 
gravity direction g = —gk. For steady flow, pA, V] = ~2A,V> equals the mass flow 
rate dm/dt through the control volume. Also, the quantity p/p + e is the fluid 
enthalpy h. We divide through by dm/dt to achieve the familiar form 


dQ dW, _ 1472 1472 


which we recognize as the so-called steady-flow energy equation, stating that the 
change in total enthalpy % + iy? + gz equals the sum of the heat and shaft-work 
addition per unit mass. The formula does not hold in boundary-layer theory unless 
we are careful to define our control volume to match Fig. 2-5 conditions. 


SUMMARY 


It is the role of this chapter to derive and discuss the basic equations of viscous fluid 
flow: conservations of mass, momentum, and energy plus the auxiliary state rela- 
tions. The various boundary conditions and coordinate systems are discussed, and 
dimensionless parameters are derived and related to particular classes of flow. 
Stream-function and vorticity approaches are discussed, and the basic relations are 
also derived in integral form for finite control volumes. It is the purpose of the 


remainder of this text to attack these equations as best we can for particular classes 
of viscous flow. 


PROBLEMS 


2-1. By consideration of the cylindrical elemental control volume shown in Fig. P2-1, use 
the conservation of mass to derive the continuity equation in cylindrical coordinates 
[App. B, Eq. (B-3)]. 


é 


FIGURE P2-1 


2-2. Simplify the equation of continuity in cylindrical coordinates (r, 8, z} to the case of 
steady compressible flow in polar coordinates (0/8z = 0) and derive a stream func- 
tion for this case. 


2-3. 


2-4, 


2-5. 


2-6. 


2-7. 


2-8. 


2-9, 


2-12. 
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Simplify the equation of continuity in cylindrical coordinates to the case of steady 
compressible flow in axisymmetric coordinates (9/30 = 0) and derive a stream 
function for this case. 


Answer: ðp fðr = prv; ðp/ðz = —prv, 


For steady incompressible flow with negligible viscosity, show that the Navier-Stokes 
relation [Eq. (2-30)] reduces to the condition that p/p + |V[?/2 + gh is constant 
along a streamline of the flow, where h denotes the height of the fluid particle above 
a horizontal datum. This is the weaker form of the so-called Bernoulli relation. 


Show that for incompressible steady flow with negligible viscosity and thermal con- 
ductivity, the energy Eq. (2-40) reduces to the condition thate + p/p + |V|?/2 + gh 
is constant along a streamline of the flow. This is the stronger form of Bernoulli’s 
relation. 


Consider the proposed incompressible axisymmetric flow field v. = CIR? — r°), 
v, = 0 in the region 0 = z = L,0 = r = R, where C is a constant. (a) Determine if 
this is an exact solution of the Navier-Stokes equation. (b} What might it represent? 
(c) If an axisymmetric stream function (r, z) exists for this flow, find its form. 


Investigate the two-dimensional stream function y = Cxy, with C a constant, to deter- 
mine whether it can represent (a) a realistic incompressible frictionless flow and (b) a 
realistic incompressible viscous flow. Sketch some streamlines of the flow. 


Investigate a proposed plane stream function for isothermal incompressible flow: 
yw = C(x’y — y?/3), where C is a constant. Determine whether this flow is an exact 
solution for constant y and, if so, find the pressure distribution p(x, y} and plot a few 
representative streamlines. 


Consider the following incompressible plane unsteady flow: 


2 
v, = 0 Ug = at E e(-2)] 


where C and v are constant and gravity is neglected. Is this an exact solution of the 
continuity and Navier-Stokes equations? If so, plot some velocity profiles for repre- 
sentative times. Is there any vorticity in the flow? If so, plot some vorticity profiles. 


Using the expression for dissipation ® from Eq. (2-46), prove the inequalities about 
p and A given by Eq. (2-47). 


The differential equation for irrotational plane compressible gas flow [Shapiro (1954), 
Chap. 9] is 


a a r a* a 
AA ET GPa A E Om $ =0 
ar at ax? ay ax dy 


where ¢ is the velocity potential and a the (variable) speed of sound in the gas. In the 
spirit of Sec. 2-9.1, nondimensionalize this equation and define any parameters which 
appear. 


In flow at moderate to high Reynolds numbers, pressure changes scale with (0 .U5), as 
in Eq. (2-83). In very viscous (low Reynolds number) flow, pressure scales as 
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(KU/L). Make this change in Eqs. (2-83) and repeat the nondimensionalization of the 
Navier-Stokes equation. Define any parameters which arise and show what happens 
if the Reynolds number is very small. 


2-13. The equations of motion for free convection near a hot vertical plate for incompress- 
ible flow with constant properties are 


Ou ðv 
a~ ðy 2 
2 2 
gou + jae = gB(T — T,) + » (4 + Zu) 
ax oy ax oy 


aT aT\\ [ET FT 
pep(u ax 7 if) j (2 hj 7) 


Introduce the dimensionless variables 


ub, Uh 


oy 
= * = > = — x == 
Se AOS ee 


To- T, 


ue = 


where L is the length of the plate. Use these variables to nondimensionalize the free 
convection equations and define any parameters which arise. 


2-14. For laminar flow in the entrance to a pipe, as shown in Fig. P2-14, the entrance flow is 
uniform, u = Up, and the flow downstream is parabolic in profile, u(r) = Ciri - r’). 


Using the integral relations of Sec. 2-13, show that the viscous drag exerted on the pipe 
walls between 0 and x is given by 


Drag = mr3(po — py — 30U3) 


mu (r) 
Po 
Fully 
0 x developed FIGURE P2-14 


2-15. To illustrate “boundary-layer” behavior, i.e., the effect of the no-slip condition for 


large Reynolds numbers, Prandtl in a 1932 lecture proposed the following model (lin- 
ear) differential equation: 


2 
eduh y 20 e << 1 
dy dy 


where e mimics the small viscosity of the fluid. The boundary conditions are (1) 
u(0) = 2, and (2) u remains bounded as y becomes large. Solve this equation for these 
conditions and plot the profile u(y) in the range 0 < y < 2 for e = 0, 0.01, and 0.1. 
Comment on the results. Is the plot for e = Q the same as that obtained by setting 
e = 0 in the original differential equation and then solving? 
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2-16. Consider the plane, incompressible, Cartesian stream function in the region 


2-17 


2-18 


2-19. 


2-20 


2-21. 


OF yO: 


y = ax + by + B ee 


where (a, b, c) are positive constants. (a) Determine if this is an exact solution to the 
continuity and Navier—Stokes equations if gravity and pressure gradient are neglected. 
(b) What are the dimensions of (a, b, c)? (c) If y = 0 represents a wall, does the no- 
slip condition hold there? (d) Is there any vorticity in the flow field? If so, what is its 
form? 


Use Eq. (2-86) for density in the gravity term of the Navier-Stokes equation (2-29b), 
let p =% pp, in the acceleration term, and let u = constant. For free convection, with U 
replaced by j4/(p pL), nondimensionalize Navier-Stokes and show that the Grashof 
number appears. 


Flow through a well-designed contraction or nozzle is nearly frictionless, as shown, 
for example, in White (2003), Sec. 6.12. Suppose that water at 20°C flows through a 
horizontal nozzle at a weight flow of 50 N/s. If entrance and exit diameters are 8 cm 
and 3 cm, respectively, and the exit pressure is 1 atm, estimate the entrance pressure 
from Bernoulli’s equation. 


Show, using Gauss’ theorem [Kreyszig (1999), Sec. 9.8] that the control-volume mass 
relation, Eq. (2-111), leads directly to the partial differential equation of continuity, 
Eq. (2-6). 

In discussing incompressible flow with constant u, Eq. (2-30), we cavalierly said, 
“many terms vanish” from Eq. (2-29a). Be less cavalier and show that the many vis- 
cous terms in Eqs. (2-29a) do indeed reduce to the single vector term u V’V, in three 
dimensions. 


In deriving the basic equations of motion in this chapter, we skipped over the partial 
differential equation of angular momentum. Did we forget? Do some reading, perhaps 
in Lai et al. (1995) or Malvern (1997), and explain the significance of the angular 
momentum equation. 


CHAPTER 


3 


SOLUTIONS 

OF THE 
NEWTONIAN 
VISCOUS-FLOW 
EQUATIONS 


3-1 INTRODUCTION AND CLASSIFICATION 
OF SOLUTIONS 


The equations of continuity, momentum, and energy, derived in Chap. 2, are a formi- 
dable system of non-linear partial differential equations. No general analytical method 
exists, and no general existence or uniqueness theorems exist. For example, no exact 
solution is known for the thin airfoil problem of Fig. 1-la, and certainly not for the 
stalled airfoil of Fig. 1-1b. However, the boundary-layer techniques of Chaps. 4 and 6 
will be a good approximate tool for many problems. Meanwhile, for laminar flows, 
where no fine-scale turbulent fluctuations occur, computational fluid dynamics (CFD) 
is quite accurate, if rather specific, for a variety of flows and geometries. See, for exam- 
ple, Orszag et al. (1991), Chung (2002), Lomax et al. (2001), or Tannehiil et al. (1997). 
For turbulent flow (Chap. 6), except for direct numerical simulation (DNS) at low 
Reynolds numbers, we must resort either to empirical correlations or use approximate 
CFD models that are reliable only for a limited subset of flow patterns. 

In accumulating exact solutions, then, we are poor but not destitute. Over the 
past 150 years, a considerable number’ of exact but particular solutions have been 


“There are about 80 different cases, depending upon how one counts them. A large number are given by 
Berker (1963), See also Rogers (1992) and Profilo et al. (1998). 
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found which satisfy the complete equations for some special geometry. This chapter 
will outline some of these particular solutions, many of which are very illuminating 
about viscous-flow phenomena. 

As we might expect, almost all the known particular solutions are for incom- 
pressible newtonian flow with constant transport properties, for which the basic 
equations [(2-6), (2-19), and (2-48)] reduce to 


Continuity: divV = 0 (3-1) 
Momentum: pur = —-Vp + uV’V (3-2) 
Energy: pc PE = KVT + @ (3-3) 


where ® denotes the dissipation function from Eq. (2-46) and p is the total hydro- 
static pressure, i.e., it includes the gravity term for convenience: 


1l 


Vp = Vp — pg 
or (3-2a) 


p =p + pg 
where z is the vertical coordinate. The three unknowns in Egs. (3-1) to (3-3) are 
V, p, and T. Note an important fact, mentioned earlier: Since we assume that u 
is constant, Eqs. (3-1) and (3-2) are uncoupled from temperature and thus can 
be solved for V and p independently of T, after which T can be solved from 
Eq. (3-3). Note also that T itself is not independent of p or V, since the veloci- 
ty, which may be pressure-dependent, enters Eq. (3-3) through the terms ® and 
DT/Dt = aT/at + V+ VT. Because of this uncoupling of temperature in incom- 
pressible flows, many texts simply ignore the energy equation, but we consider T 
here to be very important, both practically and pedagogically. 
Basically, there are two types of exact solutions of Eq. (3-2): 


1. Linear solutions, where the convective acceleration V > V vanishes 
2. Non-linear solutions, where V -+ V does not vanish 


It is also possible to classify solutions by the type or geometry of flow involved: 


1. Couette (wall-driven) steady flows 

2. Poiseuille (pressure-driven) steady duct flows 

3. Unsteady duct flows 

4. Unsteady flows with moving boundaries 

5. Duct flows with suction and injection 

6. Wind-driven (Ekman) flows 

7. Similarity solutions (rotating disk, stagnation flows, etc.) 
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These are the topics of the next seven sections of this chapter, after which we con- 
clude with the creeping-flow approximation (Sec. 3-9) and digital computer solu- 
tions (Sec. 3-10). 

Although a general solution is unattainable, particular exact solutions of 
Navier-Stokes are still being found. Here are some recent examples: a porous chan- 
nel with moving walls, Dauenhauer and Majdalani (2003); oscillating flow in a rec- 
tangular duct, Tsangaris and Vlachakis (2003); chaotic flow in cylindrical tubes, 
Blyth et al. (2003); generalized Beltrami flows, Wang (1990); an unsteady stretch- 
ing surface, Smith (1994); free shear layers, Varley and Seymour (1994); and two 
interacting vortices, Agullo and Verga (1997). For further study of laminar viscous 
flows, see the monographs by Constantinescu (1995), Ockendon and Ockendon 
(1995), and Papanastasiou et al. (1999). 


3-2 COUETTE FLOWS DUE TO MOVING SURFACES 


These flows are named in honor of M. Couette (1890), who performed experiments 
on the flow between a fixed and moving concentric cylinder. We consider several 
examples. 


3-2.1 Steady Flow between a Fixed 
and a Moving Plate 


In Fig. 3-1, two infinite plates are 2/ apart, and the upper plate moves at speed U rel- 
ative to the lower. The pressure p is assumed constant. The upper plate is held at 
temperature 7, and the lower plate at 7). These boundary conditions are independ- 
ent of x or z (“infinite plates”); hence it follows that u = u(y) and T = T(y). 
Equations (3-1!) to (3-3) reduce to 


O au _ 
Continuity: ax 0 
2 
Momentum: 0 = pelt (3-4) 
dy 
PT (2 ) 
Energy: O=k-> + — 3-5 
Sy dy’ H dy (3-5) 
y=th, u= U, T=T, 2 


ee ee Moving 
u=u(y), T=T(y) 


E eta AL Rae 
p= constant t 
Fixed FIGURE 3-1 


y=-h, u=0, T= To Couette flow between parallel plates. 


SOLUTIONS OF THE NEWTONIAN VISCOUS-FLOW EQUATIONS 99 


U 
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(a) 
F 
+1 : 
yY Br=8 
A 0 
= T FIGURE 3-2 
9 Couette flow between a fixed and a moving 
Temperature plate: (a) the velocity profile; (b) temperature 
(b) profiles for various Brinkman numbers. 


where continuity merely verifies our assumption that u = u(y) only. Equation (3-4) 
can be integrated twice to obtain 
u= Cy + C, 


The boundary conditions are no slip, u(—h) = 0 and u(+h) = U, whence 
C; = U/2h and C, = U/2. Then the velocity distribution is 


— U X 
u = (i + z) (3-6) 


This is plotted in Fig. 3-2a and is seen to be a straight line connecting the no-slip 
condition at each plate. We term this plot a velocity profile and commonly sketch in 
line segments with arrows, as shown, to indicate motion. Since u = const and we 
have neglected buoyancy, this profile is independent of the temperature distribution. 
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The shear stress at any point in the flow follows from the viscosity law: 


ee ren E a 
r= (Se + 2) = p E = FF = cons (3-7) 


Thus for this simple flow, the shear stress is constant throughout the fluid, as is the 
strain rate—even a nonnewtonian fluid would maintain a linear velocity profile. 

The dimensionless shear stress is usually defined in engineering flows as the 
friction coefficient, 


C, =- = = (3-8) 
3pU pUh Re, 
Thus the Reynolds number Re, = pUh/p arises naturally when the shear stress is 


nondimensionalized. Or perhaps unnaturally is more appropriate: Churchill (1988) 
points out that the Reynolds number is unsuitable for this nonaccelerating flow, 
since density does not play a part. He suggests that one should instead use the 
Poiseuille number, 


Po = C,Re, = F77 = l (3-9) 


Clearly a unit Poiseuille number is more convenient than a varying friction coefficient. 
With du/dy = U/2h known from Eq. (3-6), we may substitute into Eq. (3-5) 
and integrate twice to obtain the temperature distribution: 
uU? y 
Haat cyt (3-10) 
The no-temperature-jump conditions require T(—h) = T, and T(+h) = T), whence 
C, and C, can be evaluated. The final solution is 


S Fit 1g T, — Toy pU y 
r= ( 7 pe ae 7 Tea ane (3-11) 


The first term in parentheses represents the straight-line distribution which would 
arise due to pure conduction in the fluid. The second (parabolic) term is the tem- 
perature rise due to viscous dissipation in the fluid. The temperatures 7(y) from Eq. 
(3-11) are plotted in Fig. 3-2b. If T is nondimensionalized by (T, — To), a dimen- 
sionless dissipation parameter arises naturally, the Brinkman number: 


BU BG u? 
KT,—T)) koai — T) 


T= 


Br = PrEc (3-12) 
From Fig. 3-2b, a Brinkman number of order unity or greater means that the tem- 
perature rise due to dissipation is significant. Qualitatively, it represents the ratio of 
dissipation effects to fluid conduction effects. 

For low-speed flows, only the most viscous fluids (oils) have significant 
Brinkman numbers. For example, take U = 10 m/s and (T, — Tọ) = 10°C and 
compare the following numerical values for four fluids: 
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eee 
Fluid m(kg/m-s) kW/m: °C) Brinkman number 
Air 1.8E-5 0.26 0.0007 

Waler 1.0E~-3 0.60 0.017 

Mercury 1.54E-3 8.7 0.0018 

SAE 30 oil 0.29 0.145 20.0 


$e 


Thus, except for heavy oils, we commonly neglect dissipation effects in low-speed 
flow temperature analyses. 

To complete this lengthy initial-case discussion, we compute the rate of heat 
transfer at the walls: 
pU? 


k 
oy NE (3-13) 


aT 


Iw = hä 


+A 


where the (+) refers to lower and upper surface, respectively. The first term on the 
right represents pure conduction through the fluid. 

Since many convection analyses result in q,„ being proportional to AT, it is 
customary to refer to their ratio as a heat-transfer coefficient: 


qn 


i= (oa (3-14) 


One then nondimensionalizes ¢ either as the Stanton number from Eq. (1-98) or, 
alternately, as the Nusselt number: 
L 
Nu, = Z = C, Re; Pr (3-15) 
where L is the characteristic length of the flow geometry. Here we select L as the 
plate separation distance (2h) and compute, from Eq. (3-13), 
2he Br 


k 7 (3-16) 


where again the (+) means the lower surface. If Br > 2, both the upper and lower 
surfaces must be cooled to maintain their temperatures. Note that, since Nu =œ | for 
pure conduction, the numerical value of Nu represents the ratio of convective heat 
transfer to conduction for the same value of AT. 


3-2.2 Axially Moving Concentric Cylinders 


Consider two long concentric cylinders with a viscous fluid between them, as in 
Fig. 3-3. Let either the inner (r = ro) cylinder move axially atu = Up or the outer 
(r = r,) cylinder move at u = U,, as shown. Let the pressure and temperature be 
constant for this example. The no-slip condition will set the fluid into steady motion 
u(r), and u and u, will be zero. The equations of motion in cylindrical coordinates 
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r= to 


FIGURE 3-3 
Axial annular Couette flow between concentric moving cylinders. The velocity distributions are plotted from 
Eqs. (3-18) and (3-19). 


are given in App. B. Continuity is satisfied identically if u = u(r), and the axial 
momentum equation reduces to 


Vu) = a au) =) (3-17) 


which is, like the previous example, independent of fluid properties. The solution 
has the form 
If the inner cylinder moves, the no-slip conditions are u(r9) = Up and u(r,) = 0, 
whence C) = U,/In(r)/r,) and C, = —C,In(r,). The solution is 
In(ri/ 
° in(r,/ro) 
zene n 
rIn(r,/ro) 
Similarly, if, instead, the outer cylinder is moving, the boundary conditions are 
u(ro) = O and u(r,) = U, and the solution is 
In(r/ ro) 
l in(r,/ro) 
BU, 
r In(r)/ro) 
These two velocity distributions are sketched in Fig. 3-3; they are exactly analogous 
to temperature distributions T(r) in pure conduction through the fluid. Note the 


Hu = 


(3-18) 


i= 


(3-19) 
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difference in curvature for the two cases: If the inner cylinder moves, u(r) is concave, 
whereas it is convex if the outer cylinder moves. 

The temperature distribution is given as a problem exercise, as is the question 
of what happens if both cylinders move at once. 


3-2.3 Flow between Rotating 
Concentric Cylinders 


Consider the steady flow maintained between two concentric cylinders by steady 
angular velocity of one or both cylinders. Let the inner cylinder have radius ro, 
angular velocity wọ, and temperature T}, and the outer cylinder has r,, œw, and T}, 
respectively. The geometry is such that the only nonzero velocity component is Ug 
and the variables uy, T, and p must be functions only of radius r. The equations of 
motion in polar coordinates [Eq. (2-64)] reduce to 


Continuity: oe = 0 
d ug 
r momentum: Z = ra (3-20) 
Pu d (=) 
0 tum: 2> Tet = 
momen 52 AS 
k d{ dT dug ity \? 
Energy: 0= ta(n) + (T = *) 
with boundary conditions at each cylinder. 
At r= rg Ug = rowo T = To P = Do (3-21) 
Atr=r;: Ug = rjw] T= fT, 


The solution to the @-momentum equation has the form 
Cy 
ig = Cyr + F 


i.e., the sum of a solid-body rotation and a “potential” vortex whose Laplacian is 
zero. We may find C, and C, from the boundary conditions Eq. (3-21) and write the 
solution as the sum of inner and outer driven flows: 
r/r — rjr rro — ro/r 

> t r o aM 
° ri/fo — ro/r l ! ri/fo — ro/ty 
If this velocity distribution is substituted into the energy equation in Eq. (3-20), the 
temperature distribution may be found as follows: 


Loo ri ( 7 2) _ ( = 2) nefro In(r/ro) 
oe aE (r7 _ =| r? ; r? In(r,/7ro) i In(r,/ro) 


(3-23) 


Ug = row (3-22) 
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where PrEc = prow3/k(T, — Tọ) is the Brinkman number expressing the temper- 
ature rise due to dissipation. If PrEc = 0, T reduces to the simple heat-conduction 
solution. The evaluation of the pressure p(r) is left as an exercise. 

Some special cases are of interest. In the limit as the inner cylinder vanishes 
(rp, Wy = 0), we obtain from Eq. (3-22): 


Ug = wr = const (3-24) 


i.e., steady outer rotation of a tube filled with fluid induces solid-body rotation. 
In the limit as the outer cylinder becomes very large and remains fixed 
(w; = 0, r, > œ), we obtain 
2 
row 
Up = (3-25) 


This is a potential vortex, driven by the rotating cylinder with the no-slip condition. 
As anyone who paddles a canoe knows, a vortex, if not maintained by a driving 
moment, will decay. Two examples of decaying vortex distributions are given as 
end-of-chapter Probs. 3-14 and 3-22. 

Figure 3-4a shows velocity distributions for various (r,/rg), when only the 
inner cylinder is rotating. Figure 3-4b shows the temperature distributions for the 
single case r)/rg = 5 from Fig. 3-4a. 

Another interesting special case is that of very smal} clearance between the 


cylinders, r} — ro << ro Again let the outer cylinder remain stationary. Equation 
(3-22) becomes, in the limit, 


Ug r— ro 
Smal! clearance: roo n (3-26) 


which is a linear Couette flow between effectively parallel plates, as in Fig. 3-1. In 
Fig. 3-4a, the approach to linearity is already being hinted at for r,;/rg = 2. The 


FIGURE 3-4 


Velocity and temperature distributions between a stationary outer and a rotating inner cylinder, Eqs. (3-22) 
and (3-23): (a) velocity distribution; (b) temperature distribution for r)/rp = 5. 
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velocity gradient is high, and hence a wide variety of shear stresses can be gener- 
ated in a small-clearance apparatus. 

Of interest in viscometry is the moment or torque exerted by the cylinders 
upon each other. This moment is independent of r and has the value (per unit depth 
of cylinder) of 

2,2 


riro 
M = 44-5 


= 3-27 
r? r2 (w, wo) ( ) 
By knowing the geometry and measuring M at either cylinder, one can calculate the 
viscosity of the fluid, as first suggested by Couette (1890). This is still a popular 


method in viscometry. 


3-2.4 Stability of Couette Flows 


All of the solutions in this section are exact steady-flow solutions of the Navier— 
Stokes equations. They are called laminar flows and have a smooth-streamline 
character. It is known that all laminar flows become unstable at a finite value of 
some critical parameter, usually the Reynolds number. A different type of flow then 
ensues, Sometimes still laminar or, more often, an entirely new fluctuating flow 
regime called turbulent. 

The laminar straight-line profile of flow between plates, Fig. 3-2a, is valid only 
up to Re, = Uh/v * 1500. Above this value, the pattern changes into a randomly 
fluctuating flow whose time-mean S-shaped profile is shown in Fig. 3-5. This shape, 
sketched from data given by Reichardt (1956), varies slightly with the Reynolds 
number and increases the wall shear (and heat-transfer rate) by two orders of mag- 
nitude. We will discuss these effects in detail in Chaps. 5 and 6. 


+h 


Laminar flow 


Turbulent flow 
(approximate) 


-=h 


Velocity 


FIGURE 3-5 
Instability of Couette flow between parallel plates: The straight-line laminar profile of Eq. (3-6) is valid only 
up to Re, = Uh/v = 1500. [Reichardt (1956).] 
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The axial annular flows of Fig. 3-3 are also unstable. Experiments by 
Polderman et al. (1986), with the inner cylinder moving, show fully turbulent 
flow at a clearance Reynolds number Re. = Up(r, — r9)/v = 7000. The proba- 
ble point of “transition” from laminar to turbulent flow, not reported, is about 
Re, = 2000. 

Although early work [Rayleigh (1916)] indicated that the rotating inner cylin- 
der flows of Fig. 3-4a are unstable for all rotation rates, a classic paper by Taylor 
(1923) showed that the laminar profiles are valid until a critical rotation rate. For 
small clearance, (7; — ro) << ro, the critical value for instability is given by the 
Taylor number: 

3% 
Ta = rori — ro) a = 1700 


Above this value, the pattern changes into strikingly different three-dimensional 
laminar flow consisting of counterrotating pairs of toroidal vortices—see 
Fig. 5-22a. 

All laminar flows are subject to instability. Therefore, all the exact solutions 
in this chapter are, in principle, valid only for a certain finite range of their govern- 
ing parameter, e.g., the Reynolds number. 


3-3 POISEUILLE FLOW THROUGH DUCTS 


Whereas Couette flows are driven by moving walls, Poiseuille flows are generated 
by pressure gradients, with application primarily to ducts. They are named after 
J. L. M. Poiseuille (1840), as a French physician who experimented with low-speed 
flow in tubes. 

Consider a straight duct of arbitrary but constant shape, as illustrated in 
Fig. 3-6. There will be an entrance effect, i.e., a thin initial shear layer and core 
acceleration as depicted in Fig. 1-10. The shear layers grow and meet, and the core 
disappears within a fairly short entrance length L,. Shah and London (1978) show 
that, regardless of duct shape, the entrance length can be correlated for laminar flow 


Constant shape 
cross section 


dp 
vA -7 @P _ constant 


<7 ax 


FIGURE 3-6 
Fully developed duct flow. 


SOLUTIONS OF THE NEWTONIAN VISCOUS-FLOW EQUATIONS 107 


in the form 
L, 
D, ~ C, + C:Rep, (3-28) 


where C; * 0.5, C, ~ 0.05, and D, is a suitable “diameter” scale for the duct. 
Since transition to turbulence occurs at about Re ~ 2000, L, is thus limited to, at 
most, 100 diameters. 

For x > L,, the velocity becomes purely axial and varies only with the lateral 
coordinates, that is, v = w = Oandu = u(y, z). The flow is then called fully devel- 
oped, as depicted in Fig. 3-6. For fully developed flow, the continuity and momen- 
tum equations for incompressible flow, Eqs. (3-1) and (3-2) reduce to 


STESA ðw 

Continuity: CTE 0 
ap 2 2 

Momentum: 0 = ae + „(2 + 2u) (3-29) 
Ox dy az 
ð Op 

js ae en oe 

ay Oz 


These indicate that the total pressure ĵ is a function only of x for this fully devel- 
oped flow. Further, since u does not vary with x, it follows from the x-momentum 
equation that the gradient dp/dx must only be a (negative) constant. Then the basic 
equation of fully developed duct flow is 


fu, eu _ 1 d 
+ = —— = const 3-30 
ayy az? pud oy) 
subject only to the no-slip condition u,. = 0 everywhere on the duct surface. This 


is the classic Poisson equation and is equivalent to the torsional stress problem in 
elasticity [see, e.g., Timoshenko and Goodier ( 1970)] for a simply connected cross 
section.” Thus there are many known solutions for different duct shapes, especially 
well summarized by Berker (1963). Shah and London (1978) tabulate and chart 
both the laminar friction and heat-transfer characteristics of many different shapes. 
If new shapes arise, Eq. (3-30) is easily solved by complex-variable or numerical 
techniques. 

Note that, like the Couette flow problems of the previous section, the accel- 
eration terms vanish here, taking the density with them. These flows then are 
creeping flows in the sense that they are independent of density, even though the 
Reynolds number need not be small, as was required in Sec. 2-11. The Reynolds 
number is not even a required parameter (except to specify the stability limits), 


“The duct problem is more restrictive for a multiply connected section than the torsion problem, which does 
not require that x vanish on the surfaces of the inner holes in the cross section. 
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but it is usually introduced artificially anyway. There is no characteristic veloci- 
ty U and no axial length scale L either, since we are supposedly far from the 
entrance or exit. The proper scaling of Eq. (3-30) should include u, dp/dx, and 
some characteristic duct width h, as suggested in Fig. 3-6. Thus the dimenston- 
less variables are 


s M 
h°(—dp/dx) 


4 
% 
II 
Dje 
N 
* 
li 
a [en 


(3-31) 


where the negative pressure gradient is needed to make u* a positive quantity. In 
terms of these variables, Eq. (3-30) becomes 
Vur) = -1 (3-32) 


subject to u* = Q at all points on the boundary of the duct cross section. 


3-3.1 The Circular Pipe: Hagen-Poiseuille Flow 


The circular pipe is perhaps our most celebrated viscous flow, first studied by 
Hagen (1839) and Poiseuille (1840). The single variable is r* = r/ro, where ro is 
the pipe radius. The Laplacian operator reduces to 


and the solution of Eq. (3-32) is 


u* = =r? + C)Inr*® +C, (3-33) 


Since the velocity cannot be infinite at the centerline, on physical grounds, we reject 
the logarithm term and set C, = 0. The no-slip condition is satisfied by setting 
C, = +4. The pipe-flow solution is thus 
—dp/dx _, 3 

ioe ae (ro — r°) (3-34) 
Thus the velocity distribution in fully developed laminar pipe flow is a paraboloid 
of revolution about the centerline (the Poiseuille paraboloid). The total volume rate 
of flow Q is of interest, as defined for any duct by 


Q = u dÀ 


section 


where the element of area is 27r dr for this pipe case. The integration is simple and 


yields 
4 A 
BU _@ 
O cies ax e 2) (3-35) 
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The mean velocity is defined by ŭ = Q/A and gives, in this case 


_ _ ro(-dp/dx) 4 
u = = 8ga 2 Umax (3-36) 


Finally, the wall shear stress is constant and is given by 


Seyi (84) 1, fe) aa 
Ty = u( aN = 2 ro( £) _ ro (3-37) 


Even though 7,, is proportional to mean velocity (laminar flow), it is customary, 
anticipating turbulent flow, to nondimensionalize wall shear with the pipe dynamic 
pressure, pu’/2, by analogy with Eq. (3-8). Two different friction factor definitions 
are in common use in the literature: 


8T, , 
à = —~ = Darcy friction factor 
pu 


5 (3-38) 
Tw 
C; = 3 = la = Fanning friction factor, or skin-friction coefficient 
pu 
By substituting into Eqs. (3-38), we obtain the classic relations 
ee 64 
Rep 
(3-39) 
E 
f Rep 


Friction factor vs. Reynolds r number 
e — 0.500-in. I.D. tubing 
$t- —0.750-in_ in, 1.D. tubing _ 


Blasius—turbulent He 
eae 


500 1000 2000 5000 10,000 15,000 


Transition 


FIGURE 3-7 
Comparison of theory and experiment for the friction factor of air flowing in small-bore tubles. [After Senecal 
and Rothfus (1953),} 
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As with Couette flow, Eq. (3-9), the Poiseuille number makes a lot more sense in 
laminar tube flow, being a pure constant: 


This classic laminar-flow solution is in good agreement with experiment, as shown 
in Fig. 3-7, from the data of Senecal and Rothfus (1953). The flow undergoes tran- 
sition to turbulence at approximately Rep ~ 2000, a value which can be raised 
somewhat by taking care to eliminate flow disturbances. Above Rep œ 3000, the 
pipe flow is fully turbulent. The curve labeled “Blasius” is a curve fit to turbulent- 
flow data, C; ~ 0.0791/Re}/*, by Prandtl’s student H. Blasius (1913)—one of the 
first demonstrations of the power of dimensional analysis. 


3-3.1.1 MICROFLOWS: TUBE FLOW OF GASES WITH SLIP. The classical Poi- 
seuille flow, Eq. (3-34), is for no-ship conditions at the walls. If the Knudsen num- 
ber, Kn = €/D, is not small, due to either small D or large £, slip will occur at the 
walls, and the flow rate and velocity will increase for a given pressure gradient. 
In Eq. (3-33), C, will stil be zero, but C, must satisfy the slip condition of 
Eq. (1-91): u,. = €(du/dr) atr = rp. When the new value of C, is found, the veloc- 
ity and flow rate become 


4u ro 


4 
_mrof ap € 
Q= (- a )(1 + 85 ) 


Thus the flow rate is increased over the no-slip case by the fraction 8€/D = 8Kn. 
If we require, for example, that the slip flow-rate effect be less than 2 percent, then 
Kn must be less than 0.0025. This is why we stated in Sec. 1-4.2 that Kn = © (0.1) 
is not small enough, slip would occur. The complete derivation of Eqs. (3-40) is 
given as an end-of-chapter problem. 

Equations (3-40) are applicable to gases. For liquid slip flows, as a first 
approximation, one could replace the mean free path € by the slip length Ljip 
defined in Eq. (1-89). For further reading on microchannel flows, see the mono- 
graph by Karniadakis and Bestok (2001). 


EA r? + Zero) 
(3-40) 


3-3.2 Combined Couette-Poiseuille Flow 
Between Plates 


Return now to our first Couette flow example, Fig. 3-1, and impose a constant pres- 
sure gradient (dp/dx) on the flow in addition to the moving upper wall. We now 
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solve the differential equation 


2. dp 
oa = oa = const (3-41) 
y 


subject to the no-slip condition u(—h) = 0. The solution is 


2 
u_l y NE a -= (_?\P 
toii) 4 li 5) p= (2) (3-42) 


This relation is a superposition, possible because the non-linear convective accel- 
eration is zero, of Couette wall-driven flow (the first term) and Poiseuille pressure- 
driven flow (the second term). It is plotted in Fig. 3-8 for various values of the 
dimensionless pressure gradient P. Of particular interest is the dashed line, P = —4, 
for which the shear stress u(9u/ðy) at the lower wall is zero. For P < —t there is 
backfiow at the lower wall, an indication of “flow separation” in unbounded shear 
layers (Chap. 4). In terms of the “thickness” (2h) of the shear layer, we may write 
the separation criterion P = = in the form 


dp Oh? _ 
dx pU — 


(3-43) 


This is identical in form to the laminar-boundary-layer separation estimates to be 
discussed in Chap. 4, except that the constant “2” is too small. 


FIGURE 3-8 


Combined Couette—Poiseuille flow between parallel plates, from Eq. (3-42). Backflow or “flow separation” 
occurs if P <4. 
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If U = 0 (fixed wails), Eq. (3-42) reduces to pure Poiseuille flow between 


parallel plates: 
2 
= y 
u = ima = 5) 


dp \ k? 
Umax — dx 2u 


This is similar to laminar pipe flow, Eq. (3-34). The fiow rate per unit depth is 


f 4 
o= | u dy = 3 humax 
—h 


(3-44) 


or (3-45) 
TENE AE. 
u = 5h = 3 Umax 
The wall shear stress is t,, = 3yu/h or, in dimensionless form, 
6u 
or (3-46) 


Po = C;Re, = 6 


Thus, except for differences in numerical constants, Poiseuille flow between plates 
is identical in form to laminar pipe flow. 


3-3.3 Noncircular Ducts 


Since Eq. (3-32) for fully developed duct flow is equivalent to a classic Dirichlet 
problem, it is not surprising that an enormous number of exact solutions are known 


2 Seog 


Circle Lapis Ellipse Concentric annulus 
Eq. (3-34) (3-48) Eq. (3-47) Eq. (3-51) 
b 
ch, i 
Haif moon Circular sector Eccentric annulus ees triangle Limagon 
Berker (1963) Eq. (3-50) Eq. (3-52) Eq. (3-49) Berker (1963) 
FIGURE 3-9 


Some cross sections for which fully developed flow solutions are known; for still more, consult Berker (1963, 
pp. 67ff.) or Shah and London (1978). 
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for noncircular shapes, as reviewed by Berker (1963). Some of these shapes are 
shown in Fig. 3-9. Each solution is fascinating, but our mathematical ardor should 
be dampened somewhat by the practical fact that limagon-shaped ducts, for exam- 
ple, are not commercially available at present. Nevertheless we list a few of these 
solutions because they lead to a valuable approximate principle, the Aydraulic 
radius. 


Elliptical section: y?/a? + z°/b? =< 1: 


Wo.9 = (2) 20 (22) 
i 2u \ dx/a* + b? a pb 


r (3-47) 
Q = 2.(-2) e 
4u \ dxrjæ@ + b? 
Rectangular section: —a = y S a, —b = 7z £ b: 
_ 16a? 2) eS N vafi _ cosh(irz/2a) 
LO lse = > (ZH cosh (i7rb/2a) 
cos (imy/2a 
eee ELL (3-48) 
z 
4ba* f dp 192a «~ tanh(irb/2a) 
Oa ae) ee 
H a TD 3213.5. ... i 
Equilateral triangle of side a: coordinates in Fig. 3-9: 
—dp/dx 
u(y, z) = Oe: SaV3 Jay" =z 
2V3 ap 
(3-49) 
oe a NV 3 _dp 
— 3204 \ dx 
Circular sector: -ja = 0 = +50,0 = rsa 
dp/dx 2 2 
HRS dĵ/dx 2E, (i _ cos 28) _ a 
4u COS & T 
= 78 / a) 
x yer ty ___ 908 Wre/a) 
> A (=) ii + 2a/a)i — 2a/m) 
_ a S 4p . 
Q=] a (3-50) 
tana — a m — 1 
x Kun Aiai fs rac Dy up 
4 E (i+ 2æa/ m (i — ar 
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Concentric circular annulus: b = r = a: 


—dp/dx| , _ 2 > 2 mem 
hi. |e r+ (a b Mara) 


Q = Z _2P T oe Sere 
8u\ dx In(a/b) 
This is but a sample of the wealth of solutions available. The formula for a con- 
centric annulus is important in viscometry, with a measured Q being used to calcu- 
late u. To increase the pressure drop, the clearance (a — b) is held smail, in which 


case Eq. (3-51) for Q becomes the difference between two nearly equal numbers. 
However, if we expand the bracketed term { ] in a series, the result is 


u(r) = 


(3-51) 


@- by 4 


4 aA ase 
(ae) In(a/b) 3 


bia — bP + Sa = b} + + Ola — bY 


so that Q for small clearance is seen to be cubic in (a — b). 

The eccentric annulus in Fig. 3-9 has practical applications, for example, 
when a needle valve becomes misaligned. The solution was given by Piercy et al. 
(1933), using an elegant complex-variable method which transformed the geome- 
try to a concentric annulus, for which the solution was already known, Eq. (3-51). 
We reproduce here only their expression for volume rate of flow: 


_aw{_P\| 4 4 _ 4c*M* apr ne" Bto) 
Q= ( -7A Se T. Senay aR 


= (Fè — ga = 
where M (F a’) F re 
ged EM gabe oe 
2 F-M 2 F—-c-M 


Flow rates computed from this formula are compared in Fig. 3-10 to the concentric 
result Q...9 from Eq. (3-51). It is seen that eccentricity substantially increases the 
flow rate, the maximum ratio of Q/Q,=o being 2.5 for a narrow annulus of maximum 
eccentricity. The curve for b/a = 1 can be derived from lubrication theory: 


N ; Q _ 3 c : 
arrow annulus: O 1+ jleb (3-53) 


The reason for the increase in Q is that the fluid tends to bulge through the wider 
side. This is illustrated for one case in Fig. 3-11, where the wide side develops a set 
of closed high-velocity streamlines. This effect is well known to piping engineers, 


who have long noted the drastic leakage that occurs when a nearly closed valve 
binds to one side. 
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2.5 


2.0 


1.5 


1.0 
Relative eccentricity, c Volume flow through an eccentric annulus as a function 
a-b of eccentricity, Eq. (3-52). 


FIGURE 3-11 

Constant-velocity lines for an eccentric 
annulus, b/a = c/a = i [After Piercy et al. 
(/933).] 


3-3.4 The Concept of Hydraulic Diameter 


The definition of A proposed in Eq. (3-39) fails for a noncircular duet since a. 
varies around the perimeter. For example, in the equilateral-triangle duct, 
Eq. (3-49), 7,, is zero in the corners and a maximum at the midpoints of the sides. 
The remedy, at least partially, is to define a mean wall shear stress 


where ds = element of arc length 
P = perimeter of section 


It we isolate a slug of fluid passing through the duct as in Fig. 3-12 and note that 
there is no net momentum flux due to the fully developed flow, we can equate the 
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Arbitrary section: 


area A, 

perimeter P 

p+ dp 
FIGURE 3-12 
Force equilibrium in fully developed arbitrary 
duct flow. 


net pressure and wall shear force on the fluid as follows: 
P 
dx f T pds = —Adp 
0 


or, from the definition of mean shear, we have 


B A dp 
ae 4(-2) (3-54) 


which is entirely analogous to Eq. (3-38) for a circular duct. The quantity A/P is a 
length and equals r,)/2 if the duct is circular. For a noncircular duct, then, we set 
A/P = D,,/4, where D, is called the hydraulic diameter of the cross section: 


_ 4A _ 4 X area 
SNe Po eed perimeter 22) 


For a cross section with multiple surfaces, P must include all wetted walls. For 
example, for the concentric annulus in Fig. 3-9, we have 


4i(a* — b?) 


D,(annulus) = as r arb 


= 2(a — b) (3-56) 
or twice the clearance. By dimensional reasoning for laminar fully developed flow, 
we are guaranteed that the friction factor of a noncircular duct will vary inversely 
with a Reynolds number based on hydraulic diameter: 


_ A _ const _ pub, 
4 Rep, ED, H 


(3-57) 


In other words, the Poiseuille number Po = Cy Re remains constant for a noncir- 
cular duct. However—and this is the critical flaw——the constant usually does nor 
equal 16 as it did for a circular pipe. 

Using our many exact solutions from Eqs. (3-47) to (3-51), we may compute 
the value of Po = C, Rep, and plot them versus section slenderness ratio b/a in 
Fig. 3-13. We see that some are higher and some are lower than the nominal circle 
value of 16, and the error can be as high as 50 percent. For laminar flow, then, one 
should use the exact values of Po from Fig. 3-13 or the exact formulas given here 
or in Shah and London (1978). 
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FIGURE 3-13 


Comparison of Poiseuille numbers for various duct cross sections when the Reynolds number is scaled by the 
hydraulic diameter. [Numerical data taken from Shah and London (1978).} 


We note for completeness that the equilateral triangle, Eq. (3-49), has a 
hydraulic diameter D, = a/ V3 and C; Re = 13.333, or 17 percent low. 

Especially vexing is the fact that the hydraulic diameter concept is insensitive 
to core eccentricity. The eccentric annulus in Fig. 3-10 has the same value 
D, = 2(a — b) regardless of the value of c, yet its flow rate may vary by over 100 
percent depending upon c. Exact solutions are definitely needed. 

The exact Poiseuille numbers in Fig. 3-13 are in very good agreement with 
the following laminar-flow experiments: 


1. Rectangular and triangular ducts: Eckert and Irvine (1957) 
2. Concentric annulus: Walker et al. (1957) 


This is to be expected since, as far as we know, the Navier-Stokes equations are 
fundamentally correct for the common fluids and therefore should agree “exactly” 
with an accurate experiment. 
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Figure 3-13 has a surprising—-and very relevant—use in an empirical method 
of determining the friction factor for turbulent flow in noncircular ducts for which 
the laminar solution is known—-see Chap. 6. 


3-3.5 Temperature Distribution in Fully 
Developed Duct Flow 


The assumption of constant viscosity uncoupled the energy and momentum equa- 
tions if natural convection was neglected, and we have solved for the velocity dis- 
tribution in several ducts. With u(y, z} known, Eq. (3-3) can be solved for T, which 
may be a function of (x, y, z), if the boundary conditions change with x. Equation 
(3-3) is linear in T, making it possible to examine some separate effects and add 
them together later, if desired. First let us look at the effect of viscous dissipation, 
assuming constant 7,.. For the pipe case, T then equals T(r) only, and Eq. (3-3) 


becomes 
2 —2 2 
kdf{ dT\ __ fdu\ _ _ 16eur 
r af, ar) u( 4) 7 ro (3-58) 


where we have introduced u(r) from Eq. (3-34). Double integration leads to a log- 
arithmic term which we discard to avoid a singularity at r = 0. Putting T = T, at 
r = ro, we obtain 


r= 7, + (1-4) (3-59) 


which is similar to Eq. (3-11) for flow between parallel plates. The maximum tem- 
perature rise u’/k, at 1 = 100 ft/s, is about 1°F for air and 3°F for water. Thus 
dissipation is usually neglected except for oils, where the viscosity is large, or in 
gas dynamics, where velocities are high (Chap. 7). The wall heat transfer is 
q,, = kK(dT/dr) at r = ro, or qp = 4k(7,, — To)/ro, showing that the wall is being 
cooled to maintain constant 7,,. The Nusselt number at the wall can be defined in 
the manner of Eq. (3-15), with Z taken as the pipe diameter. Thus 


a Oe E E E 3-60 
“= FT) = or viscous dissipation (3-60) 


This is a substantial number, but, as noted, the driving temperature difference 
Te — To is usually very small. 


3-3.6 Asymptotic Uniform Heat-Flux 
Approximation 


Before attacking the thermal-entrance probiem of a sudden change in wall tempera- 
ture, consider the conditions far downstream of such an entrance. The temperature 
varies with x, but the deviation T,, — T is nearly independent of x, and q, is nearly 
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constant. Thus we specify 


ð a 
eg ge const we 
k ə 
Taken together, these require that the axial gradient be independent of r: 
aT _ Ol, . 
3x dy = const independent of r (3-62) 
When we neglect (or separate out) dissipation, Eq. (3-3) becomes 
aT _ _ ka ar 
PCy a = (const) u = oar (- T) (3-63) 


which can be integrated twice; again we discard a logarithmic term. With T = T, 


at r = ro we obtain 
= 2 
_ OAT. (ar? A 
Te- T= 8k ax \> E + r (3-64) 


from which we can calculate the Nusselt number. However, from a practical stand- 
point, Nu should not be based upon T, — Tọ but upon a mean difference T, — Ts 
where T,,, is the cup-mixing temperature of the fluid, computed by averaging T over 
the mass distribution of fluid in the pipe. Define 


E f Tdm _ i. Tpu dA 
mm f ai = fpu dA 


where dA = 27r dr for this case. For incompressible flow, the density cancels out. 
Using u from Eq. (3-34) for Poiseuille flow and T from Eq. (3-64), we obtain 


3pc ur? 
1i [ 2PCp#"9 OT, _ dt 
Tn = ye 8k Ox ) ~ 48 (Te — To) (3-66) 


It is this temperature difference upon which engineers base the dimensionless wall 
heat-transfer, or Nusselt, number 


Nu, = pee ae 4,36 asymptotic uniform heat flux (3-67) 
im  KTy — T,) 11 i 


m 


(3-65) 


A similar but algebraically more complicated solution for asymptotic constant wall 
temperature gives 


Nu,, = 3.66 (3-68) 
as will be shown in the next section. These asymptotic values are more sensitive to 


duct cross section than to wall conditions. Calculations for other duct shapes 
(rectangular, triangular, etc.) are given by Shah and London (1978). 
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To Sudden discontinuity in wail temperature 


7 


FIGURE 3-14 
A thermal-entrance problem. 


3-3.7 Thermal Entrance: The Graetz Problem 


Now consider the problem of developing temperature profiles T(x, r) in a pipe, due 


to a sudden change in wall temperature (Fig. 3-14). We neglect dissipation and 
axial heat conduction, for which Eq. (3-3) reduces to 


OT  & Of oT 
ua = Fa F) (3-69) 


where œ = k/pc, is the thermal diffusivity of the fluid. The velocity distribution 


u{x, r) is assumed known in this equation and might be one of three types: 


1. u = u = const, or slug flow: appropriate for low Prandtl number fluids (liquid 
metals), where T develops much faster than u 

2. u = 2u(i — r*/r2), or Poiseuille flow: appropriate for high Prandtl number fluids 
(oils) or when the thermal entrance is far downstream of the duct entrance 


3. Developing u profiles (Sec. 4-9): suitable for any Prandtl number when the 
velocity and temperature entrance are at the same position 


The thermai-entrance problem with a sudden change in wall temperature is 
illustrated in Fig. 3-14. The solution was given as an infinite series by Graetz (1883) 
for slug flow and another series in 1885 for Poiseuille flow. Further details and 
other geometries are given in the texts by Shah and London (1978) or by Kays and 
Crawford (1993). 


With reference to Fig. 3-14, the proper boundary conditions on T(x, r) for 
Eq. (3-69) are 


T(0, r) = To; T(7o, x) = T, (3-70) 


Let us outline Graetz’ solution for Poiseuille fiow (case 2). Define dimensionless 
variables: 


= EA a - 
E B To Yo = do RePr G 71) 


where Re = td,/v is the diameter Reynolds number and Pr is the Prandtl number, 
or RePr = pc,lid,/k is the Peclet number, named after the French physicist 
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J. C. E. Peclet. The variables in Eq. (3-71) convert Eqs. (3-69) and (3-70) to 


OP i aa ae (ME) T*(r*, 0) = 1 


3-72 
ox* r*(1 — r*¥*) ðr* or* T*(1, x*) = O ( ) 


Note that Eqs. (3-72) are entirely independent of parameters because of our choice 
of variables (7*, r*, x*). It is clear that the variables are separable, so that a prod- 
uct solution will work. Let 


Erg x) = FC) oO?) (3-73) 
be a particular solution and substitute into Eq. (3-72). We obtain 
t re n + t 
E ie ia a oe const (3-74) 


a ae 


The g function clearly has the solution g = C exp(—2A*x*), whereas the equation 
for f is somewhat less familiar. To make the product solution 7 = fg satisfy the 
condition 7*(r*, 0) = 1 for all r*, we take advantage of linearity and superimpose 
many such solutions, so that the proper formulation is, finally. 


a 
PP) = > Cpe (3-75) 


n=O 
where the functions f,, are characteristic solutions of Eq. (3-74): 
ak ine a cae, a ee cs © ee (3-76) 


We take f,(0) = 1 for simplicity and force f,(1) = 0 to satisfy the wall-tempera- 
ture condition 7*(1, x*) = 0 from Eq. (3-72). Then the solution is complete if the 
other (initial) condition from Eq. (3-72) is satisfied: 


T*(r*,0) = 1 = X C,f,0*) (3-77) 
n=() 


Graetz showed that the eigenfunctions f,, are orthogonal over the interval 0 to 1 
with respect to the weighting function r*(1 — r*?). Thus, if one multiplies 
Eq. (3-77) by r*(1 — r**) fm and integrates from 0 to 1, the constants may be found 
as follows: 


fora — py ia 
fred — r*?) f? dr* 


The first 10 values are tabulated in Table 3-1. We remark that Eq. (3-76), with its 
two conditions f,(0) = 1 and f,,(1) = O, is an eigenvalue problem and can be sat- 
isfied only for certain discrete values of A,,, the eigenvalues of the Graetz functions 
fa Table 3-1 gives the first 10 eigenvalues and their associated constants. These are 
sufficient to calculate Nusselt numbers for almost any given wall conditions, even 
an arbitrary distribution of 7*. 


(3-78) 


n 
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TABLE 3-1 
important constants in the Graetz problem 


n A,, Cyn =4 CiF (d ) 


0 2.7043644 + 1.46622 1,49758 
l 6.679032 —0.802476 1,08848 
2 10.67338 +0.587094 0.92576 
3 14.67108 —0.474897 0.83036 
4 18.66987 +0,404402 0.76474 
5 22.67 —0.35535 0.71571 
6 26.67 +0,31886 0.67798 
7 30.67 —0.29049 0.64711 
8 34.67 +0.26769 0.62119 
9 38.67 —0.24890 0.59900 


For large n, Sellars et al. (1956) give the following approximations: 


A, =~ 4n + 8 
Enten 2r(5)6?° _ (—1)"2.8461) 
Í TAR we (3-79) 
“copay a 4TG) _ 2.0256 
at al )* TAT (3) E v3 


These formulas have been used to compute the last five rows of Table 3-1 with an 
error of less than 0.15 percent. 

To calculate the Nusselt number at the wall, we need the cup-mixing temper- 
ature, which we obtain by combining Eqs. (3-65) and (3-77): 


i 
Te =4 J T*Q — r**)r* dr* (3-80) 
0 
Introducing 7* from Eq. (3-77), we obtain 
2rd, =C,Fi(L) exp(—2A2 x*) 
Nu, = of = adn ( p( (3-81) 
KT, — Ty) = 2€,A5?f1,(1) exp(—2A2.x*) 


which converges well except at very small x*. For large x* (> 0.05), the first term 
of the series is dominant, giving the asymptotic result 
A2 
Nu,(x* > 0.05) = 5 = 3.66 (3-82) 


which is the thermally fully developed result already mentioned in Eq. (3-68). For 
small x*, the results fit the approximation 
Nu, = 1.076x*7'7 — 1.064 (3-83) 


with an error no more than | percent for x* < 0.0004. 
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3-3.8 Mean Nusselt Number 


The total heat transferred to (or from) the wall is a useful quantity, since it equals 
the heat lost (or gained) by the fluid over the total length L of the tube. We define a 
mean wall heat flux per unit area 


L 
s =L kt 
de 7 rake dA,, = al aw dx (3-84) 
This mean heat flux must exactly balance the enthalpy change of the fluid between 
= Qandx = L 
GyAy = puc larp TnL) — Tol (3-85) 


so that 7,,(L) at the exit can be calculated from the mass flow rate in the tube. The 
dimensionless from g, is called the mean Nusselt number: 
27 Ody: 


Nun = TAT (3-86) 


and if T„ is variable, the choice of a suitable temperature difference AT is some- 
what arbitrary. The reader may verify as an exercise that if one chooses the loga- 
rithmic mean-temperature difference, 


[EO = TCO) = 17 A 


Ala rr A E a 3-87 
"= {O — TOWED — TD) ree 
then Nu,, is simply the average value of Nu, in the tube between 0 and L: 
Nutp(l ole ol yea 3-88 
u,,(log mean) = KAT, L s u, dx (3-88) 


For the present Graetz problem (large Prandtl number), we can evaluate Nu,, by 
using the differential form of Eq. (3-85): 


qu 27 Yr gdx = puTréc, dT n 
or (3-89) 
ANu, dx* = —dT*/T* 


We can integrate this from x* = 0, T$ = 1 tox* = L*, T% = T*(L), with a starkly 
simple result: 


m 


Nu In T*(L) (3-90) 


m St + 


This is a general result for constant wall temperature. By carrying out the integra- 
tion of Eq. (3-80), we find that 


Te(x*) = SU4C, fi (DAZ exp (—2A2x*) (3-91) 
n=0 


for Poiseuille flow. 
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Log-mean, Nu,, 


FIGURE 3-15 
0 . + 2 ` . i 
0.001 0.002 0.005 0.01. 002 005 0.14 Finite-difference calculations for the log 
mean Nusselt number in laminar pipe 
L/dy ttow with developing velocity profiles. 
RePr [After Goldberg (1958).} 


Graetz number: L* = 


Figure 3-15 shows the computations of Goldberg (1958) for a mean Nusselt 
number with velocity and temperature effects which are assumed to start at the 
same point, x = 0. The upper curve is for slug flow (type 1), valid for Pr << 1, that 
is, liquid metals. The lowest curve is for Poiseuille flow (type 2) for Pr >> 1 (oils) 
and is computed from Egs. (3-90) and (3-91). The intermediate curves are for type 
3, where velocity and temperature develop together. Note that the abscissa is the 
Graetz number, L* = x*(L), being based on diameter rather than rg. The slug-flow 
curve (Pr = 0) is unique in that the parabolic velocity never develops and the lim- 
iting value of Nu, is 5.78 at large L* [Graetz (1883)]. 

All of the curves for finite Pr in Fig. 3-15 approach Nu,, = 3.66 at large L*. 
We are reasonably close to this limit when L* ~ 0.05. Thus we may define the 
thermal-entrance length in pipe flow as 


Le, thermal a 0.05dy Rep Pr (3-92) 


This is in the same sprit as the velocity-entrance-length formula proposed in 
Eq. (3-28). 

The Graetz problem, especially for oil flow, Pr >> 1, has many practical 
applications. For computation, one may curve-fit the lower curve in Fig. 3-15 to a 
type of formula proposed by Hausen (1943) 

0.075/L* 
1 + 0.05/L*7/3 


where L* = (L/do)/(Rép Pr). The error of this approximation is +5 percent. 


Nu,,(Pr => 1) = 3.66 + (3-93) 
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Finally, we remark that the present analysis assumes constant fluid transport 
properties, whereas both liquids and gases have significant variations in 4 and k 
with temperature. A first-order correction for this effect would be to evaluate fluid 
properties at the “film” temperature (7, + T,,,)/2. If the wall and fluid temperatures 
differ by more than 20°C, one should further correct the previous formulas for vari- 
able properties. Chapter 15 of the text by Kays and Crawford (1993) is a detailed 
discussion of these correction factors. 


3-4 UNSTEADY DUCT FLOWS 


Some interesting problems of unsteady duct flow can be worked out by retaining 
the fully developed flow assumption, and we give two examples here for circular 
pipe flow, with the same principle applying to other shapes. If we assume that the 
pipe axial velocity u = u(r, t) only, with v = w = QO, then the continuity equation 
is identically satisfied and the momentum equation becomes 


du _ 2P au , 1ôu 


which is identical to the linear heat-conduction equation with a source term. The 
pressure gradient can vary only with time and thus represents a uniformly distrib- 
uted heat source. Let us discuss two cases. 


3-4.1 Starting Flow in a Circular Pipe 


Suppose that the fluid in a long pipe is at rest at £ = O, at which time a sudden, uni- 
form, and constant pressure gradient dp/dx is applied. An axial flow will commence 
which gradually approaches the steady Poiseuille flow 


z= a, Oe r*?) 


where r* = r/ro. This problem was solved by Szymanski (1932). The boundary 
conditions are 


Initial condition: u(r, 0) = 0 
, si (3-95) 
No-slip condition: uro t) = 0 


The variables will separate in Eq. (3-94) if we subtract the steady Poiseuille flow and 
work with the deviation of u from the Poiseuille paraboloid. Fhis removes the inhomo- 
geneity dp/dx, and the solution of Eq. (3-94) is then of the form u = J(Ar*) e>”, 
where J, denotes the Bessel function of the first kind. The no-slip condition 
requires J,(A,,) to vanish for each value of the separation constant, i.e., the A,, are 
the roots of the Bessel function. These are tabulated in Table 3-2. Since the Jp 
function is not a paraboloid, we must sum the functions J,(A,r*) to obtain a nega- 
tive paraboloid and thus satisfy the initial condition of the fluid at rest. The coeffi- 
cients are obtained from the usual theory of orthogonal functions, and the final 
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TABLE 3-2 
First ten roots of the Bessel function JÌ 


n An NA, 
] 2.4048 0.5191 
2 5.5201 -0.3403 
3 8.6537 0.2715 
4 11.7915 -0.2325 
5 14.9309 0.2065 
6 18.0711 —0.1877 
7 21.2116 0.1733 
8 24.3525 -0.1617 
9 27.4935 0.1522 
10 30.6346 —0. 1442 
* Forn > 10: 
_ (n lyr ot 2 \V 
An = 4 JAn) æ (—=]} TÀ, 


solution for this pipe starting-flow problem is 


L 84(A,r*) ( ) 
u 2 OK ^n 2 vt 
SS ye as ae 3-96 
Umax ( r ) = xe J\(A,,) exp n r ( ) 


where tmas = (—dP/dx)r3/4u from Eq. (3-37). Numerical results are plotted in 
Fig. 3-16 for various values of the dimensionless time vt/r3. Two points are of 
particular interest: (1) initially a sort of boundary-layer effect occurs, where the 
central core of fluid accelerates uniformly (potential flow) but the wall region is 
retarded by friction; and (2) the flow is essentially the Poiseuille paraboloid when 
rm = 0.75, giving us an estimate of how rapidly laminar tube flow responds to 
sudden change. Flows with small diameter and large viscosity will develop rap- 
idly. Consider a 1 cm diameter tube. For air, v = 1.5E-5 m?/s, the value 
t* = 0.75 translates to t = 1.25 s. For SAE 30 oil under the same conditions, 


02 04 06 08 1 
u 


FIGURE 3-16 
Instantaneous velocity profiles for starting flow in a pipe, 
Umax Eq. (3-96). [After Szymanski (1932).] 
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Poiseuille flow will develop in 0.06 s. Thus, in laminar small-bore pipe flows 
under varying pressure gradients, it is common to use a quasi-steady Poiseuille 
flow approximation. 

Lefebvre and White (1989, 1991) have reproduced this flow experimentally 
for large tubes (D = 5 and 9 cm) and short times (¢* < 0.01). The measured veloc- 
ity profiles are in good agreement with the Szymanski solution Eq. (3-96), and the 
laminar-flow state, stabilized by the acceleration, persists up to surprisingly high 
Reynolds numbers, Rep > 10°. 


3-4.2 Pipe Flow Due to an Oscillating 
Pressure Gradient 


As a second example, consider the solution of Eq. (3-94) if the pressure gradient 
varies sinusoidally with time: 


dp : 
>: = —pKe'™ 
where e = cos wt + isin wt (3-97) 


We use the no-slip condition and look for a long-term steady oscillation, neglecting 
the transient, or start-up, of the flow. This is a classic problem in mathematical 
physics and leads to a Bessel function with imaginary arguments: 


K SE Jar V —iw/v) i 
Te So 
aid Jaro V ~iw/v) 
which is neat but rather difficult to evaluate numerically. Equation (3-98) was first 
given by Sexl (1930), and further numerical calculations are given by Uchida 


(1956). Without bothering with exact calculations, we can show the general effect 
with the two overlapping series approximations 


(3-98) 


oo ee 
Smallz < 2: Ea ae Ng Ga 
(3-99) 
ee eos _ 
Large z > 2: Joz) S mz COS (z z) 
Equation (3-98) shows that the proper dimensionless variables are 
2 
tor 
re = A w* = = “ue = i (3-100) 


where Umax = Kro/4v is the centerline velocity for steady Poiseuille flow with a 
pressure gradient — pK. The quantity w* is sometimes called the kinetic Reynolds 
number and is a measure of viscous effects in oscillating flow. Similar to the static 
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Reynolds number, oscillating flows may become turbulent when w* exceeds approx- 
imately 2000. 

By combining Eqs. (3-98) and (3-99), we obtain two series approximations 
for the velocity, which is the real part of the solution: 


Small w* < 4: 


H = (1 — r*) cos wt + o a*t + 4*? — 5)sinot + Ol@*?) (3-101) 


max 


Large w* > 4: 


a sin (wt — B) + O(w*~?) (3-102) 


pets sin wt — © 
Umax’ w* /r* 


B=(1- re), {2 


Remembering that dp/dx is proportional to cos wt, we see that for very small w*, 
the velocity is nearly a quasi-static Poiseuille flow in phase with the slowly varying 
pressure gradient; the second term in Eq. (3-101) adds a lagging component which 
reduces the velocity at the centerline. At large w*, from Eq. (3-102), the flow 
approximately lags the pressure gradient by 90°, and again the centerline velocity 
is less than u,,,,. However, near the wall, there is a region of high-velocity flow, as 
can be seen be averaging Eq. (3-102) over one cycle to obtain the mean square 
velocity u?(r*). We obtain 


where 


u? l 2 ag? cosB + e* 
K?/2e Vre re 
This relation is plotted in Fig. 3-17 for two values of w*, There is an overshoot in mean 
velocity near the wall, which occurs when cos B + sin B ~ e, or B® 2.284. 


(3-103) 


Eq. (3-103): 
—— ow" = 100 


0 02 04 06 08 1.0 1.2 FIGURE 3-17 


y2 The near-wall velocity overshoot (Richardson’s annular 
(K2/2@?) effect) due to an oscillating pressure gradient. 
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This effect is characteristic of oscillating duct flows and was first noted by 
Richardson and Tyler (1929) in a tube-flow experiment. The overshoot, now called 
Richardson’s annular effect, was then verified theoretically through Eq. (3-102) by 
Sex] (1930). For a further discussion of these problems, the reader is referred to 
Uchida (1956) and the general review article by Rott (1964). A solution for oscil- 
lating flow in a rectangular duct 1s given by Tsangaris and Vlachakis (2003). 


3-5 UNSTEADY FLOWS WITH MOVING 
BOUNDARIES 


A variety of solutions are known for laminar flow with moving boundaries, some 
of which illustrate boundary-layer behavior. Again we make the parallel-flow 
assumption of u = u(y, z, t), v = 0, w = Q0, so that the momentum equation (3-2) 
becomes 


dp 2 2 
ðu _1 OP | »( £4 + 2u) (3-104) 
ðt P dx oy OZ 


The pressure gradient can only be a function of time for this flow and hence can be 
absorbed into the velocity by a change of variables. Define 


l 12 
u =u+ I T d 
Then 
r 2, 2,,? 
du = (He w gp oe e) (3-105) 
ðt ðy OZ 


Equation (3-105) is the homogeneous heat-conduction equation, for which a wealth 
of unsteady solutions are known [see, e.g., Carslaw and Jaeger (1959)]. One of 
these corresponds to the motion of a fluid above an infinite plane which is moved 
arbitrarily. Let the plane be at y = 0, so that u = u(y, £). The boundary conditions 


are no slip at the plane and no initial motion of the fluid: 
u(O, tf) = U(t) fort > 0 
(3-106) 
u(y, 0) = 0 fory > 0 


No matter how complex U(t) is, the solution can be obtained from superposition of 
the indicial, or step-function, solution, as shown by Watson (1958). We confine our- 
selves to two cases: 


1. Sudden acceleration of the plane to constant Up 
2. Steady oscillation of the plane at U cos wt 


Case | is analogous to a conducting solid whose bottom plane is suddenly changed 
to a different temperature. The solution is well known to be the complementary 
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error function or probability integral 


H y. 


E APE eee z fe(—— ) 3-107 
Up j (a Noor n 


where 


2 P o, 
erf (8) = yal e~ dx 
Jo 


Note that the independent variables y and t have been combined into a single 
dimensionless similarity variable, n = y/[2Vvt}. Equation (3-105) becomes an 
ordinary differential equation for a variable u’/Uy = f(n). More discussion of sim- 
ilarity theory is given in Sec. 3-8. 

Values of the complementary error function are tabulated in Table 3-3. 

The solution can be reversed so that the fluid is moving at uniform speed Uo 
and the plate is suddenly decelerated to zero velocity. In this case. 


y 

Suddenly stopped plate: u = Up erf 3-108 
y Pp p 0 (==) ( ) 
These two complementary solutions are shown in Fig. 3-18. The suddenly started 
plate from Eq. (3-107) is shown in Fig. 3-18a; the suddenly stopped plate from 
Eq. (3-108) is shown in Fig. 3-18. The units of y are arbitrary, and the curves (a) 

and (b) are of course mirror images. 
In either (a) or (b) in Fig. 3-18, the plate’s effect diffuses into the fluid at a 
rate proportional to the square root of the kinematic viscosity. It is customary to 
define the shear layer thickness as the point where the wall effect on the fluid has 


TABLE 3-3 
Numerical values of the complementary 
error function 


B =- erfe (PB) B erfc (8) 

0 1.0 1.1 0.11980 
0.05 0.94363 1.2 0.08969 

0.1 0.88754 1.3 0.06599 
0.15 0.83200 1.4 0.04772 

0.2 0.77730 1.5 0.03390 
0.25 0.72367 1.6 0.02365 

0.3 0.67137 1.7 0.01621 
0.35 0.62062 1.8 0.01091 

0.4 0.57161 1.9 0.00721 
0.5 0.47950 2.0 0.00468 

0.6 0.39615 2.5 0.000407 
0.7 0.32220 3.0 0.000022 1 
0.8 0.25790 3.5 0.00000074 
0.9 0.20309 4.0 0.00000001 
1.0 0.15730 oO 0.0 


Sr a r es 
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Increasing 
time 


Increasing 
time 


FIGURE 3-18 

Stokes’ first problem: (a) flow above a 
suddenly started plate; (6) streaming 
flow above a suddenly stopped plate. 


dropped to 1 percent: in (a), where u/U, = 0.01; in (b), where u/U, = 0.99. These 
both correspond to erfe(B) = 0.01, or B = 1.82. Then the shear layer thickness in 
these flows is, approximately, 


3.64V vt (3-109) 


For example, for air at 20°C with v = 1.5E—5 m’/s, 5 ~ 11 cm after 1 min. 


Ô 


2 


3-5.1 Fluid Oscillation above an Infinite Plate 


Case 2, with an oscillating wall (or stream), is often called Stokes’ second problem, 
after a celebrated paper by Stokes (1851). Consider first the oscillating wall, with 
u(O, £) = Ugcos wt, and the fluid in the far field at rest: u(oo, r) = 0. The steadily 
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FIGURE 3-19 


Stokes’ second problem: (a) flow above an oscillating infinite plate, Eq. (3-111); (b) an oscillating stream 
above a fixed plate, Eq. (3-112). Velocity profiles shown for 30° increments over a half period. 
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oscillating solution to Eq. (3-105) must be of the form u(y, t) = fOe, where 
i = V-1. Substitution in Eq. (3-105) gives the ordinary differential equation 


2 P 
ameo (3-110) 


and the solution is of the form f = exp [—yViw/v]. We may separate u into real 
and imaginary parts. If the wall is oscillating, the final result is 


u, = Upexp (~n) cos (wt — n) 


a (3-111) 
n = oY ee 


If, instead, the stream is oscillating, u(0©, 0) = U,coswt, and the wall is still, 
u(O, A = 0, the solution is 


uy = Ug COS wt — uy (3-112) 


where u is given by Eq. (3-111). 

The instantaneous velocity profiles for the oscillating wall or stream are shown 
in Fig. 3-19a and b, respectively. The curves differ in time by 30° during the half- 
cycle of sweep, from left to right, of the driving oscillation. In Fig. 3-19a, the waves 
created in the fluid by the moving wall lag behind in phase and damp out as y 
increases. The thickness 6 of the oscillating layer can again be defined where 
u/U = 0.01, that is, where e” = 0.01 or ņ = 4.6. Solving for y, we have 


ô = 652 (3-113) 


Again we have the characteristic laminar-flow dependence upon Vv. For air at 
20°C with a plate frequency of 1 Hz (œ = 27 rad/s), we compute ô ~ I cm. The 
wall shear stress at the oscillating plate is given by 


Ty = u(%4) = U,V pop sin( wr = z) (3-114) 
and thus the maximum shear lags the maximum velocity by 135°. 

The case of the fixed wall, Fig. 3-19b, is rather different. The low-momentum 
fluid near the wall actually leads in phase, and we see the “Richardson” type of 
velocity overshoot (Fig. 3-17) at both ends of the cycle. 


3-5.2 Unsteady Flow between Two 
Infinite Plates 


Recall the linear Couette flow between a fixed and a moving plate from Eq. (3-6) and 
Fig. 3-2a. Let us analyze the start-up of this fow from rest. Since the coordinate 
system of Fig. 3-2a is somewhat awkward, we will switch to the geometry shown in 
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FIGURE 3-20 
The development of plane Couette flow due to a suddenly accelerated lower wall, Eq. (3-119). 


Fig. 3-20: The upper plate (y = h) is fixed; at time ¢ = 0, the lower plate (y = 0) 
begins to move at uniform velocity Uo. In this system, the final steady flow is 
u = U1 — y/h). It is convenient to work with the difference between u and its 
final steady-flow value, i.e., define 


u =u- u,(1 = z) (3-115) 


If we adopt the dimensionless variables uf = u,/Uo, y* = y/h, and t* = vt/h’, the 
basic differential equation (3-105) becomes 


duy aut 


= 3-116 
ar* ay*? € ) 
subject to už (0, f) = u¥(1, r*) = 0 
uf(y*, 0) = ~1 + y* 


Equation (3-116) yields to a separation of variables u¥ = f(y*)g(t*), and substitu- 
tion and separation give 


or (3-117) 
g = Cexp(-A’?r*) f = Asin(Ay*) + Boos (Ay*) 


where (A, B, C) are constants. To satisfy u7(O, 7*) = 0, we must have B = 0. To 
satisfy uf(1,7*) = O with A # O, it must be that A = na, where n is an integer. 
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Since no single sine wave will satisfy the initial condition, we form a Fourier sine 
series to require that u*(y*,0) = SA, sin (nmy*) = —1 + y*. The standard 
Fourier orthogonality condition [Kreyszig (1999)] yields 


+) 
Ay -f (—1 + y*) sin (nmy*})dy* = mA (3-118) 
-] 


The final solution for Couette flow start-up is thus 


C ee eA i ea ele 
-i z) Din PC n m t*) sin 


Velocity profiles plotted from this expression are shown in Fig. 3-20. The linear 
asymptote is approached at ż* œ 0.3; for air at 20°C, this corresponds to t = 2 s if 
h = 1 cm. 

In taking leave of these sections on steady and unsteady Couette and Poiseuille 
flows, we should note that other relatively straightforward one-coordinate solutions 
exist for the Navier-Stokes equations. An excellent summary is given in the re- 
view article by Berker (1963). Some of these solutions will be given as problem 
assignments: 


(3-119) 


. Steady Couette flow where the moving wall suddenly stops 

. Unsteady Couette flow between a fixed and an oscillating plate 

. Radial outflow from a porous cylinder, Prob. 3-24. 

. Radial outflow between two circular plates, Probs. 3-23 and 3-36. 

. Combined Poiseuille and Couette flow in a tube or annulus, Prob. 3-11. 
. Gravity-driven thin fluid films, Probs. 3-15 to 3-18. 

. Decay of a line Oseen—Lamb vortex, Prob. 3-14. 

. The Taylor vortex profile, Prob. 3-22. 


SHA mn & Ww Ne 


In the next three sections we will outline some more complex solutions, usually 
involving two- or three-dimensional flows. 


3-6 ASYMPTOTIC SUCTION FLOWS 


All the solutions discussed so far in this chapter have had vanishing convective 
acceleration, i.e., no non linear terms in the momentum equation. We now consid- 
er the case of simple but nonvanishing convection, i.e., flows with uniform suction 
(or injection) at the wall. 


3-6.1 Uniform Suction on a Plane 


Consider steady flow at velocity U (at y = ©) past an infinite plane (y = 0). Let 
the plate be porous, and allow a normal velocity through the wall, so that u = O but 
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v = uv, * 0. The continuity equation for two-dimensional incompressible flow is 


satisfied if u = u(y) and v = v,. = const. The momentum equation then becomes 
du du 

Vvo = u 3-120 

Pp “W dy H dy? ( ) 


subject to u = 0 at y = O. Since v, is constant, the convective acceleration is lin- 
ear, and the solution is readily obtained: 


u = UA — e) (3-121) 


Physically, v,, must be negative (wall suction), otherwise u would be unbounded 
at large y. As usual, define the boundary-layer thickness to be the point where 
u = 0.99U. This gives 


ô = —4.6 + (3-122) 


This thickness is constant, independent of y or U, because the convection toward 
the wall exactly balances the tendency of the shear layer to grow due to viscous 
diffusion. For air at 20°C, if v, = —1 cm/s, ô © 7 mm. Fora plate with a lead- 
ing edge (x = 0), a laminar shear layer would grow and approach this constant 
value at a distance estimated by Iglisch (1944) to be x © 4vU/ v? (see Sec. 4.4). 
For air at 20°C with U = 10 m/s and v,, = —1 cm/s, this corresponds to a length 
x 6m. 


3-6.2 Flow between Plates with Bottom 
Injection and Top Suction 


Now consider the flow between two porous plates at y = +h and y = —h, respec- 
tively, similar to Fig. 3-1. Let the main flow be generated by a constant pressure 
gradient —dp/dx. Let the porous walls be such that a uniform vertical crossflow is 
generated: 


v = v, = const (3-123) 


Then the equation of continuity with w = 0 requires, as before, that u = u(y) only. 
The momentum Eq. (3-2) reduces to 


pv, de du 

” dy dx dy? 

Since v,, is constant, the equation is linear. We retain the no-slip condition for the 
main flow: 


(3-124) 


u(t+h) = u(—h) = 0 (3-125) 


Positive v, corresponds to injection at the bottom plate and suction at the top plate 
(Fig. 3-21). The solution can be written in dimensionless form and contains the wail 
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Vw 


t- FIGURE 3-21 
06 08 1.0 Injection Velocity profiles for flow between paral- 
u lel plates with equal and opposite porous 
Umax walls, Eq. (3-126). 


Reynolds number Re = v,,h/v as a parameter: 


u 2 y eke = ee s/h 
Umax E Re (3 “it sinh Re (3-126) 


where Umax = A*(—dp/dx)/2p is the centerline velocity for imporous or Poiseuille 
flow, Eq. (3-42). For very small Re, the last term in the parentheses can be expand- 
ed in a power series, and the Poiseuille solution 1 — y’/h? is reclaimed. For very 
large Re, the same last term in the parentheses has the approximate value 2.0 except 
very near y = +h, so that 


wu _ 2+ y/h) 
Umax ee Re 


a straight-line variation that suddenly drops off to zero at the upper wall. Some 
velocity profiles that illustrate these conditions are shown in Fig. 3-21, plotted from 
Eq. (3-126). Note that the average velocity is decreasing as Re increases, i.e., the 
friction factor increases as we apply more crossflow through the walls. 

Similar analyses can be made with other geometries by imposing a known 
crossflow field, e.g., between rotating porous cylinders. The flow outside a single 
rotating cylinder with wall suction is given as a problem assignment; the character 
of this flow changes when the suction velocity v, exceeds 2v/rp, where ro is the 
cylinder radius. 


3-6.3 Non-Linear Effects: Flow 
in Porous Ducts 


The previous examples in this section were linear because of the assumption of 
constant crossflow velocity. If we impose more realistic boundary conditions, e.g., 
suction at both walls, then the net mass flow will change with x, and at the very least 
we must have u = u(x, y) and v = u(y) to satisfy the continuity relation. This 
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means that both of the axial convective-acceleration terms u du/dx and v du/dy will 
be products of variables and thus non-linear. The solutions may be vexed with both 
existence and nonuniqueness problems, and it is instructive to consider an example. 

Let the duct be uniformly porous, i.e., the wall velocity v,, is a constant, inde- 
pendent of x. Then the average velocity H in the duct will vary linearly with x 
because of the mass flow through the walls. The two most studied geometries are the 
circular tube and channel flow between parallel plates. In practice, there must 
always be an entrance region, and, since the mean velocity continually varies, it is a 
controversial question as to whether a “fully developed” condition can be achieved. 

For the present example, let us consider channel flow between uniformly 
porous parallel plates, with the geometry of Fig. 3-1. We assume, without proof, 
that we are far downstream of the entrance and that the boundary conditions 


Aty = +h: u=0 v= +v, 

(3-127) 
Aty = —h: u=0 v= —v, 
i.e., both walls have either equal suction (v,, > 0) or equal injection (v,, < 0). Let 
u(0) denote the average axial velocity at an initial section (x = 0). Then it ts clear 
from a gross mass balance that u(x) will differ from u(O) by the amount v, x/h. This 
observation led Berman (1953) to formulate the following relation for the stream 
function in the channel: 


w(x, y) = (hul) — v,.x)f(y*) (3-128) 


where y* = y/h and f is a dimensionless function to be determined. The velocity 
components follow immediately from the definition of us: 
ous bs Vy X = 
u(x, y*) = a jo z 2 lp = Ux)f'(y*) 
(3-129) 
ap 

v(x, y*) = oy VF (y*) = v(y) only 
Thus the function f and its derivative f’ represent the shape of the velocity profiles; 
these are independent of x, and the flow is thus termed similar, see Secs. 3-8 and 
4-3 for further examples. The stream function must now be made to Satisfy the 
momentum (Navier-Stokes) Eq. (3-2) for steady flow: 


Ou ðu | Op ðu 8u 
u +v = —--— + p( E a oe 
Ox oy P Ox Ox oy 
; ; (3-130) 
ð 
joe eyes -12 4 (Se 4 Se) 
Ox oy P ay Ox oy 


If we substitute u and v from (3-129) into (3-130), we find by cross-differentiation 
that 

ap 

ax dy = 0 (3-131) 
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showing that, unlike that for nonporous duct flow, the pressure gradient is not con- 
stant. When Eqs. (3-130) and (3-131) are combined, the result is a single fourth- 
order ordinary non-linear differential equation for f(y*): 


fl” + Re(f'f” — ff") = 0 eee) 


where Re = v,,h/v is the wall Reynolds number and primes denote differentiation 
with respect to y*. The boundary conditions are converted from (3-127): 


f'() = 0 fQ) = 1 
Poe =O f(-l) = -1 
These show that f(»*) is antisymmetric about y* = 0, so that at the centerline, 


v = 0 and du/dy = 0, or f(0) = f”(0) = 0. Equation (3-132) has no known ana- 
lytic closed-form solution, but it can be integrated once: 


(3-133) 


f” + Re(f’? — ff") = k (Re) = const (3-134) 


Further progress requires some other technique, e.g., 


1. A perturbation solution: Berman (1953) 
2. A numerical solution: Eckert et al. (1957) 
3. A power-series solution: White (1959) 


These are general techniques, and we shall have occasion later to use all three of 
them in analyzing problems for which the exact solution is not known. One should 
also look for special cases, and three of these have been found for Eq. (3-132) 
which satisfy conditions (3-133): 


Re = 0 (Poiseuille flow): 
f= py*-p f sia- (3-135) 
Re = +00 (infinite suction): 
f = y* f' =1 slug flow (3-136) 
Re = ~œ (infinite injection): 
ies ES r_n my* 
f = sin 5 f = 7 cos 5 (3-137) 


For other Raynolds numbers, one could use, e.g., the Runge-Kutta program in App. 
C to solve Eq. (3-132) numerically. Two initial conditions are unknown, i.e., if one 
started at y* = —J, f”(—1) and f”(—1) would have to be guessed and the solution 
double-interated until f(1) = 1 and f’(1) = 0. The most complete sets of profiles 
in the literature are given by White et al. (1958), and are shown in Fig. 3-22. The 
Shapes change smoothly with Reynolds numbers over the full range 
—oo < Re < +00 and show no odd or unstable behavior. Suction tends to draw 
the profile toward the wall, as it did in Fig. 3-21. 
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FIGURE 3.22 

Similar velocity profiles for a symmet- 
rically porous channel as a function of 
the wall Reynolds number Re = v, Ał/v. 
[After White et al. (/958).] 


The odd behavior shows up with uniformly porous pipe. White (1962a) gave 
an array of solutions for various values of Re = v,,r9/v. The injection profiles 
(Re < 0) vary smoothly but are drawn toward the wall, which is physically unex- 
pected. The suction solution (Re > 0) show the following pathological behavior: 


1. Double solutions, one with backflow, for 0 < Re < 2.3 
2. No solutions whatever in the range 2.3 < Re < 9.1 
3. Multiple sets of double solutions for Re > 9.1 


At the least, we learn that the Navier-Stokes equations, being non linear and com- 
plex, are subject to nonuniqueness and nonexistence difficulties. The previous 
results are so offbeat that we conclude that “fully developed” similar profiles prob- 
ably do not occur in laminar porous pipe flow. An analysis by Weissberg (1959) for 
the special case Re = 3 (where no similar solutions have been found) shows that a 
Poiseuille parabolic entry flow does not develop into any kind of a similar profile 
downstream. One concludes that similar porous-pipe profiles, if they occur at all, 
are merely way stations along development of the flow into very complex and 
changing profiles. 
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3-7 WIND-DRIVEN FLOWS: THE EKMAN DRIFT 


There are a number of problems where a liquid free surface is set into motion by a 
gas flowing over it, e.g., wind blowing over a pond. The shear stresses must match 
at the air—water interface. Let (z = 0) be the interface, with z > O upward. Then 
the free-surface condition is 


_ (9) = (a 


where we have assumed wind and water flow in the x direction. Since Hyr << Myaters 
it follows that the gradient (du/dz) in the water will be relatively small. Let us call 
this interface water-gradient K = To /Myater- 


3-7.1 Start-Up of Wind-Driven Surface Water 


Consider water at rest which is suddenly subjected to a wind stress 7): Assuming 
an unsteady parallel laminar flow u{z, f) and neglecting Coriolis acceleration, we 
must solve the linear differential equation: 


2 
mM See (3-139) 


subject to the boundary conditions 
Sic =0)=K  uz—>~-00) = 0 


and the initial condition 
u(z, 0) = 0 z=) 


This is similar to Stokes’ first problem, Eq. (3-107), except that the surface condi- 
tion involves (du/dz) rather than u itself. The solution is 


OU rli + ert( 


: a 


or (3-140) 


s = efi + et(—2—)] + NET =2°/4vt 


This laminar-flow solution predicts that the water-interface velocity (z = 0) 


will grow rapidly, as uy = 2K Vvt/7. We can try out some numerical values by 
using the estimate from the text by Roll (1965) of the wind stress for airflow over 
a water surface: 


To = 0.002p43(Vwing — Uo)” (3-141) 


If we assume a brisk wind speed of 6 m/s (about {2 knots) and an air—water interface 
at 20°C, we may compute from Eqs. (3-140) and (3-141) that ug = 0.6 m/s after 
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} min and 2.3 m/s after 1 h. These water velocities are greatly overestimated: In an 
actual flow of this type, the surface-water flow would rise in about 1 h to a nearly con- 
stant velocity of 0.2 m/s, or about 3 percent of the wind speed. The main reason for 
the discrepancy is that both the air and water flows, in such a large-scale (high 
Reynolds number) motion, are turbulent. In turbulent flow, we must replace the fluid’s 
molecular velocity u by a turbulent-mixing or eddy viscosity, u, which is much larg- 
er and scaled with flow parameters. We will see how to model turbulent flows in 
Chap. 6 and can return to this problem more realistically. 


3-7.1 Coriolis Effects: The Ekman Spiral 


In practical ocean flows, the wind-driven water moves at such low velocities that 
the Coriolis acceleration [Eq. (2-137)] is not negligible. The resulting flow is steady 
but accelerating, i.e., the unbalanced momentum flux is in the direction of the 
Coriolis acceleration. The oceanographer F. Nansen (1902) found that drifting ice 
in the Arctic deviated from the wind direction by 20 to 40° to the right, which he 
correctly concluded was due to the earth’s rotation. Nansen’s student, V. W. Ekman, 
gave the following analytic solution (1905), which laid the foundation for modern 
dynamic oceanography. Let (x, y) be the plane of the horizontal, and let the z axis 
be directed upward. For convenience, let the applied surface wind stress 7, be in the 
y direction. Then, for steady flow with negligible pressure gradients and the accel- 
eration given by Eq. (2-125), a realistic flow solution is possible with the horizon- 
tal velocities u and v as functions of z only. The momentum Eg. (3-2) becomes 


2 
wa Ge Fionn ut N (3-142) 


dz? 
V-l1 
ġ = latitude angle 
earth rotation rate 


Where 


~ 


€ 
II 


This has an exponential solution if œ is assumed constant, i.e., localized wind drift 
at a given latitude. The boundary conditions are a y-directed shear at the surface and 
negligible velocity at great depth: 


ii a 0: dz EN dz K Myater 
Atz = —-@®: u=v=0 (3-143) 


The proper solution to Eq. (3-142) is of the form u + iv = Ce”, and C, and B can 
be found from Eq. (3-143). The results can then be decomposed 


u = Voexp = cos (z + 45°) 


(3-144) 


g 
| 


= Voexp 45 Sin a + 45° 
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where Vp is the surface-water speed and D is a vertical decay distance, often called 
the penetration depth of the wind: 


; 
Ge i D = m, | —— (3-145) 


V 2w v sing w sing 


Equation (3-144) has several fascinating implications, particularly for engineers not 
used to Coriolis effects in fluid motion. First note that the surface-water velocities 
are u = Vọcos 45° and v = Vọsin 45°, showing that the resultant surface-velocity 
vector is at a 45° angle to the right of the wind (in the Northern Hemisphere). As 
we move below the surface (negative z), the resultant current vector moves uni- 
formly to the right and decreases exponentially in magnitude, forming a logarithmic 
spiral, as shown in Fig. 3-23, for equal-depth intervals. At z = —3D/4, the current 
is exactly opposite the wind and has a magnitude of only Vae on! Vs 0.095V>. 

Another interesting feature is found by integrating the velocity distribution to 
find the net mass flux. For the x and y directions separately, this gives 


iis d To 
m, = u dz = >=> 
* ó oe De) sind 


—00 
m, = J vdz = 0 
l 0 


Thus the net mass transport of water is perpendicular to the wind direction and is 
independent of v if 7o is assumed known. We can explain this by noting that this is 
the direction of the Coriolis acceleration, which is the only dynamic imbalance on 
the system. 


(3-146) 


H ~- 
"Crea ing damp 77 - => 


x FIGURE 3-23 
Wind-driven current vectors for depths of equal interval. 
The dashed line is a logarithmic spiral from Eq. (3-144). 
Si, ne [After Ekman (/905).] 
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As in the previous wind-start-up example, a few numbers will dispel the idea 
that ocean currents are laminar. Again take V ing = 6 m/s over a 20°C air—water 
interface at a latitude of 41°N (Rhode Island). Equations (3-145) predict that 
Vp = 2.7 m/s, which is far too high, and D = 45 cm, which is ridiculously low. The 
difficulty again is that real ocean flows are turbulent. If we scale the flow with an 
“eddy” viscosity as discussed in Chap. 6, we obtain the realistic results Vo ~ 2 cm/s 
and D = 100 m. Thus an actual wind-driven Ekman current is a slow transport in a 
wide upper layer of the ocean. 

For further details on ocean current, wind-driven or otherwise, consult a text- 
book on physical oceanography, such as Defant (1961) or Knauss (1978). 


3-8 SIMILARITY SOLUTIONS 


We complete our description of exact incompressible-flow solutions of the 
Navier-Stokes equations by discussing three similar flows. A similarity solution is 
one in which the number of independent variables is reduced by at least one, usu- 
ally by a coordinate transformation. The idea is analogous to dimensional analysis. 
Instead of parameters, like the Reynolds number, the coordinates themselves are 
collapsed into dimensionless groups that scale the velocities. 

We have seen two similarity solutions already, without much emphasis. In 
Stokes’ suddenly moved wail problem, Eq. (3-107), the independent variables y and 
t were combined into the single similarity variable n = y/[2 V (vt)]. The solution 
was then found analytically. In the porous-duct problem, Eq. (3-128), x was broken 
out into a linear expression, leaving a similarity variable f(y*), where y* = y/h. In 
both cases, partial differential equations, perhaps requiring computer modeling, 
were reduced to ordinary differential equations. 

Similarity solutions generally require a semi-infinite or infinite spatial and 
temporal extent. If Stokes’ suddenly moved wall were only L long or if the wall 
stopped after a finite time fg, the similarity variable idea would be compromised. 

The general theory of similarity in physical problems has been examined in 
several textbooks: from a physical emphasis by Sedov (1959) and Hansen (1964), 
and from the mathematical viewpoint by Ames (1965), Bluman and Cole (1974), 
Dresner (1983), and Sachdev (2000). The benefits of a similarity analysis are sig- 
nal: The three examples given here reduce a set of partial differential equations, 
which may yield only to the all-out computer assault of Sec. 3-10, into ordinary 
differential equations, which we can handle with an elementary numerical 
method such as Runge-Kutta integration. These mathematical gains are accom- 
panied by a loss in generality: Similarity solutions are, without exception, limit- 
ed to certain geometries and certain boundary conditions. For example, in the 
porous-channel problem, the solution of Eq. (3-132) is invalid if v, varies with x, 
and the inlet velocity profile u(0, y) must have the same shape as the curves of 
Fig. 3-22. 

Let us now discuss three examples of laminar similarity solutions: (1) flow 
near a stagnation point, (2) flow near an infinite rotating disc, and (3) flow in a 
wedge-shaped region. 
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X FIGURE 3-24 


Region of nonzero vorticity o Rigid boundary Stagnation-point flow. 


3-8.1 Viscous Flow near a Stagnation Point 


One of Prandtl’s first students, Hiemenz (1911), discovered that stagnation-point 
flow can be analyzed exactly by the Navier-Stokes equations.” We piece together 
here several analyses in the literature: the two-dimensional velocity distribution by 
Hiemenz (1911) and the temperature distribution by Goldstein (1938), the axisym- 
metric velocity distribution by Homann (1936) and the temperature distribution by 
Sibulkin (1952). 

The coordinate system is shown in Fig. 3-24. The origin is the stagnation 
point (where u = v = 0 in the frictionless solution), and y is the normal to the 
plane. For axisymmetric flow, x is to be interpreted as a radial coordinate. In order 
to satisfy the no-slip condition for u(x, 0) along the wall, a viscous region must 
develop near the wall. It turns out that this shear layer has a constant thickness and 
has the effect of “displacing” the outer inviscid flow away from the wall. Let us first 
consider two-dimensional flow in detail and follow with a more cursory treatment 
of axisymmetric flow. 


3-8.1.1 PLANE STAGNATION FLOW. For plane incompressible flow, the continuity 
Eq. (3-1) reduces to 


u= v=- (3-147) 


“Stagnation flow also happens to be an exact solution to the simpler boundary-layer equations. It is, in fact, 
one of the similar solutions to be discussed in Sec. 4-3. 
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Note that stream functions are valid for both viscous and potential flow. Once w(x, y) 
is defined, it must satisfy the two-dimensional momentum relations, Eq. (3-2): 


a 2 2 
wt 4 yt = 1 (2u 4 Eu) 
Ox oy P Ox Ox oy 
ð 2 2 
AL ye = 12 4 (Hy 4 Sr) (3-148) 
Ox oy P oy Ox oy 


Inviscid flow near a stagnation point of a body is described by the simple stream 
function 


w= Bry u = By v = —Bx 


where B is a positive constant proportional to Ug /L, where Up is the stream veloc- 
ity approaching the body and L a characteristic body length [see, e.g., White (2003, 
pp. 41-42)]. This flow slips at the wall, that is, u # Oat y = 0. It must be modified 
to account for viscous effects. 

Following Hiemenz (1911), we modify the stream function to vary with y so 
that the no-slip condition can be satisfied: 


ð 
W iscoùs = Bxf(y) Bo Ta oN vy = —— = -Bf 


For no slip at the wall, we would require f(0) = f'(0) = 0. If we substitute this 
y(x, y) into the y-momentum equation in Eq. (3-148), we find that the pressure 
gradient dp/dy = fcn(y) only. Therefore, for this stream function, 
ap 7 
ax dy 


0 


By using this condition and the same stream function in the x-momentum relation 
of Eq. (3-148), we obtain the differential equation 


f" + B epg — f'?) = const = = (3-149) 


The constant is evaluated by noticing that the form of y is such that, as y becomes 
large, f” and f” must vanish and f’ must approach unity. 

Equation (3-149) immediately tells us that Hiemenz achieved similarity with 
this stream function. The coordinate x has disappeared, leaving only a single simi- 
larity variable, y, and an ordinary differential equation. However, this equation 
should be nondimensionalized to eliminate the dimensional constants B and v 
There is no body-length scale “L” for this flow. Rather, the proper length scale is 
Vv/B, the velocity scale is VvB, and the appropriate dimensionless variables are 


n= „2 y = xF()V Bv (3-150) 


from which 
u = BxF'(nņ) and v = —F(yn)V Brv 
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where the prime denotes differentiation with respect to 7. Substitution in 
Eq. (3-149) gives a differentia! equation free of parameters: 
F" + FF’ +1-—- F?=0 (3-151) 
The boundary conditions are u = v = Q at the wall (7 = 0) and u = Bx at a large 
distance from the wall: 
F(0) = F'(0) = 0 F'(oo) = 1 (3-152) 


Equation (3-151) contains two non-linearities, and no analytic solution has ever been 
found. Hiemenz (1911) performed numerical calculations by hand. It is no trouble 
nowadays to solve Eq. (3-151) on a personal computer using, say, the Subroutine 
RUNGE in App. C. We would tet Y(1) = F”, Y(2) = F’, and Y(3) = F, and the 
proper FORTRAN relations for Eq. (3-151) would be 


FO) = Y(2)* Y(2) — 1 — Y(1) * YG) 
F(2) = Y(1) (3-153) 
F(3) = Y(2) 


As initial values at “X” = 0, we set Y(2) = Y(3) = 0 from the first two condi- 
tions of Eq. (3-152). The problem is to find the correct value of Y(1) = Fo which 
will cause Y(2) to approach unity as 7 becomes very large. One must first address 


Two-dimensional 


== —— — — Axisymmetric 


FIGURE 3-25 
Numerical solutions of viscous stagnation flow for plane {Eq. (3-151)} and axisymmetric [Eq. (3-165)] 
conditions. 
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TABLE 3-4 
Numerical solutions for stagnation flow 


Fo =4ufvU 
Plane Axisymmetric 
F'(O) = 1.23259 F'(O) = 1.31194 
N n* = 0.6479 n” = 0.5689. 
0.1 0.11826 0.12619 
0.2 0.22661 0.24239 
0.3 0.32524 0.34863 
0.4 0.41446 0.44499 
0.5 0.49465 0.53160 
0.6 0.56628 0.6087 1 
0.7 0.62986 0.67663 
0.8 6.68594 0.73577 
0.9 0.73508 0.78666 
tO 0.77787 0.82987 
l.l 0.81487 0.86608 
1.2 0.84667 0.89598 
1.3 0.87381 0.92032 
1.4 0.8968 | 0.93983 
LS 0.91617 0.95522 
1.6 0.93235 0.96718 
1.7 0.94578 0.97631 
1.8 0.95684 0.98316 
1.9 0.96588 0.98822 
2.0 0.97322 0.99190 
2.2 0.98386 0.99635 
2.4 0.99055 0.99847 
2.6 0.99464 0.99940 
2.8 0.99705 0.99979 
3.0 0.99843 0.99993 


the question, how large is “infinity”? One answer is, when F” becomes very small, 
say, < 105. The following would be a typical asymptotic analysis: In Eq. (3-151), 
as ņ becomes large, F ~ a + 7 and(1 — F’*) approaches zero. Therefore, at large 
n, a conservative view of Eq. (3-151) is 


F” Ny 
F" i 


or 
With this estimate, we are reasonably confident that F” < 10 if n> 48 = 


“infinity.” Finally, to ensure numerical accuracy of the fourth-order-accurate 
Runge-Kutta method, we choose a step size An = 0.03 so that (An)* = 107°. 
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Using these preliminaries, the numerical solution of Eq. (3-151) is readily obtained 
by making an array of guesses of Fo ~ Oto 1.5. 

The complete solution for viscous stagnation flow is shown in Fig. 3-25 and 
tabulated in Table 3-4. Also shown-——and to be discussed next—is the solution for 
axisymmetric stagnation flow. Represented in Fig. 3-25 are the stream function F, 
the velocity profile F’, and the shear stress F”. The correct value of Fo turned out 
to be 1.2326. 


3-8.1.2 HARBINGERS OF BOUNDARY-LAYER BEHAVIOR. Stagnation flow, an 
exact solution of the Navier-Stokes equations, exhibits many characteristics of thin- 
shear-region or boundary-layer behavior. The no-slip condition creates a low-velocity 
region which merges smoothly with the outer inviscid flow along the wall. In boundary- 
layer theory, the outer flow is called the “freestream” velocity, U(x): 


Stagnation flow: U = u(x, ©) = Bx (3-154) 


This type of accelerating freestream, whose pressure decreases in the flow direc- 
tion, is called a favorable pressure gradient. 

The thickness 6 of this stagnation layer is defined as the point where 
u/U = 0.99, which occurs in Table 3-4 when y ~ 2.4 = &VB/v. Thus 


5 = 2a, z (3-155) 


The boundary-layer thickness is constant in this case because the thinning due to 
stream acceleration exactly balances the thickening due to viscous diffusion. In 
Sec. 4-3, we will see that if U = Cx”, the boundary layer will grow with x ifm < 1 
and will become thinner if m > 1. 

In typical engineering applications, the stagnation boundary layer is quite 
thin. For example, let air at 20°C approach a 10 cm diameter cylinder at a speed 
Up = 10 m/s. Then B = 4U/D = 400s"! (see Sec. 7.3), and Eq. (3-155) predicts 
that 6 ~ 0.46 mm, or only 0.5 percent of the body diameter. 

Another boundary-layer effect is displacement of the outer stream by the 
shear layer, as hinted at in Fig. 3-24. We define the displacement thickness 5* as the 
distance the outer inviscid flow is pushed away from the wall by the retarded vis- 
cous layer. In terms of the stream function F, we find that 


lim Fm) = n ~ n* 
RIC 
where (3-156) 


nt = a jB = 0.6479 


as listed in Table 3-4. In stagnation flow, then, 6* ~ 0.276. 
The pressure distribution also exhibits boundary-layer behavior. With u and v 
known from Eqs. (3-150), we can return to the momentum equations (3-148) and 
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integrate for the pressure p(x, y). The result is 
p0, 0) — p(x, n) = 4p(BxF’Y + 5BuF? + Bur’ 
or 
pO, 0) =~ pœ, n) = 3p? + v) + BuF' (3-157) 


Thus the pressure distribution is nearly the same as the frictionless Bernoulli equa- 
tion except for the additional small term BaF”. It is instructive to calculate the pres- 
sure gradients in each direction: 


Op _ Dd. a 

ox ~ PB x= —pUT 

; (3-158) 
ie = —pBV Bv (FF + F") = O( VT) 


Thus the gradient parallel to the wall satisfies Bernoulli’s equation, whereas the 
gradient normal to the wall is negligibly small if the fluid viscosity is small. As we 
shall see in Chap. 4, these are two of the fundamental assumptions of boundary- 
layer theory. 

Finally, the wall shear is also, yes, a type of boundary-layer relation. With u 
and v known, we readily compute 


ee aaan eee 


In this flow, then, wall shear is proportional to freestream velocity. If we non- 
dimensionalize in the manner of Eq. (3-39), we obtain 


2 oF" 
C= t= kre, - & (3-160) 


pU? V Re. 


x 


This inverse variation of friction factor with the square root of the local Reynolds 
number is very common in laminar boundary layers. 


3-8.1.3 AXISYMMETRIC STAGNATION FLOW. In piane flow, the stagnation 
“point” is really a line, i.e., there is no variation in the z direction. In axisymmetric 
flow, stagnation is a true point, we interpret x in Fig. 3-24 as the cylindrical radius 
coordinate r, and y is the axial coordinate. The cylindrical stream function is 
defined differently (see App. B) using axisymmetric continuity: 


1 ow 1 oY 


u = —— -— = 


x dy : x Ox (3-161) 


ðu du _ 1 OP 1 ðf ðu u , du 
Mar Vag a »|2 2 (x au we z] (3-162) 
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The stream function for inviscid flow toward an axisymmetric stagnation point is 
given by 


wy = —Bx’y 
whence 
u = Bx and v = —2By (3-163) 


Compare to the plane-flow case: Because of the circular geometry, with flow area 
increasing along the wall with x, an increase in u is balanced by twice as much of 
a decrease in v. 

Following Hiemenz’s analysis, Homann (1936) defined the appropriate dimen- 
sionless variables for axisymmetric flow: 


ws „j y = —x°F(n) V Bv (3-164) 


from which 
u = BxF'(n) 


and 


v = —2F(m) V Bv 


Compare with Eqs. (3-150). Substitution in the y-momentum equation again yielded 
d°p/dx dy = 0, and then from Eq. (3-162), one obtains the basic axisymmetric 
differential equation: 


F” + 2FF" +1-F7=0 (3-165) 


with, as before, F(0) = F'(0) = O and F’(co) = 1. Compare with Eq. (3-152). A 
numerical solution is found in the same manner as for plane flow, and the proper 
initial condition is Fg = 1.31194. 

The axisymmetric solutions are also shown in Fig. 3-25 and tabulated in 
Table 3-4. They differ a little from plane flow, e.g., the displacement and boundary- 
layer thicknesses are slightly smaller and the wall shear stress slightly larger. Again 
there clearly is thin-shear-layer behavior. 


3-8.1.4 STAGNATION-POINT TEMPERATURE DISTRIBUTIONS. Once the veloci- 
ties are known from the previous analysis, the temperatures can be found from the 
energy equation. A similarity solution exists if the wall and stream temperatures, T, 
and T, are constant—a realistic approximation in typical stagnation heat-transfer 
problems. 

The plane-flow solution was given by Goldstein (1938). The two-dimensional 
energy, Eq. (3-3), may be written as 


2 2 
pë (uE + vtt) = (E T) vo (3-166) 
P\ ax oy Ox oy 
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where ® is the dissipation function. Following Goldstein (1938), we define a 
dimensionless temperature © which is zero at the wall and unity at Co: 


T BA j B 
O(n) = To- T. TEIS (3-167) 


In other words, with constant 7,, and Tæ, the fluid temperature T = T(y) only. 
With u and v known from Egs. (3-150), substitution in the energy Eq. (3-166) gives 
a second-order linear equation, with ® neglected: 

20 d® 

— + PrF(y) = 0 3-168 

hy (n) a ( ) 
subject to ©(0) = 0 and ©(œ0} = 1. The stream function F(ņ} is known from 
Fig. 3-25, and the Prandtl number Pr = uc, /k is assumed constant. 

We suppress the temptation to attack Eq. (3-168) by Subroutine RUNGE in 

App. C, for it is linear and has an exact solution which the reader should verify as 


an exercise: 
Jfodn exp(—Pr JE ds) 
A dn exp(—Pr Jet ds) 


Figure 3-26 shows the temperature profiles from this relation for various Prandtl 
numbers. The region of large gradients in © may be termed the thermal boundary 
layer and, by analogy with the velocity shear layer thickness 6,,, its thickness 67 is 
the point where © ~ 0.99. A power law curve-fit to values computed from 
Fig. 3-26 gives the following: 


O(n) = (3-169) 


5 
= œ Pr4 (3-170) 
T 


0.01 


Pr = 0.001 


FIGURE 3-26 

8  Stagnation-point temperature distribu- 
tions for two-dimensional flow from 
Eq. (3-169). 
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Physically, the velocity boundary layer is thicker than the thermal boundary layer 
when Pr > 1, because viscous diffusion exceeds conduction effects. And the 
opposite is of course also true. 

The heat transfer at the wall is computed from Fourier’s law: 


= ~—k(To — T,) cen]? (3-171) 


where G`! is the denominator in Eq. (3-169): 


lets -pr f” 
aes = | an exp( Prf Fas ) (3-172) 


We may compute G simply by adding two FORTRAN statements to our earlier 
analysis, Eqs. (3-153): 


F(4) = Y(3) 
F(5) = EXP(—PR * Y(4)) 


The output Y(5) from the subroutine equals G(Pr). This effect of the Prandt] num- 
ber on heat transfer is shown in Fig. 3-27. Some numerical values of G for both 
plane and axisymmetric flow follow: 


Pr G (plane flow) G (axisymmetric) 
0.01 0.076 0.106 
0.1 0.220 0.301 
1:0 0.570 0.762 
10 1.339 1.752 
100 2.986 3.870 
1000 6.529 8.427 


The axisymmetric values are about one-third higher. The log-log curves in 
Fig. 3-27 are nearly straight lines, so one can, if not too particular, fit them to a power 
law, at least near Prandtl number unity: 

Plane flow: G = 0.57Pr°4 


Axisymmetric flow: G = 0.762Pr°4 


(3-173) 


For axisymmetric flow, the energy equation has the form (App. B) 


or or) _ ,|1L9/, oF aT 
peg x tt ar ) = e a(x sr) + a4 (3-174) 


The solution was given by Sibulkin (1952), using exactly the same similarity vari- 
able ©(7) from Eq. (3-167). However, with u and v now given by the axisymmetric 
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FIGURE 3-27 


Variation of the heat-transfer parameter G(Pr) for plane and axisymmetric stagnation flow. 


forms Eq. (3-164), the equation for © becomes 


dO d@ _ 
ag? + POF Gy = © (3-175) 


The change is the factor “2” in the second term. The solutions for temperature dis- 
tribution, Eq. (3-169), and heat-transfer parameter G(Pr), Eq. (3-172), are valid for 
axisymmetric flow if the Prandtl number is replaced by “2Pr.” Also, F(m) must be 
taken from the axisymmetric stream function in Fig. 3-25. 

The axisymmetric heat-transfer parameter G(Pr) is also plotted in Fig. 3-27. 
Although Eq. (3-171) tells the whole story, namely, that q,, is constant independent 
of x, it is customary to nondimensionalize q, as a local Nusselt number: 


X 
Nu dw 


a = 1/2 . 
x UF TA OPa (3-176) 


where Re, = Ux/v = Bx*/v and G(Pr) is given by Fig. 3-25 or the power-law 
approximations Eq. (3-173). As we shall see in Chap. 4, Eq. (3-176) has the typical 
form of laminar-boundary-layer heat-transfer relations, but in the present case, it is 
rather misleading because it contains a useless “x” on each side. 


3-8.1.5 THE REYNOLDS ANALOGY. Osborne Reynolds (1874) postulated an 
approximation, now called the Reynolds analogy, for estimating heat transfer in 
shear layers. He found that, in pipe flow and “similar” boundary layers such as 
stagnation flow, the wall shear and heat-transfer rate are proportional: 

la] — |R@T/eyw| kl aT 


Tw pufy) MY du 


(3-177) 


Ww 


SOLUTIONS OF THE NEWTONIAN VISCOUS-FLOW EQUATIONS 155 


The analogy will not work unless u and T are similar in behavior, which is certain- 
ly true in stagnation flow from inspection of Figs. 3-25 and 3-26. Since T varies 
with Pr and u does not, the ratio above must vary with the Prandtl number. The 
appropriate way to nondimensionalize Eq. (3-177) is to compare the friction factor 
C; to the Stanton number, C, = Nu/(RePr). Then, in general, the Reynolds analo- 
gy postulates that 


C; 
C, = fen (pr, 3 T geometry ) (3-178) 


We may rewrite our stagnation-flow heat-transfer results, Eqs. (3-173) and (3-176), 
in terms of the Stanton number: 


0.570Pr °$ (plane flow) 
J1 < Pr < 10: V Re, © 3 
ma Se ee Cx (aes (axisymmetric) uD 


Dividing this by the friction coefficient from Eq. (3-160), we obtain 


Ch A eee (plane flow) (3-180) 


Cy 0.29Pr-°* (axisymmetric) 


Thus, if C; is known, C, follows immediately. Comparable relations hold for tur- 
bulent sheat flow over simple geometries, notably the flat plate. The draw back to 
Eq. (3-180) is that the constants (0.23, 0.29) vary markedly with pressure gradient 
(Sec. 4-3). Also, the Reynolds analogy fails to be accurate for (1) varying wall tem- 
perature and (2) nonsimuilar flows. 

This concludes our detailed study of stagnation fiow, an exact solution to the 
Navier—Stokes equations. The results demonstrate a variety of boundary-layer phe- 
nomena: a thin viscous layer, a displacement thickness, a thin thermal layer, pres- 
sure varying with Bemoulli’s relation in the outer layer, very small normal veloci- 
ty near the wall, very small normal pressure gradient, the Reynolds analogy, and 
power-law Reynolds and Prandtl number effects. The only important effect missing 
is shear layer separation (Fig. 1.11), which cannot occur in stagnation flow because 
the freestream velocity increases with x (“favorable” pressure gradient, Fig. 4-5). 
Our third example in this section, Jeffery-Hamel wedge flow, will illustrate flow 
separation. 


3-8.2 The Flow near an Infinite Rotating Disk 


Consider the steady flow which results if the infinite plane z = O rotates at constant 
angular velocity w about the axis r = O beneath a newtonian viscous fluid which 
would otherwise be at rest. The viscous drag of the rotating surface would set up a 
swirling flow toward the disk, as illustrated in Fig. 3-28. All three velocity compo- 
nents v, vg, and v, would be involved—a genuine three-dimensional motion—but 
because of radial symmetry they would be independent of 0, as would the pressure 
p. It is required then to solve for these four variables as functions of r and z from 
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(a) (b) 


FIGURE 3-28 
Laminar flow near a rotating disk: (a) streamlines; (b) velocity components. 


the continuity equation and the momentum (Navier-Stokes) equations in the r, 0, 
and z directions: 


I ð a = 
Farh F az (v,) = 0 
Ov, ðv, U5 1 Op dv, ] Ov, Ov, v, 
Var © Yaz ~~ PR ar (oe hop ee ee ee 
Ov, OV, if l au, 1 OV, 3 vg Vo 
PE or = OZ r Ue ar? r ar az* r? 
ðv, Ov, 1 Op av, 1 Ov, n av, 
Crap = "az Poz ce dr? r or az? 


The boundary conditions are no slip at the wall and no viscous effect far from the 
wall (except an axial inflow): 


At z = 0: v, = v, = 0 Vg = rw p = const = 0 
ðv, (3-182) 
AS z —> 00; v, = Ug = zo 


This fully three-dimensional flow is often called “von Kármán’s viscous 
pump” [Panton (1996)]. The rotating disk sets the near-wall fluid into circumferen- 
tial motion vọ. The flow would move in circular streamlines if the pressure increased 
radially to balance the inward centripetal acceleration. But, in fact, p = p(z) only, 
and the radial imbalance causes an outward radial flow, v, > 0 (Fig. 3-28a). This 
outward mass flow is balanced by an inward axial flow toward the disk, v, < 0. 

The solution to this problem was given in a remarkable paper by Kármán 
(1921), who considered not only the rotating disk but also all manner of laminar 
and turbulent shear flows. Kármán—whose autobiography (1964) is highly 
recommended by this writer—found a similarity solution by deducing that 
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v,/r, Ue/r, v., and p are all functions of z only. This reduces the problem to four 
coupled ordinary differential equations in the single variable z. Since the only 
parameters in the problem are w and v, it is easy to see that the correct dimen- 
sionless variable must be z* = zVw/v . Following Kármán (1921), then, we pro- 
pose the new dimensionless variables F, G, H, and P: 


v, = rw F(z*) 
Vg = rw G(z*) 
v. = Vov H(z*) 


p = pory P(z*) 


(3-183) 


We can substitute these variables into Eqs. (3-181) and obtain the following set of 
non-linear ordinary coupled differential equations: 


H' = —2F 
F°=-@+F+FH 
G” = 2FG + HG’ 

Po SQFH = OF" 


(3-184) 


where primes denote differentiation with respect to z*. The boundary conditions 
from (3-182) now become 


F(O) = H(O) = P(O) = 0 
G(0) = 1 (3-185) 
F(oo) = G(co) = 0 
Note that P is uncoupled: We can solve the first three of Eq. (3-184) for F, G, and 
H and then solve for P from the fourth equation. 
Kármán used this flow to illustrate his celebrated momentum-integral relation 
(Sec. 4-5) derived in the same 1921 paper. Cochran (1934) improved the accuracy with 
matched inner and outer expansions. Rogers and Lance (1960) gave very accurate 
numerical solutions. The system Eq. (3-184) is easily solved by Subroutine RUNGE 
in App. C: Define six variables: Y| = H, Y, = F', Y; = F, Y, = G’, Y; = G, and 
Y = P. Equations (3-184) are then simulated on a digital computer by the six 
FORTRAN statements 


FI) = —2. * Y(3) 
F(2) = —Y(5) * Y(5) + Y(3) * Y3) + Y(2) * YC) 


F(3) = Y(2) 
F(4) = 2. x Y(3) * Y(5) + YC) * Y(4) (3-186) 
F(5) = Y(4) 


F(6) = 2. x ¥(3) * Y(1) — 2. * Y(2) 
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FIGURE 3-29 
Numerical solutions of Eqs. (3-184) for the infinite 
rotating disk. 


The reader should compare these statements with Eqs. (3-184). The known initial 
conditions from Eqs. (3-185) are Y,(0) = Y,(0) = Y,(0) = 0 and Y;(0) = 1. 
The unknown conditions are Fọ = Y,(0) and Go = Y,(0), which must be chosen to 
make Y, and Y; vanish at large 7. An appropriate step size in An, = 0.1 and “‘infin- 
ity” is reached at about n ~ 10. The correct initial conditions are found to be 
Fo = 0.5102 and Go = ~-0.6159, and the complete numerical solutions are shown 
in Fig. 3-29 and Table 3-5. 

We may define the thickness 6 as the point where the circumferential veloci- 
ty və drops to 1 percent of its wall value, or G ~ 0.01, which occurs at about 
n = 5.4, Then the layer thickness is 


6 5.4/2 (3-187) 


For a disk rotating at 1000 rpm (105 rad/s) in air at 20°C, this relation predicts a 
(laminar) shear layer thickness of approximately 2 mm. 

The asymptotic value H(CO) = —0.8838, which means that the disk draws 
fluid toward it at the rate 


v{Co) = —0.8838V wv (3-188) 


Thus the disk’s pumping action increases with both viscosity and rotation rate. For 
the above numerical example (1000 rpm in air), this streaming velocity would be 
3.5 cm/s toward the disk. 

The circumferential wall shear stress on the disk is 


ð 
To = Mz ; = prGh Vvo? (3-189) 


ts 
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TABLE 3-5 
Numerical solution for the rotating disk 


zt F F’ G G H -P 
0.0 0.0 0.51023 1.0000 —0.61592 0.0 0.0 
0.1 0.0462 0.4163 0.9386 -0.6112 —0.0048 0.0924 
0.2 0.0836 0.3338 0.8780 —0.5987 —0.0179 0.1674 
0.3 0.1133 0.2620 0.8190 —0.5803 —0.0377 0.2274 
0.4 0.1364 0.1999 0.7621 —0.5577 —0.0628 0.2747 
0.5 0.1536 0.1467 0.7075 —0.5321 —0.0919 0.3115 
0.6 0.1660 0.1015 0.6557 —0.5047 —0.1239 0.3396 
0.7 0.1742 0.0635 0.6067 —0.4763 —0.1580 0.3608 
0.8 0.1789 0.0317 0.5605 —0.4476 —0.1933 0.3764 
0.9 0.1807 0.0056 0.5171 —0.4191 —0.2293 0.3877 
1.0 0.1801 —0.0157 0.4766 —0.391 1! —0.2655 0.3955 
1.2 0.1737 —0.0461 0.4037 ~0.3381 —0.3364 0.4040 
1.4 0.1625 —0.0640 0.3411 —0.2898 —0.4038 0.4066 
1.6 0.1487 —0.0728 0.2875 —0.2470 —0,4661 0.4061 
1.8 0.1338 —0.0754 0.2419 —0.2095 —0.5226 0.4042 
2.0 0.1188 —0.0739 0.2034 —0.1771 —0.5732 0.4019 
2.2 0.1044 —0.0698 0.1708 —0.1494 —0.6178 0.3997 
2.4 0.0910 —0.0643 0.1433 —0.1258 —0.6568 0.3977 
2.6 0.0788 —0.0580 0.1202 —0.1057 —0.6907 0.3961 
2.8 0.0678 —0.0517 0.1008 —0,0888 —0.7200 0.3948 
3.0 0.0581 —0.0455 0.0845 —0.0746 —0.7452 0.3938 
3.2 0.0496 —0.0397 0.0709 —0.0625 —0.7666 0.3930 
3.4 0.0422 —0.0344 0.0594 —0.0525 —0.7850 0.3924 
3.6 0.0358 —0.0296 0.0498 —0.0440 —0.8005 0.3920 
3.8 0.0303 —0.0254 0.0417 —0.0369 0.8137 0.3917 
4.0 0.0256 —0.0217 0.0349 0.0309 —0.8249 0.3914 
4.5 0.0167 —0.0144 0.0225 0.0199 —0.8457 0.3911 
5.0 0.0108 —0.0095 0.0144 —0.0128 —0.8594 0.3910 
5.5 0.0070 —0.0062 0.0093 —0.0082 —0.8682 0.3910 
6.0 0.0045 0.0040 0.0059 —0.0053 —0.8739 0.3909 
7.0 0.0018 —0.0017 0.0024 —0.0022 —0.8799 0.3909 
8.0 0.0007 —0.0007 0.0010 —0.0009 —0.8824 0.3908 
9.0 0.0002 —0.0003 0.0004 —0.0004 —0.8834 0.3908 

10.0 0.0001 —0.000! 0.0001 —0.0001 —0.8838 0.3907 

oo 0.0 —0.0 0.0 -0.0 0.8838 0.3906 


where Gy = —0.6159 from Table 3-5. We use this result with a radial strip 


integration to find the total torque required to turn a disk of radius ro: 


Fo 
M = i: TorQ2rr dr) = F pry GoV væ? 
0 


(3-190) 
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FIGURE 3-30 
Theoretical and experimental torque coefficient for a rotating disk. [Data from Theodorsen and Regier 
(1944).] 


Thus the required (laminar) moment increases as the fourth power of the disk 
radius. For our running example, 1000 rpm in air, if the disk radius is 10 cm, this 
torque is only 0.0005 N - m. A dimensionless torque coefficient can be defined for 
a disk wetted on both sides: 


c = Z2M__ 387 
Bs ag 
spur, = Re (3-191) 
wre 
Re = — 


v 


Again we have the characteristic inverse variation with the square root of the 
Reynolds number. Equation (3-191) is compared in Fig. 3-30 with the data of 
Theodorsen and Regier (1944). The agreement is good, but for Re > 300,000, the 
flow becomes turbulent and follows the dashed line. 

The expected instability of laminar rotating-disk flow was clearly shown in 
the experiments of Kobayashi et al. (1980). They rotated a 40 cm diameter black 
aluminum disk in air at 1300 to 1900 rpm and visualized the flow with white tita- 
nium tetrachloride gas. A photograph of the flow is shown in Fig. 3-31. Instability 
is observed at Re = wr*/y ~ 8.8 X 104 and from 30 to 34 spiral laminar vortices 
from spreading out at an angle of 10 to 15°. Then, at Re ~ 3.2 X 10°, turbulence 
ensues. 

Many other papers have been written about various flow problems associated 
with one or more circular disks. Of particular interest is rotating flow next to a fixed 
disk, first considered by BGdewadt (1940) and later by Rogers and Lance (1960). 
The picture is essentially reversed from Fig. 3-28. The rotating outer flow sets up a 
radial pressure gradient which, when acting on the low-velocity fluid near the disk, 
causes an inward radial flow, called “secondary” flow. This inward flow is balanced 
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FIGURE 3-31 

Flow pattern on a disk rotating in air at 
1800 rpm. Laminar flow becomes unstable 
at r = 8 cm, laminar spiral vortices form at 
r = 12 cm, and transition to turbulence ts at 
r= 16 cm. [After Kobayashi et al. (1980).} 


by axial flow away from the disk. Secondary inward wall flow is familiar to anyone 
who stirs tea made with loose leaves. 


3-8.3 Jeffery—Hamel Flow 
in a Wedge-Shaped Region 


Our third and final example of an exact similarity solution is the radial flow 
caused by a line source or sink, first discussed by Jeffery (1915) and independ- 
ently by Hamel (1917). Many subsequent analyses have been made for this flow, 
and we mention especially Rosenhead (1940) and Millsaps and Pohlhausen 
(1953). 

As shown in Fig. 3-32, we consider the flow in polar coordinates (7, 0), gen- 
erated by a source (or sink) at the origin and boundary by solid wails at 0 = +a, 
as shown. Assume that the flow is purely radial, u = 0. Then, from the continuity 
equation in polar coordinates (App. B), 


1 ð 
man (ru,) = 0 

or (3-192) 
ru, = fen(@) 


We expect that u, will have a local maximum, u,,,,, probably at @ = 0. Then a con- 
venient nondimensionalization for this problem is 


(g 


7-@ 


f) 


(3-193) 
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FIGURE 3-32 
Geometry of the Jeffery—Hamel flow. 


The momentum equations in polar coordinates, for ug = 0, are 


Ou 0 ðu, ðu, u, ou 
ug = 22 4 of $+ it 1 3 
or P or or r ar r r° ð 
P (3-194) 
ð QU, 
1P , 2v ôu, 
Prôð r 30 


We can eliminate pressure by cross-differentiation and introduce the variables 
n and f(n). The result is a third-order non-linear differential equation for f: 


f” + 2Reaff' + 4a’f' = 0 (3-195) 


where Re = u,,,,ra/v is the characteristic Reynolds number of the flow. The 
boundary conditions are no slip at either wall and an assumed symmetric flow with 
a maximum at the centerline: 


IKTYS Ft = OO (3-196) 


We could replace the second condition with the symmetry requirement f’(0) = 0 
and confine the analysis to the upper half of the wedge region. 

Since Eq. (3-195) is non-linear, we are tempted immediately to call upon 
Subroutine RUNGE, just as we did with stagnation flow and the rotating disk. In 
fact, however, an analytic solution is possible. We integrate once to obtain 


f” + Reaf? + 4a°f = const 
Multiply this by f’ and integrate again, using f(0) = 1 and f’(0) = 0: 
f? = (1 — f)[ZRea(f? + f) + 4af +c] 


which can be integrated again because the variables are separable: 


fe ee . 
: J, {a — D| Rea f? + f) + 4f + Cf} CE 
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where the boundary condition f(0) = 1 has been used again. As 7 approaches 1, 
the lower limit approaches zero, f(1) = 0, which specifies the constant C: 


PE ee re a. a AE 
E Í fa = f)|5Re af? + f) + Aa? f re es (3-198) 


Thus Eqs. (3-197) and (3-198) are the formal solution of the problem. The integral 
is an elliptical integral and can be evaluated from tables or by careful application of 
Subroutine RUNGE to avoid trouble as (1 — f)— 0. 

Rosenhead (1940) made a very extensive analysis of this flow and cited the 
following observations: 


1. For any given & and Re, there are an infinite number of possible solutions, both 
symmetric and asymmetric, corresponding to multiple regions of inflow and out- 
flow. 

2. For a given æ and a specified number of inflow and outflow regions, there is a 
critical Re above which this specified solution in impossible. 

3. For 7/2 < œ < m, a solution with pure outflow is impossible, and pure-inflow 
solutions are limited in certain respects. 

4. For a < 7/2, pure inflow is always possible and tends at large Re to have 
boundary-layer behavior, whereas pure outflow is limited to certain small Re 
whose approximate range is Re < 10.31/a. 


Thus once again we encounter nonuniqueness of the Navier-Stokes equations, 
although here it is regular and predictable. 


3.8.3.1 SOLUTION FOR SMALL WEDGE ANGLE a. The most practical applica- 
tion of this flow is to large Re and small a. If both Re and a are small, we may neg- 
lect the second and third terms in Eq. (3-195) and integrate to 


u, 
a, Rea << i: f= =l- r (3-199) 
max 
which is Poiseuille flow, Eq. (3-42), valid for either inflow or outflow. 
Suppose instead that œ is small but Rea is not. Then Eq. (3-198) reduces to 


Rea \'” T df 
Anea = n auam 3- 
( 3 ) o A- AE? + f+ R an 


where K = 3C/2Re a. Thus we can specify a range of values of K and carry out the 
integration to obtain Rea, after which C follows from K. Values calculated in this 
manner are shown in Fig. 3-33. For negative Re (inflow), the values approach the 
straight line C = —4 Rea/3, which is a boundary-layer approximation first dis- 
covered by Pohihausen (1921). For positive Re (outflow), C drops to zero at 
Rea = 10.31; since C = f’7(1), this must be a point of zero wall shear stress, a 
separation point beyond which backflow will occur at the wall. After evaluating C 
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FIGURE 3-33 
Values of the shear-stress constant C for 
wedge flow at large Reynolds numbers. 


in this manner, Millsaps and Pohlhausen (1953) computed several velocity profiles 
from Eq. (3-197). Figure 3-34 shows an array of inflow (Re < 0) and outflow 
(Re > 0) profiles computed in the same manner. The inflow curves become flatter 
and more stable as Re increases and will be discussed again in Chap. 4. 

The outflow profiles become S-shaped and have zero wall shear stress (the 
separation point) when Re & = 10.31. If Rea > 10.31, there is backflow at 
the wall. The difference in profile shape is the result of the change in sign of the 


Umax . 10.31 = Separation 


FIGURE 3-34 
Velocity profiles for Jeffery-Hamel wedge flow at large Re >> a, from Eq. (3-197). [Modified from the 
results of Millsaps and Pohihausen (1953).} 
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streamwise pressure gradient. For inflow, p decreases in the flow direction (favor- 
able gradient) and there is no separation. For outflow, p increases downstream 
(adverse gradient), a point of inflection occurs in the profile, and separation is 
imminent. 

A separation criterion can be found from the pressure gradient along the cen- 
terline, which from Eq. (3-194) is given by 


ap PUrrax 
(7,0) © Oe 


if a? << 1. If we interpret (ra) as the thickness 6 of the shear layer, the dimen- 
sionless form of the pressure gradient at separation would be 


&_ P 
Himax or (r, O) separation ~ (Re A) separation = 10.31 (3-201) 


This is much more realistic than the Couette—Poiseuiile flow estimate given earlier 
as Eq. (3-43). In laminar boundary layers, this quantity is called the 
Karman—Pohlhausen parameter, A = 67(dp/dx)/U, which at the point of separa- 
tion takes on values between +8 and +12. 

With the velocity profiles given from Fig. 3-34, Millsaps and Pohlhausen 
(1953) also solved for temperature profiles, assuming dissipation only—no hot or 
cold walls. For inflow, there is a region of very strong dissipation temperature rise 
near the wall. 

This completes our study of similar solutions to the Navier-Stokes equations. 
Other cases are given in the problem exercises. 


3-9 LOW REYNOLDS NUMBER: LINEARIZED 
CREEPING MOTION 


All the problems we have looked at so far in this chapter have been exact solutions, 
valid for an arbitrary Reynolds number, at least until instability sets in and turbu- 
lence ensues. While interesting, these exact solutions lack generality. In particular, 
there is no known solution for the very practical problem of viscous flow past an 
immersed body at an arbitrary Reynolds number. Other than direct experiment, 
immersed-body problems are presently solvable only by three approaches: (1) digital- 
computer simulations, as in Sec. 3-10 to follow; (2) boundary-layer viscous/inviscid 
patching schemes, as in Chap. 4; and (3) the creeping-flow approximation, to be 
discussed now. 

The basic assumption of creeping flow, developed by Stokes (1851) in a seminal 
paper, is that density (inertia) terms are negligible in the momentum equation. In such 
a flow, with stream velocity U and body length L, pressure cannot scale with the 
“dynamic” or inertia term pU? but rather must depend upon a “viscous” scale 4U/L. 
If we nondimensionalize the Navier-Stokes Eq. (3-2) with the variables 

x Vv tU _ PT Pœ 


x=. 2 ž¥ = — k= X — 
a. ge Ae = UL 
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then we obtain the following dimensionless momentum equation: 


DV* 


Re Dr 


= —Vtp* + Vv (3-202) 


where Re = pUL/p. We can therefore neglect inertia (the left-hand side) if the 
Reynolds number is small. This is the creeping-flow or Stokes flow assumption: 


Re << 1: Vp = pV°V (3-203) 
to be combined with the incompressible continuity relation, 
V-V=0 (3-204) 


Note that inertia is also negligible if there is no convective acceleration, such as in 
fully developed duct flow, Sec. 3-3. In such a case, the creeping-flow approxima- 
tion holds with no restriction on the Reynolds number. 

By taking the curl and then the gradient of Eq. (3-203), we obtain two addi- 
tional useful relations: 


een (3-205) 
Vp = 0 
Thus both the vorticity and the pressure satisfy Laplace’s equation in creeping flow. 
In two-dimensional Stokes flow, w = —V°y, where yx, y) is the stream 
function. The vorticity equation (3-205) may be rewritten as 
Plane flow: Vib = 0 (3-206) 


This is the biharmonic equation, much studied in plane elasticity problems. Typical 
boundary conditions for an immersed-body problem would be no slip at the body 
surface and uniform velocity and pressure in the freestream. 

All of Eqs. (3-203) to (3-206) are linear partial differential equations and thus 
yield many solutions in closed form. Numerical methods are also very effective, 
including the boundary-element technique [Beer (2001) and Wrobel (2002)]. 
Whole textbooks are written about creeping flow, notably Happel and Brenner 
(1983). The drawback, of course, is that the condition Re << 1 is very restrictive 
and usually applies only to low-velocity, small-scale, highly viscous flows. At least 
four types of creeping flow arise: 


1. Fully developed duct flow. We have given several examples here in Sec. 3-3 and 
many more can be found in Berker (1963), Ladyzhenskaya (1969), and Shah and 
London (1978). 

2. Flow about immersed bodies. Stokes flow is the foundation of small-particle 
dynamics and is treated in a text by Happe! and Brenner (1983), including 
multiple-body interaction effects. 


3. Flow in narrow but variable passages. First formulated by Reynolds (1886) and 
now known as lubrication theory, these flows are covered in general Stokes flow 
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books such as Langlois (1964) and also in specialized texts such as Khonsari and 
Booser (2001), Szeri (1998), and Pirro et al. (2001). 

4. Flow through porous media. This topic began with a famous treatise by Darcy 
(1856) and is now the subject of specialized texts such as Bear (2000), Ingham 
and Pop (2002), and Ehlers and Bluhm (2002). Civil engineers have long 


applied porous-media theory to groundwater movement [see, e.g., Charbeneau 
(1999)]. 


The fundamental principles of creeping, or smail-inertia flows, are beautiful- 
ly demonstrated in a 33-min color video, “Low Reynolds Number Flows,” available 
from Encyclopedia Britannica Education Corp. The video was prepared from a 
color film produced 40 years ago under the sponsorship of the National Science 
Foundation. It is a historical document because its narrator is Sir Geoffrey Taylor, 
whose collected works contain scores of important contributions to our knowledge 
of fluid mechanics. 

Finally, we should not fail to mention the interesting flow-visualization device 
constructed by Hele-Shaw (1898), wherein the streamlines of creeping motion in a 
narrow passage with an obstacle are shown to be identical to the potential (inviscid) 
flow about that same obstacle. As analogies go, this is certainly an ironic one. 


3-9.1 Creeping Flow about Immersed Bodies: 
Stokes Paradox 


This subject began with a solution for sphere motion given by Stokes (1851). Many 
solutions exist for three-dimensional bodies, but plane flows are fraught with paradox. 
As pointed out by Stokes himself, it is impossible to find a steady two-dimensional 
solution which satisfies both Eq. (3-206) and the no-slip and freestream boundary 
conditions. Three-dimensional flows do not have this problem, but they are slightly 
unrealistic in that the inertia terms are not strictly negligible in the far field of the 
body [Oseen (1910)]. 

We can illustrate the Stokes paradox with a dimensional argument: If inertia 
(density) is truly negligible, the force on the body must depend only upon 
freestream velocity U, fluid viscosity u, and body-length scale L: 


Two-dimensional flow: 
F’ = force per unit length = f(U, u, L) (3-207a) 
Three-dimensional flow: 
F = total drag force = f(U, m, L) (3-207b) 


Dimensional analysis of these relations leads to the force laws 
Two-dimensional: ae const (3-208a) 


Three-dimensional: ——- = const (3-208b) 
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The second of these is quite realistic and verified by numerous experiments, but the 
first is physically in error, since it implies that the drag force is independent of the 
size L of the body, whether huge or tiny. It follows that there must always be a den- 
sity effect in plane creeping motion: 


Two-dimensional: 
F’ = f(p, U, u, L) 
or (3-209) 


F' puL 

N E) 
The Reynolds number is always important, then. Mathematically, the Stokes para- 
dox means that a plane creeping solution will produce a logarithmic singularity at 
infinity unless inertia terms are accounted for. Physically, we can infer that a body 
of infinite depth produces such a profound disturbance in a viscous flow that iner- 
tia effects are always important, no matter how slow the freestream speed. Langlois 
(1964) explains these difficulties very well. 

To this writer’s surprise, it turns out that the Stokes paradox is not so robust 
for nonnewtonian fluids. With a simple analysis for power-law fluids in two- 
dimensional flow past a cylinder, Eq. (1-31a), Tanner (1993) shows that the 
paradox holds only for n = | (newtonian fluid) and for n > 1 (dilatant or shear- 
thickening fluid). Both these cases, n = 1, have density (inertia) effects no matter 
how large the effective viscosity. However, form < 1 (pseudopiastic or shear-thinning 
fluid), Tanner shows that the Stokes paradox vanishes and the creeping-flow cylinder 
drag is independent of the density. 


3-9.2 Stokes’ Solution for an Immersed Sphere 


Consider creeping motion of a stream of speed U about a solid sphere of radius a 
(Fig. 3-35). It is convenient to use spherical polar coordinates (r, 0), with @ = Qin 
the direction of U. The velocity components u, and u, are related to the Stokes 
stream function by the relations 


1 oO 1 əy 
—— — = =- ———— -210 
r? sin @ 30 o rsin dr G ) 


u, 


These satisfy the continuity relation identically. The momentum equation then 
becomes 


8? 1a cot ð y 
+55 -S%-)y=0 3-211 
(4 r? ag? r? 06 Y ( ) 


Note that this is slightly more complicated than the biharmonic operator of 
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FIGURE 3-35 
Comparison of creeping flow (left) and potential flow (righr) past a sphere. 


Eq. (3-206) because of the three-dimensional geometry. The boundary conditions 
are 


ð ð 
Atr= a: aa = E = 0 
(3-212) 
As r —> oO: wy — $ Ur’ sin? @ + const 


The problem appears formidable, but in fact it yields readily to a product solution 
wir, @) = f(r)e(@). With this broad hint, we substitute in Eq. (3-211), satisfy 
Eq. (3-212), and find the solution of Stokes (1851) for creeping motion past a sphere: 


2 
y= + ya sin’ o(4 meee 2") (3-213) 
r a a 

The velocity components follow immediately from Eq. (3-210): 


a 3a 
kK. = U cos o( 1 roa oe 


a 3a 
= u sin o(—1 + rie + e 


~ 


(3-214) 


u 


D 
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Compared to the previous array of analyses in this chapter, this celebrated solution 
has several extraordinary properties: 


1. The streamlines and velocities are entirely independent of the fluid viscosity. 
Upon reflection, we deduce that this is true of all creeping flows. 

2. The streamlines possess perfect fore-and-aft symmetry: There is no wake of the 
type shown in Fig. 1-6. It is the role of the convective acceleration terms, here 
neglected, to provide the strong flow asymmetry typical of higher Reynolds 
number flows. 

3. The local velocity is everywhere retarded from its freestream value: There is no 
faster region such as occurs in potential flow (Fig. 3-35) at the sphere shoulder 
(where ug = 1.5U). 

4. The effect of the sphere extends to enormous distances: At r = 10a, the veloci- 
ties are still about 10 percent below their freestream values. 


With u, and ua known, the pressure is found by integrating the momentum 
relation, Eq. (3-203). The result is 
3pau 
2r? 
where poo is the uniform freestream pressure. Thus the pressure deviation is pro- 
portional to u and antisymmetric, being positive at the front and negative at the rear 


of the sphere. This creates a pressure drag on the sphere. There is also a surface 
shear stress which creates a drag force. The shear-stress distribution in the fluid is 


given by 
] ðu, ðu u HU sin 8 / 3a? 
ro = ee He) = Sne (3-216) 


P = Poo cos @ (3-215) 


r 2r 


The total drag is found by integrating pressure and shear around the surface: 


-f To snoda ~ | p 
0 r= a 0 


dA = 27a’ sin 8 dé (3-217) 
F = 4r7puUa + 27pUa = 6ruUa 


F 


Il 


cos@ dA 


rEg 


This is the famous sphere-drag formula of Stokes (1851), consisting of two-thirds 
viscous force and one-third pressure force. The formula is strictly valid only for 
Re << 1 but agrees with experiment up to about Re = 1. 

The proper drag coefficient should obviously be F/uUa = 67 = const, but 
everyone uses the inertia type of definition Cp = 2F/pU?(area), which is nearly 
constant at high Reynolds numbers. Thus the sphere drag is written as 


sie A os 
j pra Re 
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where 


2apU 
Re = -u (3-218) 


As noted earlier, this introduces a Reynolds number effect where none exists. The 
formuła underpredicts the actual drag when, for Re > 1, an unsymmetrical wake 
forms and, for Re > 20, the flow separates from the rear surface, causing markedly 
increased pressure drag. 

The Stokes flow streamlines from Eq. (3-213) are compared in Fig. 3-35 with 
the streamlines for inviscid (potential) flow past a sphere, for which the classical 
solution [e.g., White (2003)] is 


a Mp7 Oe 3 a 
y= 5 Ur‘ sin a(1 = z) (3-219) 
Y 

When we compare streamlines past a fixed sphere, the two are superficially simi- 
lar, except that the Stokes streamlines are displaced further by the body. However, 
the difference is striking when we compare (Fig. 3-35) streamlines for a sphere 
moving through a fixed fluid, which we calculate by subtracting the freestream 
function lur? sin? 0 from Eq. (3-213). The sphere moving in potential flow shows 
circulating streamlines, indicating that it is merely pushing fluid out of the way. By 
contrast, the creeping sphere seems to drag the entire surrounding fluid with it, and 
recirculation is absent. 


3-9.3 Other Three-Dimensional Body Shapes 


In principle, a Stokes flow analysis is possible for any three-dimensional body 
shape, providing that one has the necessary analytical skill. A number of interest- 
ing shapes are discussed in the texts by Happel and Brenner (1983) and Clift et al. 
(1978). Of particular interest is the drag of a circular disk: 


Disk normal to the freestream: F = 16nUa (3-220a) 


Disk parallel to the freestream: Fo 2uUa (3-220b) 


Here a is the radius of the disk. It is interesting that the values differ only by —15 
and —43 percent, respectively, from the drag of a sphere, in spite of the vastly differ- 
ent geometry and orientation. Thus we would expect the Stokes sphere law to be 
accurate for roughly spherical bodies, such as grains of sand or dust particles, and the 
estimate F = 6ruUa is often used in analysis of creeping motion of small particles. 

Another shape of interest is the spheroid in Fig. 3-36a. The spheroid shown 
is prolate, a > b; it may also be oblate, a < b. The flow may either be tangential 
(U,) or normal (U,,) to the axis of revolution. In either case, the drag force has the 
Stokes form 


F = CyuUb C = const 
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FIGURE 3-36 

Forces on a body in creeping flow may be super- 
imposed from tangential and normal components 
of the velocity vector: (a) ellipsoid geometry; (b) a 
nonhorizontal needle falls at an angle. 


The exact solutions are rather lengthy and are given by Happel and Brenner (1983). 
Clift et al. (1978) give the following curve-fit formulas: 
4 + a/b 

5 


3 + 2a/b 
C: ~ 67 — s 


C, S ÓT 
(3-221) 


valid to +10 percent error in the range 0 < a/b < 5. When a >> b, the spheroid 
resembies a rod or needle, and the following asymptotic formulas apply: 


4ira/b 
In (2a/b) — 0.5 


C, = 2C, 


The drag of a needle is twice as large for flow normal to its axis compared to flow 
along the axis. 

The linearity of creeping motion means that normal and tangential flows may 
be superimposed without interaction. Suppose that the flow approaches the sphe- 
roid in Fig. 3-36a with velocity U at an angle a to its axis. Then one may break the 
velocity into components U, = U sina and U, = U cos œ and compute the force 
components F, = C,uU,b and F, = CU, b. Then the total force on the body is 
the vector sum of F,, and F,. 


a >> b; C, © 
(3-222) 
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FIGURE 3-37 

Separation occurs in creeping flow past sharp-cornered obstacles: (a) plane flow past a vertical fence at 
Re = 0.014; (b) plane flow past a step at Re = 0.01 (in either direction). [Experimental visualization by 
aluminum particles in glycerin by Taneda (/979).} 
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When falling unsymmetrically, such bodies behave in an interesting way. 
Consider the needle in Fig. 3-366, oriented with its axis at an angle @ to the hori- 
zontal. It must fall such that its total fluid force F is vertical to balance the body 
weight. Since C, = 2C, it falls at angle @ with respect to its axis such that 
F,/F, = 2 sin d/cos @ = tan (90° — 8), or 


Falling rod or needle: 2 tand = cot 0 


This is illustrated in Fig. 3-36b. For example, if 0 = 20°, then @ = 54°, or the 
needle moves along a direction (20° + 54°) or 74° from the horizontal. 

All of these forces are “in the ballpark” of the drag of a sphere of roughly the 
same size, i.e., shape effects do not vastly alter the drag. A remarkable theorem due 
to Hill and Power (1956) states that the Stokes drag of a body must be smaller than 
any circumscribed figure but larger than any inscribed figure. We can bound the 
drag of a particle of sand, for example, between inscribed and circumscribed 
spheres. 

All of the immersed-body flows discussed have smooth streamlines near their 
surface with no separation. This is characteristic of rounded bodies in creeping 
flow. However, bodies with sharp comers or projecting appendages do show flow 
separation. Figure 3-37 illustrates two cases realized experimentally by Taneda 
(1979). In Fig. 3-37a, symmetric standing vortices form on either side of a plate or 
fence projecting into the flow. In Fig. 3-375, a standing vortex forms in the corner 
region of a step in a wall; like all creeping flows, the direction of the flow may be 
reversed without any change in the pattern. Both parts of Fig. 3-37 are in good 
agreement with analytical solutions for the same cases. 


3-9.3.1 CREEPING FLOWS ARE KINEMATICALLY REVERSIBLE. An important 
aspect of creeping flow is reversibility. Since the basic differential equation is lin- 
ear, if a solution W is found, then its negative is also a solution. The streamlines can 
go either way. In Fig. 3-35 for Stokes flow, the arrows could be reversed with no 
penalty. This would change the signs of the viscosity-induced pressures and shear 
stresses, and the drag force would act to the left and still equal 6r uUa. If the body 
is symmetric, as in sphere flow, the fore-and-aft streamlines would be mirror 
images. Look ahead to another example in Fig. 3-50a for a perfectly symmetric, 
reversible creeping flow through an orifice. 

Note that reversibility is also true of inviscid potential flow, which is itself gov- 
erned by a linear relation, Laplace’s Eq. (2-69), where œ denotes the velocity poten- 
tial of the flow. Thus the arrows can also be reversed on the sphere potential flow in 
Fig. 3-35 and, in like manner, for the inviscid cylinder flow in Fig. 1-4. 


3-9.4 Two-Dimensional Creeping Flow: 
Oseen’s Improvement 


As mentioned, the Stokes paradox is that a two-dimensional creeping flow cannot 
satisfy all boundary conditions without including inertia. Even three-dimensional 
flows are not rigorously valid in the far field. Oseen (1910) removed the paradox by 
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adding ad hoc linearized convective acceleration to the momentum equation: 
Vv 
pus = -Vp + pV?V (3-223) 


where U is the stream velocity acting in the x direction. Equation (3-223) is linear 
and can be solved for a variety of flows, as discussed in the texts by Oseen (1927) 
and Lamb (1932). For an immersed body, the solutions are unsymmetrical and 
show a wake but no separation. For sphere flow, the Oseen approximation adds an 
additional term to Eq. (3-218): 


Cr rat + = Re + e) (3-224) 
Other workers have used asymptotic analyses to add to this expression. As 
reviewed by Proudman and Pearson (1957), the next term in parentheses should be 
{9Re? (In Re)/160], but this diverges greatly for Re > 3. The idea of using creeping 
flow to expand into the higher Reynolds number region has not been successful. 

The Stokes paradox is not really a fundamental barrier. It is a failure of the 
lowest order theory to match flow conditions. Oseen’s ad hoc idea is worthy, but the 
“paradox” has now been truly resolved by the newer asymptotic methods that 
develop systematic analyses of the governing equations. Asymptotic methods are 
beyond the scope of this text and may be studied in specialized monographs such 
as Cebeci and Cousteix (1998) and Nayfeh (2000). 

Figure 3-385 compares the Stokes Eq. (3-218) and Oseen Eq. (3-224) theories 
with experimental data for the drag of a sphere. For Re > 1, neither expression is 
accurate and the data seem to lie in between. Since the sphere geometry is important 
in engineering, we offer the following curve-fit formula for the (laminar-flow) data: 


Pe e EES) 
wm Ret Ta VR 


which is also plotted in Fig. 3-38. The accuracy is +10 percent up to the “drag cri- 
sis,’ Rep = 250,000, where the boundary layer on the sphere becomes turbulent, 
markedly thinning the wake and reducing the drag. The drag crisis occurs slightly 
earlier with rough surfaces or a fluctuating freestream. 

The Oseen Eq. (3-223) can also be solved for various two-dimensional bodies. 
Of special interest is the drag on a flat plate of length Z placed parallel to the stream 
from Lewis and Carrier (1949): 

, R eas 4r i 
Plate: Cp = DUL Rel — I + in(l6/Re,)] (3-226) 
where F” is the drag per unit depth and = 0.577216... is Euler’s constant. Note 
that the drag depends upon density no matter how smali the Reynolds number. 

The Oseen solution for the drag of a cylinder in crossflow is given by 
Tomotika and Aoi (1951): 

2F’ 8a 


Cylinder: Cp = PUD = Re,[0.5 — T + In(8/Re,)] (3-227) 


a 4 O05 Re=2xX10° (3-225) 
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Cylinder data: 
o Tritton (1959) 


* Wieselberger (1914) 
Effect of 
roughness or 
freestream 

turbulence 


Oseen—Lamb, 
Eq. (3-227) 


Dru Data from 
3 (3-224) many sources 


Stokes, 
Eq. (3-218) 


FIGURE 3-38 


Comparison of experiment, theory, and empirical formulas for drag coefficients of a cylinder and a sphere 
(smooth walls): (a) cylinder; (b) sphere. 


Figure 3-38a compares this expression with data for the drag of cylinders by Tritton 
(1959) and Wieselberger (1914). The formula fits up to about Re ~ 1 and then 
diverges. The author earlier offered the following simple curve-fit formula: 


; 10.0 
Cp Sel oF (3-228) 
Rex? 


cylinder 
which is in fair agreement up to the drag crisis, Re * 250,000. Sucker and Brauer 
(1975) offered a better curve-fit formula for the same data: 


6.8 1.96 0.0004Rep 
C =~ 1.18 + CS Se 3-229 
Deyiincer Reg? Reg mes 1 + 3.64E—7 Rez, ( ) 
valid with good accuracy for 107+ < Rep < 2 X 10°. Textbooks which cover par- 
ticle drag and motion are by Clift et al. (1978) and Sirignano (1999). 
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FIGURE 3-39 
Streamlines for Stokes flow past a liquid droplet. See also Fig. 3-48. 


3-9.5 Creeping Flow Past a Fluid Sphere 


A large variety of creeping-motion solutions are given in the texts by Langlois 
(1964) and Happel and Brenner (1983). A particularly interesting solution is the flow 
past a spherical droplet of fluid. The outer stream has velocity U at infinity and vis- 
cosity jp, and the droplet has viscosity yz; and a fixed interface. The boundary con- 
ditions at the droplet interface would be (1) zero radial velocities and (2) equality of 
surface shear and tangential velocity on either side of the interface. The solution was 
given by Rybczynski (1911) and independently by Hadamard (1911), and the drag 
force on a droplet is given by 


1 + 2uo/3ki 
l + Ho/ki 


For u; => Ho, this simulates a solid sphere (Stokes solution), for which 
F = 67ap,U. For u; << mo, this simulates a gas bubble in a liquid, for which 
F = 4rapoU. A liquid droplet in another liquid would lie in between. Surface ten- 
sion does not contribute to this drag force. Some streamlines of the flow are shown 
in Fig. 3-39. These patterns were verified in experiments by Spells (1952). 
For higher Reynolds numbers (> 1.0), the flow changes character into a nearly irro- 
tational outer flow about a droplet which distorts gradually into nonspherical, 
mushroom-like shapes. 


F = 6rraptoU (3-230) 


3-9.6 Boundary-Element CFD 
Creeping-Flow Solutions 


Naturally most of our analytical creeping-flow solutions are for simple body shapes 
and walls. For more complex geometries, the boundary-element method (BEM)—see 
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Beer (2001) or Wrobel (2002)—is ideal because the creeping-flow equations are lin- 
ear. Computations are compact and economical because no internal nodes are need- 
ed. One sums elemental biharmonic or Stokesian solutions to make the element 
strengths match the boundary conditions (no slip or streaming flow or a porous wall, 
etc.). Here are some recent examples of BEM creeping flows. 

Trogdon and Farmer (1991) compute unsteady creeping flow through an ori- 
fice. Keh and Chen (2001) consider creeping flow of a droplet between plane walls. 
Vainshtein et al. (2002) study creeping flow near a permeable spheroid. Richardson 
and Power (1996) report BEM results for flow past two porous bodies of arbitrary 
shape. Roumeliotis and Fulford (2000) compute interactions between droplets. Lin 
and Han (1991) report a variety of BEM simulations: a rectangular cavity, a square 
bank, flow over a fence, and flow past a cylindrical arc. All these results are in good 
agreement with known experiments and theories. We conclude that any sensible 
creeping flow can be computed and analyzed with reliability and accuracy. 


3-9.7 Heat Transfer in Creeping Motion 


Temperature and heat transfer in Stokes flow can be computed from the linearized 
energy equation, including an Oseen term: 


pe,U 22 = KVT (3-231) 


where U is the (constant) freestream velocity. This relation is entirely uncoupled 
from the companion Stokes—Oseen velocity distribution. Typical boundary condi- 
tions would be known temperatures at the wall, T, and in the stream, Top. 
Nondimensionalization of Eq. (3-231) would yield a single parameter, the Peclet 
number Pe = RePr = pc,UL/k. The mean Nusselt number would be defined as 


Nu = ak 
"m — KT, — Too) 


and would vary only with the Peclet number and the geometry. 
Fhe solution for flow past a sphere (L = 2a) was given by Tomotika et al. 
(1953): 


Nun, sphere — 2.0 + O0.5PrRe + O(Pr Re?) TE (3-232) 


The first term (2.0) is the Stokes theory, and the second term is the Oseen correc- 
tion. When compared with sphere data in Fig. 3-40b, this formula is seen to be 
strictly qualitative. The curve-fit expression shown in the figure is the suggested 
formula 


Nun, spnere © 2.0 + 0.3Pr'PRees (3-233) 


which seems to agree with both liquid- and gas-flow data. If physical-property vari- 
ations are important, it is suggested that u, k, and c, all be evaluated at the so-called 
film temperature (7. + T,.)/2. 
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FIGURE 3-40 
Comparison of theory and experiment for heat transfer from air to (a) cylinders and (b) spheres. 


Tomotika et al. (1953) also obtained the Oseen solution for flow past a circular 
cylinder. The mean heat transfer (L = 2a) is given by 


Pr*Re* 
Nip cylinder = B — ~z (16 + B?) 
where B = am (3-234) 
In(8/PrRe) — T 
where F = 0.577..., as before. This formula is compared with cylinder data for 


airflow by Hilpert (1933) and is seen to be of very limited utility. A better formula 
was suggested by Kramers (1946) as a curve fit 


Nu,,, cylinder S 0.42Pr°? + 0.57Pr'Ž Reg? (3-235) 
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valid for 0.1 < Rep < 10*. This formula follows King’s law, q, = a + bVU, 
predicted in an earlier study by L. V. King in 1914. It may be used to design the 
hot-wire anemometer, a fundamental] instrument for the study of turbulence [see, 
e.g., Goldstein (1996)]. A fine wire mounted between two needles is the “cylinder 
in crossflow.” If a current 7 is passed through the wire and the wire placed normal 
to a moving stream U, then 7 will be a measure of U. If the wire is held at constant 
temperature (constant resistance), Eq. (3-235) predicts a relation of the form 
P = a + bU'”, where a and b are constants. Equation (3-235) could be used to 
compute a and b, but it is better to actually calibrate the hot wire in a stream of 
known velocity. The good agreement of Kramer’s formula suggests that for air, 
with a typical wire diameter of 0.001 in., a hot-wire anemometer should be accu- 
rate in the velocity range suggested by Hinze (1975): 


4.0 = U = 4.0 < 10° cm/s (3-236) 


which is a vast span, certainly sufficient for most experimental purposes. 

Note that the cylinder data in Fig. 3-40a fall above Kramer’s formula Eq. (3-235) 
for Re > 10°. This is attributed to noisiness or “freestream” turbulence in the 
oncoming stream approaching the cylinder. It is thought that the stream fluctuations 
trigger concave streamwise “Görtler vortices” (see Fig. 5-23) near the front of the 
body, increasing the nose heat transfer. Stream turbulence also hastens the onset of 
the drag crisis (Fig. 3-384), causing increased (turbulent) heat transfer at the rear of 
the cylinder. This subject is discussed in detail in the monograph by Zukauskas and 
Ziukzda (1985). 

We close this section by noting that the basic idea of Stokes or creeping flow 
is valid tor Re << | but has not been successfully extended or modified into an 
accurate simulation of immersed-body flows when Re > 1. We will give a few 
more Stokes flow examples as problem exercises. 


3-9.8 Lubrication Theory 


The lubrication or friction reduction of two bodies in near contact is generally 
accomplished by a viscous fluid moving through a narrow but variable gap between 
the two bodies. One or both bodies may be moving. The theory was developed by 
Reynolds (1886). 

An idealization of this problem is the slipper-pad bearing shown in Fig. 3-41. 
The bottom wall moves at velocity U and creates a Couette flow in the gap. Let us 
assume for the present that the upper block is fixed. The gap is very narrow, 
h(x) << L, and it decreases from họ in the entrance to h, at the exit. The problem 
is to find the pressure and velocity distribution. 

Assume in Fig. 3-41 that the flow is two-dimensional, that is, 6/ðz = 0 into 
the paper. Further assume Stokes flow, i.e., negligible inertia. This requires that 
pu du/ax << pu d7u/dy’, or, approximately, 


> 
U Uy 
PUT << u(Z) 
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FIGURE 3-41 
Low Reynolds number Couette flow in a varying gap: To maintain continuity, the gap pressure rises to a max- 
imum and superimposes Poiseuille flow toward both ends of the gap. 


or, finally, 


Thus the Reynolds number Re, can be large if the gap is very small. As a practical 
example, take U = 10 m/s, L = 4 cm, A = 0.1 mm, and SAE 50 lubricating oil, 
with v ~ 7E—4 m?/s. Then Re, = 570, but Re,h?/L’ = 0.004. It is thus accept- 
able to neglect inertia in this case. 

Now examine Fig. 3-41. The simple linear Couette flow profiles, shown as 
dashed lines at the entrance and exit, are impossible for this geometry because con- 
tinuity is violated. The mass flow at the entrance would exceed the exit flow. To 
relieve this difficulty, high pressure develops in the gap and causes Poiseuille (par- 
abolic) flow toward borh ends of the gap, just sufficient to make the mass flow con- 
stant at every section x. 

At any section in the gap, then, the local velocity profile is combined 
Couette—Poiseuille flow, from Eq. (3-42) modified for the new coordinates: 


sb AE SOD SF tes ys 
u = Dyn Ox yy — kh) + u(i z) (3-237) 
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The correct distribution p(x) is one which everywhere satisfies the continuity 
Eq. (3-1) for two-dimensional flow in the gap: 


D= A dy = —v(h) + v(0) (3-238) 


where in this particular case we are edi that the vertical velocities v(#) and 
v(0) are zero at both walls. 

Substituting for u from Eq. (3-237) and carrying out the integration in 
Eq. (3-238), we obtain a second-order differential equation for the pressure: 


ajeg P |= T y% (3-239) 


Here we assume U is constant and that the gap variation h(x) is known. We then find 
p(x) subject to the conditions p(0) = p(L) = pæ. Equation (3-42) is a simplified 
form of the Reynolds (1886) equation for lubrication. The development of Eq. (3-239) 
from Eqs. (3-237) and (3-238) is an excellent exercise, involving Leibnitz’ rule, 
which we give as a problem assignment. 


3-9.8.1 SOLUTION FOR A LINEARLY CONTRACTING GAP. Equation (3-239) 
may be integrated numerically for any gap variation h(x). A closed-form solution is 
possible for a linear gap as in Fig. 3-41: 


h = ho + (hy — ho) F 


We may substitute in Eq. (3-239) and carry out the double integration. The algebra 
is quite laborious and we give only the final result: 


P — Poo _ 6L — x/LX1 — h;/ho) (3-240) 

pUL/h (l + Ay/ho) LL — (A — hi/hox/ LF? 
This expression is plotted in Fig. 3-42 for various values of the gap contraction ratio 
hı /ho. When the contraction is only slight, the pressure distribution is nearly sym- 
metric, with Pmax at x/L = 0.5. As the degree of contraction increases, Pmax 
increases and moves toward the exit plane. The maximum pressure rise is of the 
order of (uUL/hĝ) and can be amazingly high. For our previous example, SAE 50 
oil with U = 10 m/s, L = 4 cm, and hy = 0.1 mm, we may compute that 
(HULIR) = 2.5E7 Pa, or 250 atm. This provides a high force to the slipper block 
which can support a large load without the block touching the wall. 

Recall that Stokes flows, being linear, are reversible. If we reverse the wall in 

Fig. 3-41 to move to the left, that is, U < O, then the pressure change in Eq. (3-240) 
is negative. The fluid will not actually develop a large negative pressure but rather 
will cavitate and form a vapor void in the gap, as is well shown in the G. I. Taylor 
film “Low Reynolds Number Hydrodynamics” mentioned earlier on p. 167. Thus 
flow into an expanding narrow gap may not generally bear much load or provide good 
lubrication. This effect is unavoidable in a rotating journal bearing, where the gap 
contracts and then expands, and partial cavitation often occurs. 
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FIGURE 3-42 
Pressure distribution in a two-dimensional linear-gap slipper-pad bearing, from Eq. (3-240). 


3-9.8.2 THE GENERAL REYNOLDS EQUATION. In a general lubrication problem, 
both the upper and lower walls in Fig. 3-41 may be moving tangentially and nor- 
mally, and the depth into the paper may be small, inducing a flow in the z direction. 
It is assumed there is no translation of the walls in the z direction. The complete 
derivation for this case is given, for example, in the text by Szeri (1998). The pres- 
sure now varies with both x and z and satisfies the following: 


ə a 
TG 2) š 2 (e2) = 6p 2th (UO) + U(A)}] + 12ufVih) — VO] 
(3-241) 


where, in general, h = h(x, z). This is the three-dimensional Reynolds equation for 
incompressible fluid lubrication. The pressure must be known on all four open sides 
of the gap. 


3-10 COMPUTATIONAL FLUID DYNAMICS 


This chapter has nearly exhausted the number of types of exact analytic solutions 
presently possible with viscous flows. The remainder of the text is primarily con- 
cerned with the boundary-layer (thin-shear) approximation. But there is still an 
important method of simulating viscous flows, often with nearly exact results: 
numerical analysis on a digital computer. One replaces the partial differential 
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equations of continuity, momentum, and energy by algebraic approximations 
applied at a finite number of discrete mesh points. Subject to certain restrictions on 
the Reynolds number, mesh spacing, and time increment, the results can be remark- 
ably accurate, detailed, and useful. Three-dimensional flows can be modeled, and 
there is no need to assume boundary-layer (parabolic) behavior. 

Laminar flows—the subject of the present chapter—are well adapted to near- 
exact simulation, subject only to limitations of computer size and speed and possi- 
ble irregularities in the shape of the flow region. Turbulent flows (Chap. 6) can be 
computed accurately by direct simulation at very low (transitional) Reynolds num- 
bers, but may be computed only approximately at high Reynolds numbers, using a 
variety of turbulence-modeling assumptions. The accuracy of turbulence models is 
variable at present, being only fair in reverse-flow or “recirculating” situations, but 
modeling and database improvements are being published regularly. 

The algebraic simulation of a partial differential equation has taken two paths: 
(1) finite differences and (2) finite elements. The finite-difference technique 
{Lapidus and Pinder (1999)} constructs algebraic mesh-point models of the partial 
derivatives, whereas finite-element methods [Huebner et al. (2001)] model the 
functions themselves over regions between mesh points. Both schemes have been 
liberally applied to viscous flows, but finite differences are somewhat more popu- 
lar, perhaps due to a feeling that finite elements, though pleasingly adaptable to 
irregular geometries, are somewhat slower and require more computer storage. 
However, a convincing argument in favor of finite elements is given in the text by 
Pironneau (1989). A special case of finite elements, called the boundary-element 
method, is applicable to linear viscous flows [Beer (2001) and Wrobel (2002)] and 
requires no mesh points whatsoever in the interior of the flow. 

There is a third CFD option, spectral methods, now becoming popular. These 
methods approximate the desired solution by sophisticated trial functions that cover 
a wide region, not just one element as with FDM and FEM methods. Typical approx- 
imating functions are Fourier, Chebyshev, or Legendre series. The exact solution is 
usually approached by minimizing the errors with the method of weighted residuals 
(MWR). Spectral methods have been the topic of at least four recent monographs, 
Guo and Kuo (1998), Karniadakis and Sherwin (1999), Trefethen (2001), and Peyret 
(2002). These ideas may be applied to the full Navier-Stokes equations. 

There is, finally, a fourth CFD option that does not model the Navier-Stokes 
equations, but rather models the flow itself. These are vortex methods, wherein both 
inviscid and viscous flows are simulated by summing hundreds, perhaps thousands, 
of elementary vortices to construct a model of a flow. Details are given in the texts 
by Cottet and Koumoutsakos (1999) and by Kamemoto and Tsutahara (2000). 


3-10.1 Overview of the Literature 


It would be an understatement to say that the literature on computational fluid 
dynamics has exploded. The emergence of the digital computer has provided an 
irresistible tool for numerical investigations. Although Prandtl and others had 
developed pencil-and-paper marching methods for (parabolic) boundary layers 
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prior to the computer era, very few workers had the patience, desire, or ability to 
attempt a hand computation of a fully elliptical viscous flow. One of these pioneers 
was Thom (1933), who calculated, by hand, a remarkably accurate solution of flow 
past a circular cylinder at Rep = 10. The advent of the computer has created a new 
industry and a vast literature for numerical modeling. 

The fluids engineering community is now blessed with a multitude of new 
monographs on computational fluid dynamics and/or heat transfer. Earlier clas- 
sics, admired by this writer, were by Roache (1976), Patankar (1980), Peyret and 
Taylor (1983), Sod (1985), Jaluria and Torrance (1986), Minkowycz et al. (1988), 
Pironneau (1989), and Anderson (1995). Add to these a group of newer texts, in 
alphabetical order: Blazek (2001), Chung (2002), Ferziger and Peric (2001), Garg 
(1998), Hoffmann and Chiang (2000), Lohner (2001), Lomax et al. (2001), 
Tannehill et al. (1997), Versteeg and Malalasekera (1996), and Wesseling (2001). 
And there are more to come: Aref (2004), Caughey and Hafez (2004), Engquist 
and Rizzi (2004), and Morgan (2004). Some wider-ranging exact-solution stud- 
ies are reported by Hamdan (1998), Profilo et al. (1998), and Bourchtein (2002). 
One should also understand the generation of numerical grids: Carey (1997), 
Thompson et al. (1998), and Miles and Farrashkhalvat (2003). The mathematics 
of numerical discretization is covered by Hirsch (1988). For readers new to 
numerical analysis, the general texts by Lucquin and Pironneau (1998) and Moin 
(2001) show how to handle basic numerical partial differential equations, includ- 
ing FORTRAN and BASIC codes and software. The present text cannot possibly 
compete with these monographs and will simply present a brief overview. 

The traditional general fluid-flow and heat-transfer journals continue to pub- 
lish numerical studies: Journal of Fluid Mechanics, Journal of Fluids Engineering, 
Journal of Heat Transfer, Physics of Fluids, International Journal of Heat and 
Mass Transfer, Heat and Fluid Flow, and the AIAA Journal. In addition, a number 
of numerically oriented, fluids-friendly journals have emerged, in alphabetical 
order: Applied Mathematics and Computation, Applied Numerical Mathematics, 
Computational Mechanics, Computer Methods in Applied Mechanics and 
Engineering, Engineering Analysis with Boundary Elements, International Journal 
of Fluid Mechanics Research, International Journal for Numerical Methods in 
Engineering, International Journal for Numerical Methods in Fluids, Journal of 
Computational Physics, Numerical Heat Transfer (A) Applications and (B) 
Fundamentals, Numerical Methods in Heat Transfer, Numerical Methods for 
Partial Differential Equations, and SIAM Journal of Numerical Analysis. One could 
use help in keeping up with such a burgeoning paper mass. 


3-10.2 Finite-Difference Approximations 


Finite differences simulate a partial derivative by an algebraic difference between 
discrete mesh points. Consider a two-dimensional flow property Q(x, y), where Q 
could be velocity, pressure, temperature, etc. In numerical modeling, Q is comput- 
ed only at a finite number of mesh points, usually equally spaced. A typical two- 
dimensional mesh is shown in Fig. 3-43. The spacings Ax and Ay need not be the 
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Qi, n+t 


FIGURE 3-43 
A typical rectangular finite-difference mesh, showing a discrete point property Q n.a = Q (x, y} surrounded 
by its eight neighbors. 


same. To avoid a lot of parentheses, we adopt the subscript notation (m, n) shown 
for any particular location: 


Omn = Q(x, y) T OX F mAx, Yo + n&y) 


The economy of description is immediately evident. 

Partial derivatives are then approximated by using the mesh points in 
Fig. 3-43. For example, (8Q/dx) at (x, y) may be simulated by a forward, backward, 
or central “difference”; 


re) On n = Q 7 
2g (x, y) = a rms + (Ax) forward 
Cy F a Qm- n 
ro dea Eg O(Ax) backward 
Ax 
Saree = Qm-ı. 


E O(A2’) central (3-242) 


2 


2Ax 
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where O(Ax) means that the error in the approximation decreases linearly as the 
mesh spacing Ax decreases. Here the central difference is obviously more accurate, 
but it may lead to numerical problems in a full simulation. Similar approximations 
hold for (@Q/dy) and (0Q/91). 

By subtracting a backward from a forward difference in Eq. (3-242) and 
dividing by Ax, we simulate a second derivative: 


RO, Omi no 2O m n + Oo n 
— (x, y) = — H OAr? 3-243 
a2 (x, y) TA? (Ax*) ( ) 
with an exactly analogous expression for (0°Q/dy’): 
3? On n T 20), n T Qm n= 
Q Arl e er) Ay) (3-244) 


ay? PMS (Ayy 


Summing these two expressions gives a finite-difference approximation for the 
Laplacian of Q. For the common case of a square mesh, Ax = Ay = h, 


Qmtln + OF a + On n+1 + Oaai ~ 40. 
h? 

The idea of this approximation is taken in at a glance by sketching what Milne 

(1953) calls a stencil, a term taken from the days when such computations were 


made by hand. Equation (3-245) is not unique. Here are three equivalent stencils 
for the Laplacian in a square mesh: 


AQ = “+ Oh?) (3-245) 


All have errors of O(h7). The third stencil has a much smaller absolute error than 
the first two but is seldom used because of the extra computation needed and diffi- 
culties at the boundaries. The previous examples give an idea how finite-difference 
approximations are constructed. Texts on numerical methods give whole arrays of 
alternative difference models, e.g., Lucquin and Pironneau (1998), Moin (2001), or 
Lapidus and Pinder (1999), 


3-10.3 Application to One-Dimensional 
Unsteady Laminar Flow 


As an example of a finite-difference solution, consider one-dimensional unsteady 
flow with no pressure gradient, as discussed earlier in Sec. 3-5: 


2 
OW x. OU (3-246) 


188 viscous FLUID FLOW 


subject to various boundary conditions such as the Stokes moving-wall problems of 
Fig. 3-18. 
To include time in the notation, we use the superscript j as follows: 


us, n = Ux, y, 1) = U(X + MAX, yo + NAY, ty + JAD 


In the present case, Eq. (3-246), the m subscript is not needed. We adopt a forward 
difference for time and a central difference for the y derivative to model Eq. (3-246): 
ais = u’ ds J 2u, + wis 

Ar (Ay)? 
The truncation error is O(An) + O(Ay’). Rearrange this to solve for the next nodal 
velocity at time j + 1: 


ui! = oluf, + uf) +0 — 20u’, (3-247) 


where o = vAt/(Ay)’ is a dimensionless mesh-size parameter. Since the right- 
hand side contains known (previous) values, this method is called explicit, i.e., the 
new value of u/*! is computed immediately. However, there is a penalty for this 
algebraic ease: The coefficients of w/ must all be positive for numerical stability. 
Thus we are restricted to 


or (3-248) 
DA 


ats 2v 


For a given mesh size Ay, then, the time step Ar is limited—sometimes severely— 
by Eq. (3-248). Given appropriate initial and boundary values for the mesh 
points, a complete numerical solution can be generated by repeated application of 
Eq. (3-247). For example, for Stokes’ first problem, Fig. 3-18a, we would specify 
u>; = O at the initial time j = 1, plus u) = U at the wall, and tn = O for all j. 
We would limit Ar by Eq. (3-248) and continually check n,,,, to see that the solu- 
tion has not diffused that far. 

To avoid the limitation on time step, we may change the model so that the sec- 
ond derivative is evaluated at the new time step: 

uil -uh lth — uft + wlth 


At (Ay)? 


We may rearrange this as follows: 


-ouii + (Q + 2o0)uit! — ouit! x us (3-249) 


n n=] 


This an implicit method: When applied to each mesh point n, it results in a sys- 
tem of simultaneous algebraic equations. Since each equation contains only three 
unknowns centered around the diagonal of the coefficient matrix, the system may 
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be solved rapidly and easily by the tridiagonal matrix algorithm (TDMA), which 
will be described later in Sec. 4-7.2.1. There is no limitation, in this implicit 
method, on the time step, which can typically be an order of magnitude higher 
than that required by Eq. (3-248) and still achieve the same numerical accuracy. 

Slight complications arise in these one-dimensional models if the equations 
are non-linear, i.e., contain convective-acceleration terms. We will illustrate both 
explicit and implicit non-linear models in Sec. 4-7 by applying them to the laminar 
boundary-layer equations. 

More substantial complications arise if there are two dimensions or more. For 
example, suppose we wish to model the two-dimensional linear diffusion or heat- 
conduction equation, 


2 2 
x y 


The explicit algorithm, to be given as a problem exercise, has the stability limitation 
-a (3-251) 


This limitation is more restrictive than Eq. (3-248). 

If we develop an implicit model for Eq. (3-250), there will be a system of equa- 
tions each with five unknowns, corresponding to (m, n), (m,n + 1), (mn + 1,7). 
Further, the matrix of coefficients is not pentadiagonal, i.e., there are nonzero terms 
far removed from the main diagonal. One must therefore contemplate lengthier 
schemes such as (1) iteration, (2) Gauss elimination, or (3) inversion of a sparse 
N X N matrix. In fact, what is often done is to split the procedure into two appli- 
cations of the TDMA—one over a half time step in the x direction, then one over a 
second half time step in the y direction, each time using previous values for the 
additional two unknowns. This is the alternating-direction implicit (ADI) method 
developed by Peaceman and Rachford (1955). When applied to Eq. (3-250), the 
ADI model takes the form 


uit! — yi 


i ` : i 
Half-step 1: A œ pul y? + Sui, ,) (3-252) 
zât i 
j+tl uit! 
. mn ma 2. j+1/2 2 i+] 
Half-step 2: m Oa v(d2usel/? + 82 with) 
2 


where 5* denotes the second partial derivative difference model from Eqs. (3-243) 
and (3-244). In half-step 1, the TDMA is used for the east-west neighbors (n + 1), 
while half-step 2 sweeps the north-south neighbors (n + 1). Further details of the 
ADI scheme are given by Ferziger (1998). There are also alternating-direction 
explicit (ADE) methods which half-step forward without using the TDMA 
|Tannehill et al. (1997)]. 
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3-10.4 Modeling the Full Navier-Stokes 
Equations 


The Navier-Stokes equations are non-linear, nonunique, and multidimensional, 
and solutions often contain very fine details of flow structure. To model them 
numerically requires considerably more sophistication than the one-dimensional 
explicit and implicit models discussed in Sec. 3-10.3. The last two decades have 
seen marked progress in creating “Navier-Stokes solvers,” but three-dimensional 
complex-geometry flows remain challenging. 

There is no single model in use. The handbook by Minkowycz et al. (1988) 
outlines, in detail, four different finite-difference models and two different finite- 
element models. Some of these—and related formulations—have been developed 
into commercial codes which a user can purchase, add boundary conditions, and 
get immediate results, especially for two-dimensional steady flows. 

It is not the purpose—or hope—of this section to outline the latest advances 
at the frontiers of computational fluid dynamics. The reader is referred for this pur- 
pose to the review by Boris (1989), who discusses ideas beyond our scope: cellular 
automata, near-neighbor “atom” algorithms, adaptive gridding, spectral methods, 
and parallel processing for supercomputers. Here we choose only to give a brief 
overview of Navier-Stokes models. 


3-10.4.1 ISSUES INVOLVED IN NAVIER-STOKES MODELING. There is consider- 
able science, and not a little art, necessary to complete a successful Navier—Stokes 
computation for recirculating or “nonboundary-layer” flows, which have strong 
interactions between viscous and inviscid regions. Some of the issues involved are 
as follows: 


1. The coordinate-system viewpoint. Most studies use the Eulerian or flow-field 
system. Unsteady flows, especially with material boundaries such as droplets or 
free surfaces, can benefit from a Lagrangian, or particle, formulation. 


2. The method of formulation. The two main choices are finite differences (FDM) 
and finite elements (FEM)—usually developed and described independently. 
Workers rarely straddle both camps. The FDM formulation is localized by sim- 
ple derivative approximations and leads to sparse matrices. The FEM method 
uses basis functions over a finite region and yields large, banded matrices. The 
FEM approach (not developed here) is very attractive for irregular geometries, 
but FDM methods are improving in this regard by the use of boundary-fitted 
coordinates [Thompson (1998)]. The two methods are compared by Pepper and 
Baker [Minkowycz et al. (1988, Chap. 13)]. 

3. The method of discretization. In FEM methods, the issue is the choice of 
basis function and the scheme for minimizing the integrated error. In FDM 
methods, the discretization may be accomplished either by (1) Taylor-series 
derivative truncations or by (2) control-volume (integral) techniques, the lat- 
ter approach being a balance of physical terms popularized by Patankar 
(1980). 
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4, The choice of dependent variables. In two-dimensional flow, the stream function 
and vorticity can be convenient variables. In three dimensions, multiple stream 
functions are awkward, so the “primitive” variables of velocity and pressure are 
used. 

5. Grid selection. The choice of grid is crucial to the performance of a numerical 
method. Plain, unadorned square meshes are rarely appropriate—grids should be 
finer in regions of high gradient. Poor gridding can result in instability or failure 
to converge. Grids can be generated in both two and three dimensions, using 
algebraic or differential transformations [Thompson et al. (1998)]. There are clus- 
tering techniques to pack grids into a high-gradient area. In unsteady flow, the 
gradients can move; hence the grids should be changeable or adaptive, using grid- 
speed algorithms to reduce the instantaneous numerical error [Tannehill et al. 
(1997, Sec. 10-7)]. 

6. Simulation of boundary conditions. Viscous flows depend strongly upon their 
boundary conditions, which should be modeled as accurately as possible. The 
effect of far-field boundary placement, such as “infinity,” “upstream,” or down- 
stream,” must be carefully investigated. The mathematical requirements are dis- 
cussed by Kreiss and Lorenz (1989). 

7. Solution techniques and numerical uncertainty. Both explicit and implicit solu- 
tions are widely used in FDM methods. FEM methods, with large banded matri- 
ces coupled in space and time, are inherently implicit. Error estimates should be 
made for all numerical results. The availability of large and/or fast digital com- 
puters should eliminate untested single-fixed-grid computation. Since 1986, the 
Journal of Fluids Engineering will not accept any CFD articles unless their 
numerical accuracy is systematically tested by grid variation and far-field bound- 
ary placement. 


3-10.4.22 THE STREAM FUNCTION-VORTICITY APPROACH. For many years, 
most CFD papers studied two-dimensional incompressible viscous flows, for which 
the stream function y exists and the vorticity w has only a single component: 


_ of oy _ ðv du 


u = ay v= =. w= 3 ay (3-253) 
The vorticity transport Eq. (2-114) may be written as 
ð ð 2 2 
to , Haw Shaw _ (Že, Fe) (3-254) 
or oy Ox Ox day Ox? oy 


This equation is parabolic in time and elliptical in space and may be modeled in 
FDM just as was done in Sec. 3-10.3 for Eq. (3-246). Meanwhile, the stream func- 
tion may be computed by rewriting Eq. (3-253) in the form 

rp P4 

— = = 3-255 

ax? ay? ( ) 
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This is an elliptical (Poisson) equation for y and may be modeled in FDM similar 
to Laplace’s equation in Eq. (3-245). Computations for nodal values of & and w 
may be either explicit or implicit. Note that pressure is not present, having been 
eliminated in Eq. (3-254) by taking the curl of the Navier-Stokes equation. 

Once the stream function is known everywhere, the pressure is computed 
from the following Poisson equation: 


A2p = 2p( 3 ðv _ ðu ou ) = 2o25 ¥ = ( y ) l (3-256) 
Ox ðY dy ox Ox” dy Ox oy 


This equation is derived by differentiation of the x- and y-momentum equations and 
is given as a problem exercise. There are many finite-difference models for the 
mixed partial derivative [Tannehill et al. (1997, Table 3-2)], of which a popular 
form is 


ays Pl Panti ntl = Pm+i n-i ~ | oo eee F ee ee 
axdy ~ 4Ax Ay 


The computations must satisfy appropriate boundary conditions. In the far-field 
“freestream,’ one usually Knows the values of &, w, and p. At a wall with no ship, 
u = v = 0, we would satisfy 


ema: o oe ee aP) 2 
ig y An? OS |w on 


where s and n denote coordinates parallel and normal to the wall, respectively. In this 
manner, beginning with Thom (1933), almost all of the classical two-dimensional! 
solutions in the literature were computed. Plane-flow ({f, w) modeling is still popular 
today. | 


(3-257) 


w 


3-10.4.3 THE PRIMITIVE-VARIABLE APPROACH. Presently, the most widely 
used CFD models of viscous flow use the direct or “primitive” variables (u, v, w, p, 
T). Consider, for simplicity, the two-dimensional, incompressible equations of 
motion with constant transport properties: 


Ou Ov 


Continuity: ax + D 0 (3-258a) 
, ou ðu du _ _19P 2 

x momentum: ar +u Ax +v D ph + våʻu (3-258b) 
au, av, au lP, a 

y momentum: AT +u Ax +v o S pA (3-258c) 


ôT ôT ôT 
Energy: AE tus 4 v22) = kA°T + ® (3-258d) 
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subject to suitable boundary conditions. The latter three have the same mathe- 
matical form—elliptical in space, parabolic in time, with non-linear convective 
terms-——and may be modeled in a single generic manner [e.g., Patankar (1980)]. 
Thus the variables (u, v, T) are all computed in the same manner in a CFD 
model. The odd thing about the system Eq. (3-258) is that the fourth relation, 
continuity, does not define the fourth variable, pressure. We develop this oddity 
in the next section. 

Each of Eqs. (3-258) to (3-258d) consists of a time derivative, convective 
terms, a diffusion (Laplacian) term, and some remaining low-order terms which 
could be called “sources.” For example, in Eq. (3-2585), the source term is the pres- 
sure gradient (—dp/dx)/p, and the equation could be modeled implicitly as 


i+ | 
u a: n l ue n 5 
+ convection 
At 
i+ | f+] jtl ft oro i+ | 
U eia T Utain + Um, n+) + Hom n-i 4u tan 
= source + v eee Se ee ee e a e 
Ax 


where we have assumed a square mesh, Ax = Ay. For an explicit method, the 
superscripts on the right would be j, not j + 1. 

At low Reynolds numbers, the convection terms could be modeled as central 
differences: | 


oa oe ee EU. „jtt 
du y du a as ne U mhn $ j Um, n+l Uinn- 
uT ax + vay u mn 2 Ax v m, H 2Ay 


This expression causes increasing error as the Reynolds number increases. It is 
also physically wrong, implying that convection is equally dependent upon both 
upstream and downstream velocities. If we think of the “celi? surrounding point 
(m, n), its convection is received from upstream and transmitted to the next cell 
downstream. 

The remedy to convection instability is simple and satisfying: Model convection 
only with the upstream contribution. For example, 


- j J+] JEV — jt j+l 
au ð u? Um, nu m+ ln +u m, n) ul m=i, „(u man +u ig) 
li = = SS eS - 
ax Ox\ 2 4Ax 
ifus,, > 0 
j i+ | uit! — Jt wit! 
u E E ie 3 Uin, A ae nent m,n E, 
4Ax 
ifus, , <0 


mn 


This stabilizing procedure is called upwind, or donor-cell, differencing. Other 
upwind schemes are discussed by Tannehill et al. (1997). An interesting—and 
popular—alternative is given by Patankar (1980), who develops the equations of 
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motion in control-volume (integral) form and then finds an exact exponential 
solution for the convective terms. Exponential convection, or its power-law approx- 
imation, avoids the need to check the signs of the velocities but requires more exe- 
cution time. 

The pressure-gradient source terms in the momentum equation would nor- 
mally be written as central differences. For example, 


op _ Pmtivn sca Ley ap Pinnt = oe 
Ox 2Ax oy 2Ay 


However, this formulation leads to a vexing artifact: no net pressure force if the 
nodal pressures simply alternate. For example, the “checkerboard” pattern in 
Fig. 3-44, consisting of four sets of different pressure values alternating vertically 
and horizontally, contributes no net force to the momentum model. This pattern is 
obviously unrealistic and should be avoided. A similar paradox occurs in the con- 
tinuity equations, i.e., central-difference models for (du/dx) and (dv/dy) yield zero 
net fluxes on a checkboard pattern. Therefore Patankar (1980), in particular, rec- 
ommends a staggered grid, with (uz, v, p) evaluated at three different places in a cell. 
Such a grid leads to differences between adjacent grid points and thus avoids the 
possibility of checkerboarding. 


FIGURE 3-44 


A checkerboard pressure pattern yields no net force yet is wildly unrealistic. Each symbol represents a dif- 
ferent value of the pressure. Patankar (1980) recommends a staggered grid to eliminate this effect. 
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3.10.4.4 THE COMPUTATION OF FLUID PRESSURE. Suppose that temperature is 
not a variable (isothermal! flow). Then an FDM for Eqs. (3-258b) and (3-258c) 
yields the “next” values of the velocities u,,,, and v,,_,. It remains to compute the 
“next” pressure, Pn „ Somewhat to our surprise, the remaining relation, (3-258a), 
does not even contain the fluid pressure. It concerns only velocities; yet it is fun- 
damental and must also be satisfied. 

In the stream function-vorticity formulation, the pressure is broken out and 
satisfies its own Poisson relation, Eq. (3-256). With primitive variables, howev- 
er, it is appropriate to construct a pressure equation, either artificially or by 
manipulation. 

For plane flow, Roache (1976) recommends use of Eq. (3-256)—which uses 
continuity in its derivation—to compute the pressure. To avoid occasional instability 
or long convergence time, this relation has been modified to include an artificial 
compressibility: 


A*p = pA’B — p| 


au av a 
2 + pag) 7 -+ oe) a. -+ | (3-259) 
ðt ax oy ax oy 


where B = (du/dx) + (@u/dy) is the dilation of the fluid and remains nonzero in 
the finite-difference approximation. Harlow and Welch (1965) demonstrate the sta- 
bility of this type of computation. A similar relation is used for three-dimensional 
flow. 

Other ideas for pressure computation are reviewed in the text by Tannehill 
et al. (1997). A popular method, called a “‘pressure-correction procedure,” is given 
by Patankar (1980). The method presumes that initial guesses (up, Vo, Po) are avail- 
able, to be “corrected” by a convergent process to the actual (u, v, p}: 


u = Ug + u’ v=wu tv P= Pptp 


After substitution in the momentum equations, the velocity corrections may be 
estimated by the relations 


; op” ap" 

u = =Car v = -C ay (3-260) 
where C is a coefficient related to the element area and the convective-acceleration 
model. Meanwhile, substitution in the continuity relation yields the following 
“pressure-correction” equation: 


1 {ou av 
A*p' =F ($ + ze) (3-261) 


As (Uo Ug) approaches the correct velocity field (u, v), the right-hand side of 
Eq. (3-261) approaches zero; hence p’ vanishes and pọ is the desired pressure 
field. 
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Patankar (1980) calls this sequence the SIMPLE algorithm, meaning semi- 
implicit method for pressure-linked equations. The following steps constitute the 
algorithm: 


1. Begin with the most recent pressure field pp as a guess. 

2. Solve the discretized momentum equations for up and vo. 
3. Solve for the corrections p' from a discretized Eq. (3-261). 
4. Compute u’ and v’ from discretized Eqs. (3-260). 

5. Correct the pressures and velocities everywhere. 

6. Return to step 2 and repeat until converged. 


In some cases, this procedure tends to overestimate the desired pressure correction, 
and convergence is slow. Patankar (1980) recommends an alternative SIMPLER algo- 
rithm, for SIMPLE-revised, which uses the pressure corrections only to change the 
velocity field. Pressures are then computed from a Poisson equation for total pressure. 
The SIMPLER method cuts computer time about one-third compared to SIMPLE. 

There is no intrinsic difficulty in adding other variables (temperature, con- 
centration, salinity) to a finite-difference model. These properties satisfy conserva- 
tion laws of the same form as the Navier-Stokes equations and are modeled in the 
same manner. 


3-10.4.5 SOME SUCCESSFUL COMPUTATIONS FROM THE LITERATURE. There 
have been thousands of publications in the literature of numerical analyses for var- 
ious viscous flows. One of the earliest [Thom (1933)] hand-computed the still- 
popular problem of uniform crossflow past a circular cylinder. Figure 3-45 shows 
computer-generated streamlines and vorticity lines for Rep = 4 [Keller and 
Takami (1966)] and for Rep = 40 [Apelt (1961)}. 

The flow in Fig. 3-45a, for Rep = 4, resembles an Oseen creeping-flow 
pattern, with slight asymmetry and streamlines slightly spread in the wake. At 
Rep = 40, the asymmetry is striking, as vorticity lines are swept downstream by the 
strong convection. The Reynolds number can be thought of as the ratio of convec- 
tion effects (pU?) to viscous effects (2U/L). A standing eddy, whose size increases 
with Re, has formed behind the body. Even at Re = 40, the vorticity lines in front 
of the body have begun to concentrate in a narrow region, a portent of the “bound- 
ary layer” which becomes much thinner than the body at Re = ©O(1000). The calcu- 
lations were performed by the stream function-vorticity (y ~ wœ) formulation. 

The standing eddy appears at about Re = 7 and grows linearly with Re to 
about S/d = 2.5 at Re = 45, as shown in Fig. 3-46 from the measurements of 
Taneda (1956). Above Re = 60, an unsteady Kármán vortex street forms, which 
can be suppressed up to Re = 280 by attaching a splitter plate aft of the cylinder 
[Grove et al. (1964)]. With a splitter plate, standing eddy growth continues to be 
linear, that is, S/d ~ 0.065(Re — 7.0) up to Re = 280. 

The computed wall shear stresses and surface pressures agree with experi- 
ments also, as does the total drag force. Figure 3-47 shows a compilation by Chang 
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(b) 


FIGURE 3-45 

Numerical solutions for the flow past a circular cylinder: (a) streamlines (upper half) and lines of constant 
vorticity (lower half) in flow past a circular cylinder at Re = 4, calculated by Keller and Takami (1966); 
(>) streamlines (upper half) and lines of constant vorticity (lower half) in flow past a circular cylinder at 
Re = 40, calculated by Apelt (1961). 


and Findlayson (1987) of numerical and experimental cylinder drag coefficients in 
the range 3 < Re < 100. The results agree within experimental and numerical 
uncertainty. Our recommended curve fit, Eq. (3-229), is in fair agreement, being 
meant to fit well over a much wider range, 1E—4 < Re < 2E5. 

One can also compute the temperature field and heat transfer by adding a 
model of the energy equation to the CFD system. Chang and Findlayson (1987), 
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FIGURE 3-46 

Observed lengths of the region of closed 
streamlines behind a circular cylinder. [From 
Taneda (1956).] Compare with Fig. 3-45. 
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FIGURE 3-47 

Comparison of experimental and numerical results 
for drag coefficient of a cylinder in crossflow. [After 
Re Chang and Findlayson (1987).] 


for example, added heat transfer to their finite-element drag results in Fig. 3-47. 
Their numerical results, for Re < 150 and 0.0! = Pr = 1E4, are in good agree- 
ment with our power-law correlation, Eq. (3-235). 


3-10.4.6 FLOW PAST A LIQUID SPHERE. The related problem of flow past a solid 
sphere has been computed in many studies. The results are qualitatively similar to 
those of the cylinder in Fig. 3-46, with a standing eddy forming at Re ~ 20 and 
growing until s/d ~ 1.1 at Re = 130, above which the wake becomes unsteady. 
A topic of current interest in multiphase flow of bubbles and droplets is flow 
past a liquid sphere of arbitrary viscosity ratio, A = pi ner/Mouter Analytically, only 
the creeping-flow solution of Rybczynski (1911) is known from Eq. (3-230). 
Numerical results, for 0.5 = Re = 1000, were reported by Feng and Michaelides 
(2001) and summarized in the Freeman Scholar Lecture of Michaelides (2003). Their 
finite-difference method split the outer flow field into two matched layers and utilized 
20,000 grid points. Figure 3-48 shows their computed streamlines and vorticity 
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FIGURE 3-48 
Streamlines (upper half) and vor- 
ticity contours (lower half) com- 
puted for flow past a liquid sphere, 
for A = Minner/ tener =T: (a) Rep F 
10; (b) Rep = 100; (c) Rep= 500. 
[After Feng and Michaelides 
(2001), by permission of the 
0.1 — __—————$$——. 0.1 — American Society of Mechanical 
(c) Engineers.] 


contours for three Reynolds numbers and an intermediate value A = 7. The picture 
is similar to Fig. 3-45 for a cylinder. As Re increases, a standing eddy forms and 
lengthens, and the vorticity contours crowd together and are convected downstream. 

Figure 3-49 shows the computed drag coefficients, based on outer fluid den- 
sity, over the full viscosity range from A = 0 (a bubble) to A = © (a solid sphere). 
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FIGURE 3-49 
Drag coefficient of a liquid sphere for various values of the viscosity ratio A = Hime/ Houer [From calcula- 
tions by Feng and Michaelides (2001), by permission of the American Society of Mechanical Engineers.} 


The bubble has a third less drag than a solid in the creeping-flow region, 
Cp = 16/Re, and at Re = 1000 has only one-ninth the drag of the solid. The solid 
curve in Fig. 3-49 has a simple and excellent curve fit 


2/3 
Solid sphere, A = œ, Re = 1000: Cp © a(i + ren) (3-262) 


as recommended by Feng and Michaelides (2001) for Re = 1000. Note, however, 
that this formula is not accurate for Re > 1000. 

Let us summarize some facts about these two examples, CFD for a cylinder 
and a sphere. They are steady /aminar flows, with no unsteady shedding. They use 
reasonable grid sizes and could be extended to shedding situations with good 
results, if the unsteady downstream boundary conditions are properly handled. 
Laminar-flow modeling can thus serve as a “numerical laboratory” for a wide vari- 
ety of geometries. The same accuracy and reliability cannot yet be assured for tur- 
bulence modeling at higher Reynoids numbers. 


3-10.4.7 FLOW THROUGH AN ORIFICE. Internal flows, such as ducts and chan- 
nels, have well-defined geometries of confined size which correspondingly limit the 
number of necessary grid points. Figure 3-50 shows the streamlines and vorticity 
contours computed by Mills (1968) for laminar flow through a circular orifice 
whose diameter (Do = a) is 50 percent of the pipe size D = 2a. The orifice 


Reynolds number is Rey = 4aU,,/v where U, = Q/A is the average velocity in 
the pipe. 
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FIGURE 3-50 
Numerical solutions for viscous flow through a circular orifice (Reg = 4 aU,,,/v). Streamlines and vorticity con- 
tours for (a) Rey = 0, Cy = 0; (b) Rey = 10, C, = 0.463; (c) Reg = 50, C, = 0.690.; (From Mills (1968).] 


The flow pattern for creeping motion, Rey = 0, in Fig. 3-50a is perfectly sym- 
metrical, with small standing eddies in the corners. Detailed examination would 
reveal that such separated-flow corners possess an infinity of nested eddies, each 
successive eddy being an order of magnitude smaller. At Re) = 10, Fig. 3-50b, 
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convection effects have caused a clear downstream asymmetry. In Fig. 3-50c, 
Re, = 50, the downstream eddy is elongated, and the flow through the orifice has 
the free-jet configuration characteristic of very high (laminar and turbulent) 
Reynolds numbers. 

For the flows in Fig. 3-50, Mills (1968) computed the discharge coefficient, 
Ca = Q/Qiaeap Where Qjgea, is the flow rate computed for a one-dimensional in- 
viscid approximation [White (2003, p. 416)]. For Reg = 5, Cy © 0.15V Reo, and 
for Rey > 5, C, rises slightly and levels off at the value of 0.7 expected for high 
Reynolds number thin-plate orifices. The computations are in excellent agreement 
with experiments. 

As Re, increases beyond 50, orifice flow continues to resemble Fig. 3-50c, with 
discharge coefficients in the range of 0.6 to 0.7 expected for turbulent flow. One could 
continue the calculations with a turbulence model (Chap. 6). Since accurate discharge 
estimates are crucial for flowmeter applications, turbulent-flow correlations are pro- 
vided, for example, by Scott et al. (1994) as a function of Re and B = doitice/Gpipe- 
Engineering formulas are provided in basic textbooks such as White (2003), Sec. 
6.12. Recently a startling (to this writer) approach for orifice-data correlations was 
proposed by Morrison (2003), who replaced the Reynolds number with the Euler 
number, Eu = 2Ap/(pU”). This is quite a change from traditional practice. 


3-10.4.8 CFD MODELING OF A MICROPUMP. There is now intense interest in 
microelectromechanical systems (MEMS), much of which involves flow at low 
Reynolds numbers in such systems. How can one pump a fluid through such tiny sys- 
tems? Ordinary rotodynamic devices, such as compressors and centrifugal pumps, do 
not work at low Re. Positive-displacement pumps (PDPs) do work but involve com- 
plex fabrication and sealing problems. Sharatchandra et al. (1997) proposed, with 
testing and a CFD model, a simple rotating cylinder placed across a fluid between two 
plates. The cylinder picks up fluid due to the no-slip condition and drives it through 
the gap in the plates. Their CFD mode! was a finite-volume, two-dimensional com- 
putation using boundary-fitted coordinates and up to 8400 grid points. 

Figure 3-51 shows the streamlines around their novel rotating-cylinder pump 
for Re = 0.5 as a function of the ratio s of plate spacing to cylinder diameter. The 
cylinder nearly touches the bottom plate. The quantity u is the dimensionless aver- 
age velocity through the gap above the cylinder and is seen to be a maximum when 
s = 1.5. The gap is small, however, so the maximum volume flow occurs when 
s = 2.0. One can see in Fig. 3-51d that not much fluid is pumped when the gap is 
large. These CFD results are in good agreement with microflow experiments by the 
same group. For gas microflows, they investigated wall-slip effects and found no 
degradation in volume fiow if the Knudsen number is less than 0.1. Finally, they 
investigated possible inertial effects (larger Reynolds number) and found no 
decrease in flow rate until Re > 100. 


3-10.4.9 BOUNDARY-FITTING OF IRREGULAR GEOMETRIES. The CFD solu- 
tions illustrated in Figs. 3-45 to 3-51 have simple circular and/or rectangular 
geometries for which the equations of motion are well documented (App. B). If the 
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(c) $= 2.5 (Ū = 0.067) 


FIGURE 3-51 


Streamlines computed for a rotating-cylinder micropump for 

Re = 0.5. Note the symmetry due to the low Reynolds num- 

ber. The quantity s is the ratio of plate spacing to cylinder 

eae diameter, and & is the average velocity through the gap above 


the cylinder. [After Sharatchandra et al. (1997), by permission 


(0) s=3.5 (U = 0.02) of the American Society of Mechanical Engineers] 


boundaries of the flow are irregular or asymmetrical, two approaches are suggest- 
ed. Option | is to use a finite-element scheme, with triangular or quadrilateral ele- 
ments that often fit irregular shapes very well. Details of the finite-element method 
are given in textbooks by, for example, Löhner (2001), Wrobel (2002), and Becker 
(2004), and commercial software is available. 

Option 2 is to transform the coordinates and equations of motion to fit the 
irregular shapes. This is the method of boundary-fitted coordinates, popularized 
and now summarized by Thompson et al. (1998). First, one defines new (usually 
orthogonal) coordinates by solving the classical second-order partial differential 
equations that map the irregular region onto, say, a unit square. Numerical esti- 
mates of the coordinates’ Jacobian are then used to transform the equations of 
motion so that conventional finite-difference schemes can be used on the unit 
square. 

An example of a boundary-fitted solution is shown in Fig. 3-52, from 
Bramley and Sloan (1987). Laminar flow into a 45° half-angle Y branch is modeled 
by first defining orthogonal curvilinear coordinates for the region, using the method 
of Thompson et al. (1998). The resulting coordinates for the upper half of the flow 
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FIGURE 3-52 
Computation of flow in a 45° Y branch: (a) boundary-fitted coordinates; (b) computed streamlines for 
Re = 1000. [After Bramley and Sloan (1987).] 


are shown in Fig. 3-52a. The transformed Navier-Stokes equations are then solved 
for the flow pattern, shown in Fig. 3-52b for Re = 1000. An elongated separation 
bubble, similar to those in Fig. 3-51, is formed on the outside (suction) side of the Y. 
The bubble size increases with Re, but not linearly: It is 6.5 inlet half-widths long 
at Re = 1000, rising to 7.8 at Re = 2000 and is nearly independent of the half- 
angle of the Y in the range of 30 to 60°. Though we are confident that such lami- 
nar-flow results are accurate, the same computation for turbulent flow would be 


uncertain because empirical turbulence models are very sensitive to geometry and 
flow conditions. 
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SUMMARY 


It has been the intent of the chapter to give a fairly complete survey of the various 
types of exact or near-exact solutions presently known for incompressible 
Navier-Stokes equations. Where appropriate, solutions have included not only the 
velocity but also temperature and pressure distributions, and dimensionless vari- 
ables have been emphasized. The various types of solutions discussed were 


1. Couette flows with steadily moving surfaces 
2. Poiseuille flow through ducts 
3. Unsteady duct flows 
4. Unsteady flows with moving boundaries 
5. Asymptotic suction flows 
6. Wind-driven Ekman flows 
7. Similarity solutions: stagnation flow, rotating disk, wedge flow 
8. Low Reynolds number (creeping) flows 
9. Lubrication theory 
10. Computational fluid dynamics (CFD) 


This list seems rather substantial until we reflect that none of these types possess 
any degree of arbitrariness except the computer solutions, which themselves are 
limited by mesh size and Reynolds number considerations. As the Reynolds num- 
ber increases arbitrarily, laminar flows become unstable, and no method exists for 
exact analysis of such problems. In many flows, whether laminar or turbulent, the 
condition of high Reynolds number makes certain terms in the Navier-Stokes equa- 
tions become negligible. What remains is a far more exploitable field of analysis: 
boundary-layer theory for laminar (Chap. 4), transitional (Chap. 5), turbulent 
(Chap. 6), and compressible (Chap. 7) flows. For nonboundary-layer flows, the use 
of computational fluid dynamics (CFD) for both laminar and turbulent flow is an 
increasingly powerful tool. 


PROBLEMS 


3-1. Reconsider the problem of Couette flow between parallel plates, Fig. 3-1, for a power- 
law nonnewtonian fluid, 7, = K(du/dyy", where n # 1. Assuming constant pressure 
and temperature, solve for the velocity distribution u(y) between the plates of (a) 
n < | and (b)n > 1, and compare with the newtonian solution, Eq. (3-6). Comment 
on the results. 


3-2. Consider the axial Couette flow of Fig. 3-3 with both cylinders moving. Find the 


velocity distribution u(r) and plot it for (a) U; = Uy, (b) Ui = —Up. and (c) 
U, = 2U. Comment on the results. 


P 
a 


Consider the axial Couette flow of Fig. 3-3 with the inner cylinder moving at speed 
Uy and the outer cylinder fixed. Solve for the temperature distribution T(r) in the fluid 
if the inner and outer cylinder walls are at temperatures Ty and T,, respectively. 
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3-4. 


3-5. 


3-7. 


3-9. 


3-10. 


3-11. 
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A long thin rod of radius R is pulled axially at speed U through an infinite expanse of 
still fluid. Solve the Navier-Stokes equation for the velocity distribution u(r) in the 
fluid and comment on a possible paradox. 


A circular cylinder of radius R is rotating at steady angular rate « in an infinite fluid of 
constant p and yz. Assuming purely circular streamlines, find the velocity and pressure 
distribution in the fluid and compare with the flow field of an inviscid “potential” vortex. 


. Assuming that the velocity distribution between rotating concentric cylinders is known 


from Eg. (3-22), find the pressure distribution p(r) if the pressure is po at the inner 
cylinder. 


An open U tube of radius ro filled with a length L of a viscous fluid is displaced from 
rest and oscillates with amplitude X(f), as shown in Fig. P3-7. Show with a one- 
dimensional integral analysis that the governing equation for X(t) is 


2 C 
d A + bat & 
dr ro 


dX 
dt 


2 
aX 4 “By =0 
dt L 


where C}; is the wall friction coefficient. Find the natural frequency of oscillation and 
the time to damp to one-half amplitude for an assumed Poiseuille-type friction factor, 
C; = 162/[p|dX/dt|do]. 


To 


FIGURE P3-7 


Air at 20°C and } atm is driven between two parallel plates 1 cm apart by an imposed 
pressure gradient (dp/dx) and by the upper plate moving at 20 cm/s. Find (a) the vol- 
ume flow rate (in cm/s per meter of width) if dp/dx = —0.3 Pa/m and (b) the value 
of (dp/dx) (in Pa/m) which causes the shear stress at the lower plate to be zero. 
Derive the solution u(y, z) for flow through an elliptical duct, Fig. 3-9, by solving Eq. 
(3-30). Begin with a guessed quadratic solution, u = A + By? + Cz’, and work your 
way through to the exact solution. 
Air at 20°C and approximately | atm flows at an average velocity of 1.7 m/s through 
a rectangular 1 X 4 cm duct. Estimate the pressure drop (in Pa/m) by (a) an exact cal- 
culation and (b) the hydraulic diameter approximation. 
Consider a swirling motion superimposed upon a circular-duct flow by letting the 
velocity components take the form 

v,. = 0 Vg = ver, t) v, = v{r) 


3-12. 


3-13. 


3-14. 


3-15. 


3-16. 
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Show that the axial flow v. is unaffected by the swirl, so that an arbitrary vg can be 
added without changing the Poiseuille distribution. 


It is desired to measure the viscosity of light lubricating oils (4 œ 0.02 to 0.1 Pa. s$) 
by passing approximately 1 m*/h of fluid through an annulus of length 30 cm with 
inner and outer radii of 9 and 10 mm, respectively. Estimate the expected pressure 
drop through the device and an appropriate instrument for the pressure measurement. 
Lubricating oil at 20°C [pọ = 890 kg/m*, u = 0.8 Pa : s, k = 0.15 W/(m . K), 
c, = 1800 J/(kg - K)] is to be cooled by flowing at an average velocity of 2 m/s through 
a 3 cm diameter pipe whose walls are at 10°C. Estimate (a) the heat loss (in W/m7) at 
x = 10cm and (b) the mean oil temperature at the pipe exit, L = 2 m. Comment on the 
results. 


For plane polar coordinates with circular streamlines, show that the only nonzero vor- 
ticity component, w = w.(r), satisfies the equation 


ðw _ (2 i 2) 

2 =y = i Ln 

ðt or r or 
Solve this equation for the decay of a line vortex initially concentrated at the origin 
with circulation 4. Solve for w(r, t) and show that 


Sketch velocity profiles for a few representative times, including t = 0. 


Consider a wide liquid film of constant thickness A flowing steadily due to gravity 
down an inclined plane at angle @, as shown in Fig. P3-15. The atmosphere exerts 
constant pressure and negligible shear on the free surface. Show that the velocity 
distribution is given by 


pgsin@g 
= Z y(2h — y) 


and that the volume flow rate per unit width is Q = pgh’? sin 0/3u. Compare this 
result with flow between parallel plates, Eqs. (3-44) and (3-45). 


x FIGURE P3-15 


Consider a film of liquid draining at volume flow rate Q down the outside of a verti- 
cal rod of radius a, as shown in Fig. P3-16. Some distance down the rod, a fully devel- 
oped region is reached where fluid shear balances gravity and the film thickness 
remains constant. Assuming incompressible laminar flow and negligible shear inter- 
action with the atmosphere, find an expression for u_(r) and a relation between Q and 
film radius b. 
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FIGURE P3-16 


3-17. By extension of Prob. 3-15, consider a double layer of immiscible fluids 1 and 2, fow- 
ing steadily down an inclined plane, as in Fig. P3-17. The atmosphere exerts no shear 


stress on the surface and is at constant pressure. Find the laminar velocity distribution 
in the two layers. 


Atmosphere 


@ X FIGURE P3-17 


3-18. 


3-19. 


3-20. 


3-21. 


3-22. 
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The surface of the draining liquid film in Prob. 3-15 will become wavy and unstable 
at a critical Reynolds number Re” = hu,,,,/v % O(10) that depends upon slope 9, 
gravity g, density p, viscosity u, and the surface tension F. Rewrite this dependence 
in terms of two dimensionless parameters [Fulford (1964)]. For water at 20°C, what 
is the numerical value of the parameter which contains viscosity? 


Derive Eq. (3-96) for start-up of flow in a circular pipe. Plot the instantaneous veloc- 
ity profile for early times, vt/r = 0.005 and 0.01. 


Air at 20°C and | atm is at rest between two fixed parallel plates 2 cm apart. At time 
t = Q, the lower plate suddenly begins to move tangentially at 30 cm/s. Compute the 
air velocity in the center between plates after 2 s. When will the center velocity reach 
14 cm/s? 

A Couette pump consists of a rotating inner cylinder and a baffled entrance and exit, as 
shown in Fig. P3-21. Assuming zero circumferential pressure gradient and 
(a — b) << a, derive formulas for the volume flow and pumping power per unit depth. 
Illustrate for SAE 30 oil at 20°C, witha = 10cm, b = 9 cm, and œ = 600 rpm. 


FIGURE P3-21 


The Taylor vortex is defined by a purely circumferential flow 


2 


va = const —> exp (-2) 
9 vr vt 


Determine whether this vortex is an exact solution of the incompressible 
Navier-Stokes equations with negligible gravity. Sketch a few instantaneous velocity 
profiles and compare to the Oseen vortex in Prob. 3-14. 
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3-23. 


Radial 
outflow: 


uy — 


3-24. 


3-25. 


3-26. 


3-27. 


VISCOUS FLUID FLOW 


Consider radial outflow between two parallel disks fed by symmetric entrance holes, 
as shown in Fig. P3-23. Assume that v. = vg = Oandv, = f(r, z), with constant p and 
p and p = p(r) only. Neglect gravity and entrance effects at r = 0. Set up the appro- 
priate differential equation and boundary conditions and solve as far as possible— 
numerical (e.g., Runge-Kutta) integration may be needed for a complete solution. 
Sketch the expected velocity profile shape. 


inflow Q 


FIGURE P3-23 


A long, uniformly porous cylinder of radius R exudes fluid at velocity Up into an 
unbounded fluid of constant p and u. The pressure at the cylinder surface is po- 
Assuming purely radial outflow with negligible gravity, find the velocity and pressure 
distributions in the fiuid. 


Consider the problem of steady flow induced by a circular cylinder of radius rg rotating at 
surface vorticity wg and having a wall-suction velocity v, (r = ro) = —v,, = const. Set 
up the problem in polar coordinates assuming no circumferential variations 3/30 = 0, 
and show that the vorticity in the fluid is given by 


BNO ie tie Oy 
w = pp “0 Wy r 


where Re = rov „/v is the wall-suction Reynolds number of the cylinder. Integrate 
this relation to find the velocity distribution v,(7) in the fluid and show that the char- 
acter of the solution is quite different for the three cases of the wall Reynolds number 
Re less than, equal to, or greater than 2.0. 


Consider laminar flow in a uniformly porous tube, similar to the porous-channe] prob- 
lem, Eqs. (3-130). Let the similarity variable be ¢ = (r/rọ)? and find a suitable 
expression for the axisymmetric stream function (x, ¢), similar to Eq. (3-128) for the 
channel. Then show that the differential equation equivalent to (3-132) is 


2fg'" + 4g” + Re(g'g” — g2”) = 9 {Yuan and Finkelstein (1956)] 


where Re = v,.79/v and g = g(¢) only. This equation has no known solutions in the 
range 2.305 = Re = 9.105 [White (1962a)}. Establish the proper boundary condi- 
tions on the function g(¢). 


The practical difficulty with the Ekman spiral solution, Eq. (3-144), is that 
it assumes laminar flow whereas the real ocean is turbulent. One approximate rem- 
edy is to replace kinematic viscosity » everywhere by a (constant) turbulent or 


3-28 


3-29. 


3-30 


3-31 


. 


3-32. 


3-33. 
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“eddy” viscosity correlated with wind shear and penetration depth using a sugges- 
tion by Clauser (1956): 
T)\'/2 
P turb © 0.04D p 


Repeat our text example, Vina = 6 m/s over a 20°C air-water interface of 41°N lati- 
tude. Compute penetration depth D and surface velocity Vp. 


Repeat the analysis of the Ekman flow, Sec. 3-7.2, for shallow water, that is, apply the 
bottom boundary condition. Eq. (3-143), at z = —h. Find the velocity components 
and show that the surface velocity is no longer at a 45° angle to the wind but rather 
satisfies the equation as follows for the surface angle 0: 


p= Sith(Qmh/D) — sinQah/D) 
has sinh (277h/D) + sin(2arh/D) [Ekman (1905)] 


Find the value of A/D for which 6 = 20°. 


Air at 20°C and | atm flows at 1 m/s across a cylinder of diameter 2 cm and wall tem- 
perature 40°C. Using inviscid theory, Eq. (1-2), to establish the constant B, use the 
results of Sec. 3-8.1 to estimate (a) the shear layer thickness 5, (b) the wall shear 
stress, and (c) the heat-transfer rate q, at the front stagnation point of the cylinder. 


The opposite of von Karman’s rotating disk problem is Bédewadt’s case [Rogers and 
Lance (1960)] of a fixed disk with a rotating outer stream, vg = rw as z > ©. Using 
the approach of Sec. 3-8.2, set up this problem and carry it out as far as possible, 
including numerical integration if a computer is available. 


The rotating disk is sometimes called von Kármán’s centrifugal pump, since it brings 
in fluid axially and throws it out radially. Consider one side of a 50 cm disk rotating 
at 1200 rpm in air at 20°C and 1 atm. Assuming laminar flow, compute (a) the flow 
rate, (b) the torque and power required, and (c) the maximum radial velocity at the 
disk edge. 


Solve the Jeffery-Hamel wedge-flow relation, Eq. (3-195), for creeping flow, Re = 0 
but a # 0. Show that the proper solution is 


L 


fim = 14+ L cscta|sin( 3 — 2am) -— | 


Show also that the constant C = 4a? cot’a and sketch a few profiles. Show that back- 
flow always occurs for a > 90°. 


In spherical polar coordinates, when the variations ¢/d@ vanish, an incompressible 
stream function g(r, 0) can be defined such that 

ay /38 ow /dr 

u. = > g = Tap A 

rf sinô rsin@ 

The particular stream function 
-n2 
u(r, 0) = 2vr sin’ @ a = const 


l + a — cos 
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3-36. 


3-37. 


3-38. 


3-39. 


3-40. 


3-41. 
3-42. 


3-43. 
3-44. 


3-45. 
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is an exact solution of the Navier-Stokes equations and represents a round jet issuing 
from the origin. Sketch the streamlines in the upper two quadrants for a particular 
value of a between 0.001 and 0.1. (Various values could be distributed among a 
group.) Sketch the jet profile shape u,(1, 8), and determine how the jet width 6 (where 
u, = 0.0lumax) and jet mass flow vary with r. 


A sphere of specific gravity 7.8 is dropped into oil of specific gravity 0.88 and vis- 
cosity y = 0.15 Pa's. Estimate the terminal velocity of the sphere if its diameter 1s 
(a) 0.1 mm, (b) 1 mm, and (c) 10 mm. Which of these is a creeping motion? 


Verify Eq. (3-230) for the drag of a liquid droplet by repeating the Stokes problem 
with boundary conditions of zero radial velocity, equal tangential velocity, and equal 
shear stress at the droplet surface (assumed to be a perfect sphere, r = a). 


Repeat the analysis of radial outflow between parallel disks, as in Prob. 3-23, for creep- 
ing flow, i.e., negligible inertia. Find the velocity and pressure distributions for this case. 


Analyze the problem of creeping flow between parallel disks of radius R and separa- 
tion distance L. The lower disk (z = 0) is fixed and the upper disk (z = L) rotates at 
angular rate w. Assuming that v, = rf(z), reduce the problem as far as possible and 
solve for the velocities. 


Set up the method of separation of variables for finding u(y, =) for a rectangular duct, 
Fig. 3-9 and Eq. (3-48), by analyzing Eq. (3-30). First note that the separation will not 
work until one defines a new variable U = u — F, where V°F = (1/)(dp/dx), so 
that VŽU = 0. Then separate U into x and y parts and find the form of each part. Show 
how an infinite series would be required to satisfy the boundary conditions, but do not 
determine the series coefficients. 


Repeat the analysis of Sec. 3-9.7.1 for a parabolically varying gap: 


X z 


Nondimensionalize and solve for the pressure distribution similar to Eq. (3-240). 
Numerical integration may be required. Plot the resulting pressures for various h,/hg 
and compare with Fig. 3-42. 


Set up Stokes’ first problem of the impulsively started plane wall, Fig. 3-18a, for solu- 
tion by the explicit numerical method of Eq. (3-247). Plot some typical velocity pro- 
files and compare quantitatively with the exact solution, Eq. G- 107). 


Repeat Prob. 3-40 using the implicit method of Eq. (3-249). 


Set up Stokes’ second problem of the (long-term) oscillating wall, Fig. 3-19a, for 
solution by the explicit numerical method of Eq. (3-247). Let the initial transient die 
out. Plot some typical velocity profiles and compare quantitatively with the exact 
solution, Eq. (3-111). 

Repeat Prob. 3-42 using the implicit method of Eq. (3-249). 


Develop an explicit numerical algorithm for the two-dimensional unsteady viscous 
diffusion relation, Eq. (3-250). Determine the appropriate stability limits on time step 
and mesh sizes. 


Develop an implicit numerical algorithm for the two-dimensional unsteady viscous 


diffusion relation, Eq. (3-250). Comment on a possible solution procedure and possi- 
ble instability. 


3-46. 


3-47. 


3-48. 


3-49, 


3-50. 


3-51. 
3-52. 


3-53. 


3-54. 


3-55. 


3-56. 
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Derive the two-dimensional Poisson relation for pressure, Eq. (3-256), assuming 
unsteady incompressible flow. 


The solutions f,,(7) for Eq. (3-76) are called Graetz functions, but they are not tabu- 
lated. Set up a numerical solution of Eq. (3-76), perhaps using the Runge-Kutta sub- 
routine of App. C, and solve iteratively for the first three functions f,_,_, and their 
eigenvalues A,_5_3. Compare with Table 3-1, but no fair using the table for your ini- 
tial guesses. 


Explain the physical significance of each of the boundary conditions Eq. (3-257) and 
show how they are derived. 


Set up a finite-difference model for fully elliptical flow in the entrance between par- 
allel plates a distance A apart. At the entrance (x = 0), assume uniform velocity Up 
and pressure pp. Let the Reynolds number Uph/v = 10. Experiment with exit place- 
ment at (x = 2h), using a square mesh, Ax = Ay = h/10. Modify the mesh size 
and exit position if necessary for convergence or accuracy. Solve (iteratively) for the 
interior nodal velocities and pressures and compare the results with Fig. 4-33 and 
Table 4-7. 


Extend Prob. 1-21, where we found only the Knudsen number, Kn ~ 0.17, by using 
all the data given there. (a) Find the Reynolds number and see if it is less than 2000 
(laminar flow). (b) Estimate the required pressure gradient in Pa/m. (c) Estimate the 
flow rate in mm/s. 


Starting from the axial momentum equation, derive Eqs. (3-40) for slip flow in tubes. 


For the geometry of Fig. 3-1, assume a constant pressure gradient with both walls 
fixed. Solve continuity and x momentum for laminar slip flow between the plates. Find 
the velocity distribution and the volume flow rate per unit depth. Does the Knudsen 
number appear? 


Hadjiconstantinou (2003) has updated a second-order slip theory by Cercignani 
(2000) to give new numerical coefficients for the wall-slip velocity, to be compared 
with Eq. (1-91): 


Up Z pie 
dy 


— 0.612 24 
ay? 


w w 

Repeat Prob. 3-52 with this formulation to solve continuity and x momentum for łam- 
inar slip flow between the plates. Find the velocity distribution and the volume flow 
rate per unit depth. Does the Knudsen number appear? 


Carry out the steps that lead, for Stokes sphere flow, from Eq. (3-211) to (3-213) by 
assuming a product solution wr, 6) = f(r)g(@), separating the variables, and solving 
for f and g. 


Hill and Power (1956) proved that the creeping-flow (Stokes) drag of a solid object is 
greater than the drag of any inscribed shape but less than the drag of any circumscribed 
shape. Verify this result for the spheroid of Fig. 3-36 by comparing it to inscribed and 
circumscribed spheres. Do the relative drag forces differ markedly or by only a few 
percent? 

The elemental creeping-flow solution y = rInrsin@ is called an Oseenlet. Is this a 
solution for plane flow, Eq. (3-206), or axisymmetric flow, Eq. (3-211), or both? How 
might Oseenlets be used in analysis of more complex creeping flows? 
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3-57, Using a numerical method such as the Runge-Kutta subroutine of App. C, solve the 
axisymmetric stagnation flow Eq. (3-165) for the function Fn). Use an iterative 
scheme to determine the proper value of F"(0). 


3-58. The rotating disk of Fig. 3-28 acts rather like a centrifugal pump. Consider a disk 60 
em in diameter, rotating at 120 rev/min in air at 20°C and 1 atm. Is the flow at the disk 
tip laminar, transitional, or turbulent? Using Karman’s theory of Sec. 3-8.2, estimate 
the volume flow of air, in cm?/s, pumped outward by one side of the disk. 


CHAPTER 


A 


LAMINAR. 
BOUNDARY 
LAYERS 


4-1 INTRODUCTION 


Several of the exact solutions considered in Chap. 3—notably moving-boundary 
flows, stagnation flow, the rotating disk, convergent-wedge flow, and the flat plate 
with asymptotic suction—have hinted strongly at boundary-layer behavior. That is, 
at large Reynolds numbers, the effects of viscosity become increasingly confined to 
narrow regions near solid walls. The digital-computer solutions of Sec. 3-10 also 
showed this tendency at large Re to sweep the vorticity downstream and leave the 
flow far from the walls essentially irrotational. Physically, this means that the rate 
of downstream convection is much larger than the rate of transverse viscous diffu- 
sion. Consider a flow at speed U past a thin body of length L. The time a fluid par- 
ticle spends near the body is approximately L/U, while the time required for vis- 
cous effects to spread across the streamlines is of order VvL/U*. Then the viscous 
region will be thin if the diffusion time is much shorter than the residence time: 


[bat 
U- U 


or (4-1) 


Pee = V Re, œ> 1 


Thus a thin boundary layer should exist if the flow Reynolds number Re, is large. 
How large is difficult to specify and depends upon the geometry, the accuracy 
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desired, and whether the quantity L is a streamwise or a transverse length scale. The 
boundary layer is likely to be laminar at first and then, as Re, increases, undergoes 
transition to turbulence. However, a thin layer is not ensured on the rear or lee side 
of bluff bodies. As we saw for spheres and cylinders in Chap. 3, at moderate Re, a 
standing eddy forms behind the body. At higher Re, the eddies are shed and a broad 
wake develops. The thin-boundary-layer approximations to be discussed here do 
not apply in “separated” regions such as occur behind bluff bodies. Boundary-layer 
theory can, however, estimate where the point of separation occurs on the body. 
Analytical studies of separated flow are difficult and rare, but there is considerable 
experimentation and numerical modeling. 

Even though standard boundary-layer analysis is not applicable to (1) low 
Reynolds numbers or (2) flow separation, it is a very important subject, especially 
for understanding viscous flows. The present chapter is a reasonable survey of the 
traditional approach. Low Reynolds numbers and separated fiows can yield to 
analysis by more advanced boundary-layer techniques. For further study, there are 
monographs entirely devoted to boundary-layer theory: Cebeci and Cousteix 
(1998), Schlichting and Gersten (2000), Schetz (1992), Oleinik and Samokhin 
(1999), plus the classical monograph by Rosenhead (1963). 


4-1.1 Flat-Plate Integral Analysis 


Following an idea first put forth by Kármán (1921), we may gain much insight and 
a remarkable amount of quantitative information about boundary layers by making 
a broad-brush momentum analysis of the flow of a viscous fluid at high Re past a fiat 
plate. The proposed flow is sketched in Fig. 4-1. The sharp edge of the plate is at 
(x, y} = (0, 0). The fluid will shear against the plate due to the no-slip condition and 
cause a frictional drag force D, and the velocity distribution u(y) at any particular 
downstream position x will show a smooth drop-off to zero at the wall, as sketched 
in the figure. To satisfy conservation of mass, the streamlines will be deflected away 
from the plate—but not too much, we hope, so that the fluid pressure remains 


Constant ae? 
pressure ; soo 


am 


U E aae — Sy9¢, 
u (y) 
U Eo onn et No slip Flat FIGURE 4-1 
b a Definition of control volume for the 
fn ly | plate 


analysis of flow past a flat plate. 
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approximately constant. We have labeled the shear-layer thickness as dgqo,; stream- 
lines outside this shear layer will deflect an amount 6* (the displacement thickness) 
which depends only upon x. Thus the streamline in the figure moves outward from 
y= Hatx =Oaty = Y= H + 6* atx = x, Finally, we assume that the veloci- 
ty just upstream of the sharp edge is uniform and parallel, u = U = const; this 
would not be a good approximation at creeping-flow Reynolds numbers. 

The contro] volume chosen for the analysis is enclosed by dashed lines in 
Fig. 4-1. This selection is not arbitrary but very clever. Since velocity distributions 
are known only at the inlet and exit, it is imperative that the other two sides on the 
control volume be streamlines, where no mass or momentum crosses. The lower 
side should be the wali itself; hence the drag force will be exposed. The upper side 
should be a streamline outside the shear layer, so that the viscous drag is zero along 
this line. 


4-1.2 The Displacement Thickness 


Conservation of mass for this control volume is obtained by applying Eq. (2-132) 
to this assumed steady flow: 


Y H 
J| N-a =0= | puy- f pU dy (4-2) 
0 0 


cS 


Assuming incompressible flow (constant density), this relation simplifies to 
Y Y Y 
un= | udy= f U +u- U) dy = vy+ f (u — U)dy (4-3) 
0 0 0 


Rearranging this and noting that Y = H + 6*, we can express the mass-flow rela- 
tion in the following simple manner: 


Y 
UY-m=u= | U- way 
0 


or (4-4) 


A i 
Le x) dy 
[ 7 


Equation (4-4) is the formal definition of the boundary-layer displacement thick- 
ness ô* and holds true for any incompressible flow, whether laminar or turbulent, 
constant or variable pressure, constant or variable temperature. In other words, to 
define 5* is simply to state conservation of mass in steady flow. Note that since y 
variations are integrated away, 6* is a function only of x. Its exact value depends 
upon the distribution u(y). 


6* 
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4-1.3 Momentum Thickness as Related 
to Flat-Plate Drag 


Conservation of x momentum results by applying Eq. (2-133) to our control 


volume: 
Y H 
Drea =DE [[uov-aa = f u(pu dy) — f U(pU dy) 
0 0 
cs 


or (4-5) 
Y 
Drag = D = pU°’H — f pi? dy 
0 


Again assuming constant p and introducing 


Y 
— u 
n= [oe 


from Eq. (4-3), we obtain, per unit depth into the paper, 
Y 
Drag = pf u(U — u) dy 
0 


or (4-6) 


Y— CO 
pU A U U 


Equation (4-6) is the defining relation for a second parameter, the momentum thick- 
ness 8, which, like 5*, is clearly a function of x only. The definition holds true for 
any arbitrary incompressible boundary layer, but if we are not talking about flat- 
plate flow, @ is not equal to the drag divided by pU”. This means that momentum 
thickness, although interesting and useful in certain empirical correlations, is not as 
fundamental a quantity as 6*. 


FIGURE 4-2 
Momentum and displacement thicknesses. 
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The evaluation of ô* and @ is illustrated graphically in Fig. 4-2. Clearly, 6* is 
always the greater of the two. Their ratio, called the shape factor, is often used in 
boundary-layer analyses: 

H = = >1 (4-7) 
if 7,,(x) is the wall shear stress on the plate, the total drag per unit width on one side 
of a plate of length L is the integral of the wal! shear forces: 


L 
D= J pied (4-8) 
0 


The wall shear and drag force may be nondimensionalized in the same manner as 
in Chap. 3: 


i i T(x) 
Friction coefficient: C(x) =TS 
. 3pU 
(4-9) 
Drag coefficient: C., = ——— 
n APUL 


These are general definitions. For a flat plate, by comparison with Eqs. (4-6) and 
(4-8), these take the specialized form 


d d@ 
Cy pine = gz BC) = 25, 


4-} 
ft 20(L) cm 
Come =E), Od =E 


These formulas were derived by Kármán (1921) in his classic paper. They are valid 
for either laminar or turbulent flow. It is interesting that flat-plate friction and drag 
boil down entirely to the determination of the momentum thickness @(x). 


4-1.4 A Guessed Profile Yields 
Numerical Estimates 


Assuming that the inlet profile is indeed a uniform velocity U, the previous rela- 
tions are exact if one uses the correct profile u(y). With the exact solution, though, 
we do not need integrals; we merely calculate the drag and wall shear and that is 
that. The beauty of Kármán’s idea is that we can guess a reasonable form for u(y) 
and get reasonable estimates because integration tends to wash out the positive and 
negative deviations of the assumed profile. 

Let us therefore try a simple expression for u(y) at the position x in Fig. 4-1. 
We will satisfy three physical conditions for the profile: 


No slip at the wall: u(0) = 0 
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Smooth merging with the stream: 


u(sy=u 2 


oy a, 


y=ô 


Other constraints will be discussed later. We can satisfy these three conditions for 
laminar flow with a second-order polynomial: 


2y 5) 
Sa ae 4-11 
u ( s g (4-11) 
Now insert this approximation into Eqs. (4-4) and (4-6) to estimate 
ô 26 5 
k ey zx = x> = 
ô 3 0 15 5 (4-12) 


This is not enough. We must also relate wall shear to the assumed shape u(y), which 
we do, following Kármán (1921), by differentiating the profile relation, Eq. (4-11): 


x —— (4-13) 


Substituting Eqs. (4-12) and (4-13) into the first of Eqs. (4-10), we obtain 


2uU/8 
A = -2% x 2-4(28) 
5pU dx dx \15 
Or 
l5ud 
jie Ea 


pU 


Integrate, assuming (for large Re) that the boundary layer begins at the leading 
edge, 6(0) = 0. The result is 


ee 30u x 
pU 

or (4-14) 
5 5.5 


where Re, = pUx/. This is only 10 percent higher than the exact solution for lam- 
inar flat-plate flow given by Blasius (1908). 

By substituting ô from Eq. (4-14) into Eqs. (4-12) and (4-13), we obtain the 
additional flat-plate estimates 


ôt 1.83 
x V Re, 
l (4-15) 
a CK 0.73 
x i V Re, 
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which are also within 10 percent of the exact solutions. Finally, by integration of 
Cy (x) from Eq. (4-10), we obtain the drag coefficient: 


1.46 
V Re, 


As Karman (1921) pointed out, these results are quite easily obtained compared to 
a full-blown attack on the continuity and momentum partial differential equations. 
All of the previous integral momentum estimates for flat-plate flow are collect- 
ed in the following table and compared with the exact solution due to Blasius (1908). 
The error is 10 percent, which is typical of integral theories. The advantage is that, by 
integrating across the shear layer in the y direction, we are left only with an ordinary 
differential equation to solve in the x direction for parameters such as 6(x). 


=20)) (4-16) 


u from Exact from 
Parameter Eq. (4-11) Blasius (1908) Error, % 
oV/Re, 0.73 0.664 +10 
or \/Re, 1.83 1.721 +6 
Soyo 
a VRe, 55 5.0 +10 
C,V Re, 0.73 0.664 +10 
Cp V Re, 1.46 1.328 +10 


4-1.5 Some Insight into Boundary-Layer 
Approximations 


The essence of the “boundary-layer approximation” is that the shear layer is thin, 
& << x. From Eq. (4-14), we see that this is true if Re, >> 1. Other scale argu- 
ments also follow from the results. First, since the velocity ratio v/u = d6é*/dx, 
the outer streamline slope, it follows from Eq. (4-15) that v << u if Re, => L 
Second, by differentiating Eq. (4-11) we may determine that du/dx << du/dy if, 
again, Re, >> 1, and a similar result holds for the derivatives of normal velocity v. 
In summary, a large Reynolds number creates the following strong inequalities: 


Re, >> 1: 6 << x v u = = = a RR are 
All of these approximations were used by Prandtl (1904) in deriving his celebrated 


boundary-layer equations. 


4-1.6 Integral Analysis of the Energy Equation 


In similar manner, the control-volume energy equation can be used to calculate 
approximate values for the mean and local heat transfer and the thickness of the 
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FIGURE 4-3 
Sketch and contro] volume for the thermal boundary layer. Hot wall shown for 
convenience. 


thermal boundary layer 6;. The control volume chosen is shown in Fig. 4-3, 
where we propose that the rear portion of the plate, x = x9, is heated (or cooled) 
to a temperature T, different from the environment temperature T, in the 
freestream (and on the first portion of the plate). Beginning at xo, then, a ther- 
mal boundary layer will grow, assuming of course that the Reynolds number is 
large. 

If we make sure that the upper streamline is outside the region of shear (the 
velocity boundary layer), there will be no shear work of significance at any 
boundary; therefore Eq. (2-139) will be valid and the shaft work will also be 


zero: 
dQ _ P t > l > 
wn ff (Gtererhvrds pV-dA (4-17) 
cS 


At large Re,, 6* << x, so that v << u and the change in potential energy will be 
very small. Hence we neglect the terms gy and aur, The quantity p/p + e is the 
enthalpy A, and the equation reduces to integrals over the inlet and outlet of the 
stagnation enthalpy hy = (h + tu’): 


ee f (e+e) ona f" (r+) 
-= a h + 5? | pu dy — h + su? ) pudy (4-18) 
dt f 2 i 2 


This expression applies even for compressible flow and will be studied again in 
Chap. 7. Here we assume constant density. Since the conditions at the inlet are uni- 
form (he T., U), we obtain 


H 
Inlet: I (n + L) pu dy = Q 4 lee) pUH 
0 


Now the mass-flow relation from Eq. (4-3) is still valid, so that we can eliminate H 
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from the energy relation, giving 
d Pa 
2e E of jo — h) — i — “| u dy (4-19) 
t 5 2 


This is the overall integral-energy equation. Since dQ/dt = F. q,, dx, it may be dif- 
ferentiated and written in local form: 


a]l f” l ae eee >) 308 
w= il ou(h + 4u h, Lut) ay| = kay 


For low-speed flow, it is customary to neglect kinetic energy u?/2 (i.e., Ec << 1) 
and to use the approximation h = c,T: 


(4-20) 


y=0 


d oO 
Iy © aj 1 pcpu{T — T,) ay (4-21) 


This may also be written in dimensionless form as a Stanton number, with a local 
length scale called the enthalpy thickness, 6,: 


Vw d dé, 


YS Glen, = ay ae ae (4-22) 
Pe ea 
where 5, = enthalpy thickness ~ j Teo 


Note the similarity to the local momentum integral relation, Eq. (4-11). Equation 
(4-22) is valid for either laminar or turbulent flow. 


4-1.7 A Guessed Temperature Profile Yields 
the Heat-Transfer Rate 


We can evaluate the heat transfer approximately for laminar flow by combining the 
velocity estimate Eq. (4-11) with a similar second-order polynomial temperature 
estimate: 


r-r.#(,-T)1-24+% 4-23 
ET ( w e) 5; 53 (4- ) 
Substitute these approximations, Eqs. (4-11) and (4-23), into the integral relation 
Eq. (4-20) to obtain 
d oe ZL, — T) 

Gy S jpe uT, =T) s$ — 36 ~ —s (4-24) 
where £ = 5,/6 is the ratio of boundary-layer thicknesses. If we assume constant 
wall and stream temperatures, the term (7, — T,) drops out. Also assume that 
p. H, k, and c, are constant. 

Let us illustrate two solutions of Eq. (4-24). First, let the thermal boundary layer 
start from the plate leading edge, 6; = 0 at x = 0. Further assume, for convenience 
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in the integration, that 5, < 6. After introducing 6(x) from our momentum solution, 
Eq. (4-14), we obtain 


= +2 (4-25) 


An approximate solution to this polynomial, valid for Prandt! numbers not too far 
from unity, is 


5 
t= x Ppr? (4-26) 


With ¿ and ô known, the local Nusselt number may be obtained from Eq. (4-24): 


{wX 


Ne UT =T) 


= 0.365Re Pr! (4-27) 
This is only 10 percent higher than the exact solution, for constant-7,, laminar flat- 
plate flow, given by Pohlhausen (1921)—the correct constant should be 0.332, not 
0.365. 

Second, consider an unheated starting length, where the wal] temperature 
T,, # T, does not begin until x = xg, as in Fig. 4-3. Here ¢(x) is not constant, and 
Eq. (4-24) must be solved: 


3 
tla(e z £) | ~ Æ = Oatx = xo 


This is readily solved numerically by, e.g., Subroutine RUNGE in App. C. To avoid 
this, a simple solution is possible if, noting that ġ¢ < 1 for Pr > 1, we neglect the 
term (£ ay 5) and, concurrently, increase the constant 12 to 15. The differential equa- 
tion then becomes 


Bs A ik Pe) E 
ia 3 * dx ) Pr 
or 
Reap Be iy Se 
o> Pr Po 
To make ¢ = 0 at x = x9, we require that the constant C = —xj/4/Pr. The final 


solution may again be placed in the form of a Nusselt number for plate flow with 
an unheated starting length: 
: a 0.365Re!/?Pr'> 
x > Xy u a 
K l [1 — Gye 


Compare with Eq. (4-27) for x) = 0. If the constant 0.365 is reduced by 9 percent 
to 0.332, the result agrees with the formula recommended for flat-plate flow in most 
heat-transfer textbooks, e.g., Eq. (9-26) of Kays and Crawford (1993). 


(4-28) 
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In summary, we see that simple integral techniques, using guessed velocity 
and temperature profiles, yield estimates for both mean and local friction and heat 
transfer with accuracies on the order of +10 percent. We shall return to these ideas 
in Sec. 4-6 for non-flat-plate flows. 


4-2 LAMINAR-BOUNDARY-LAYER EQUATIONS 


Integral analyses not only gave numbers but also yielded information about the 
sizes of various terms: 


u, T, and x = O(unity) 
(4-29) 
vandy = O( Re“) 


These are solid estimates, not guesses, which can be used to derive the famous 
boundary-layer equations first propounded by Prandt! (1904). By redefining all 
variables in terms of these estimates, we can quickly spot which terms in the equa- 
tions of motion are negligible if Re is large. Let us confine ourselves to two- 
dimensional incompressible flow, for which the relevant equations are | 


Ou Ov 
ie ay 
ð 2 2 
OU iry ep g -LF oB- Ty + (SZ + e) 
ðt Ox oy P ox : Ox oy 
a 2 2 
V y Wy We -L opr- To + (Se + Z) (4-30) 
Ot Ox oy P dy ; Ox Oy 


2 2 
Moe + 40) = (#E 4 2) 
ðt ax oy Ox oy 
2 2 2 
Ou Ov Ou Ov 
sael) +205) + +) | 


With our estimates from Eq. (4-29), we can now define dimensionless variables, all 
of which are sure to be of order unity if Re is large: 


_ %* oe ene * — tU = T- 
x" T y 7 VRe t T T* T= 7, 
vn (4-31) 
u U v y y Re p PU? 


where U, L, po, and Ty are reference values and Re = UL/v is the Reynolds num- 
ber characterizing the flow. Now substitute these variables into Eqs. (4-30) and take 


226 VISCOUS FLUID FLOW 


the limit of these equations as Re becomes very large. Many terms drop out, and we 
retain only 


du* , gut 


ox* ðy* EN 
$ * ðp* Ta igs 25k 
ou* cL 4 „x0 = P J BC 0) ð i. 
ar* ox* ay* a Fr, oy 
0 = aye + rm T (4-32) 
: 2 x 
or* -+ yo -+ or5 tg ha + Fe (=>) 
or® Ox oy* Pr oy* oy* 


where Ec = U*/ c (T, — To) is the Eckert number and Fr; = U? /Lg; is the Froude 
number in each direction. All other terms had coefficients 1/Re or (1/Re)? and were 
dropped as asymptotically small. There are many things to notice about this sim- 
plified set of equations. 


1. The continuity equation is unaffected by Reynolds number considerations. 


2. The term ð?u/ðx? in the x-momentum equation has been neglected, and the buoy- 
ant term is also small if the Froude number is large (large U, small L), since 
B(T, — Tp) can only be of order unity at best (see Fig. 1-27). Therefore, except 
for small velocities and large sizes, free convection is negligible in the boundary- 
layer approximation. 

3. The pressure gradient in the y direction is nearly zero, being affected only by a 
buoyant or stratification term that does not contribute to accelerations in the y 
direction. To all intents, then, in a boundary layer, the transverse pressure gradi- 
ent in negligible. 


dp 
age 0 p = ptx) only . (4-33) 
X 
This splendid observation is due to Prandti (1904), showing that pressure is a 
known variable in boundary-layer analysis, with p(x) assumed to be impressed 
upon the boundary layer from without by an inviscid outer flow analysis. That is, 
the freestream outside the boundary layer, U = U(x), where x is the coordinate 
parallel to the wall, is related to p(x) by Bernoulli ’s theorem for incompressible 
flow. For steady flow, for example, 


ae PU (4-34) 


so that specifying p(x) is equivalent to specifying U(x) outside the boundary 
layer. 
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4. The energy equation shows that ô?T/ðx? is negligible and that only the éu/éy por- 
tion of the dissipation is important. Further, it is clear that dissipation is entirely 
negligible if the Eckert number is small (small velocity and large temperature 
differences). 


5. A very interesting observation is that the Reynolds number does not even appear 
in Eqs. (4-32). In this coordinate system, all thicknesses have been scaled to unit 
size, which is the only role of the Reynolds number in laminar flows.” 

6. Perhaps most interesting, we note that all second derivatives with respect to x 
have been lost in the boundary-layer approximation. This has two consequences: 
(1) the equations are now parabolic instead of elliptic, so that x is now a march- 
ing variable and computer solutions are relatively easier than in Sec. 3-10; and 
(2) we have lost certain boundary conditions, notably those on v and x. The vari- 
able v has only one derivative left, dv/dy, with dv/dx and the two second deriv- 
atives having been discarded. We now need only one condition on v at one y 
position. The obvious condition to retain is no slip: v = Qat y = 0. We need not 
specify v at the outer edge of the layer. We have lost one condition each on u and 
T by discarding 0°u/dx? and 8*T/dx*; therefore we disavow all knowledge of u 
and T at one x position, the best choice being the exit plane. The solutions will 
yield the correct values of u and T at the exit without our specifying them. 


To sum up, the boundary-layer equations are far simpler than their parents, the 
Navier-Stokes equations. We can rewrite Eqs. (4-32) in the more common dimen- 
sional form for two-dimensional incompressible flow with constant properties 


cu “42 -o (4-35a) 
eas ole cai T) +v 24 (4-358) 
a ax ay ay? 
2 2 
pe,( ey Oe 2) x p + „(2) (4-35c) 
P\ ot dx dy dy dy 


where U = U(x, t}, assumed known, denotes the freestream velocity just outside 
the boundary layer. The boundary conditions are 


No slip: u(x, 0, ) = v(x, 0,1) = 0 T(x, 0, = T (x, £) 

Inlet condition: (Xp, Y, t), V(Xo, Y, £), and T(x, Y, t) known 

Patching to the outer layer: u(x, ©, t) > U(x, t) (4-36) 
T(x, ©,  — Ti, t) 

Jnitial condition: u(x, y, 0), v(x, y, 0), and T(x, y, 0) known 


*In turbulent flows (Sec. 6-4), the Reynolds number remains as a parameter because the turbulent inertia terms 
cannot be scaled by the square root of Re. 
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These equations, developed by Prandtl (1904), approximate the flow of a viscous 
fluid at high Reynolds numbers. They may be solved, at least numerically, for any 
practical distribution of stream velocity and temperature and of wall temperature. 
Some important solutions will be detailed here—for additional laminar boundary 
layers, see the text by Rosenhead (1963). 

The limitations of the boundary-layer equations are 


1. The Reynolds number must be large. 


2. If the outer flow is decelerating (dU/dx < 0, dp/dx > 0), a point may be 
reached where wall shear approaches zero, the separation point. Beyond this 
point, the boundary-layer approximations are not accurate. 


3. At some large Re, = 6(10°), the laminar solutions become unstable and transi- 
tion to turbulence occurs. The thin-layer approximations still hold then for the 
turbulent boundary layer. 


The problem of separated flow is still frustrating because boundary-layer 
approximations fail. However, some newer techniques, to be discussed, have made 
headway on separated-flow analysis. 

Here we present only two-dimensional incompressible-boundary-layer rela- 
tions. They may be readily extended to three-dimensional and to compressible-flow 
conditions. 


4-2.1 Orthogonal Curvilinear Coordinates 


At first glance, Eqs. (4-35) seem to be valid only for a Cartesian system (x, y). 
However, they are also valid for flow along the curved wall shown in Fig. 4-4, sub- 
ject only to the requirement that the boundary-layer thickness 6 be much smaller 
than the radius of curvature I of the wall. The exact boundary-layer equations in 
such a curvilinear coordinate system were given by Tollmien (1931). After suitable 
order-of-magnitude assumptions, we find that the chief difference between the 
curvilinear and the Cartesian equations lies in the pressure gradient normal to the 
wall, which is no longer negligibly small for a curved body: 


op pu’ 
ay ~ D (an 


FIGURE 4-4 
Boundary-ltayer fiow over a curved 
body shape. 
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The gradient is of order unity. But if we integrate this from y = Oto y = 6, assuming, 
say, a linear distribution u = Uy/6, we obtain 


pee 
pô) = po) x & 


or (4-38) 


FY — 
AP* = 3 
which is negligibly small if 6 << XR. Therefore Eqs. (4-35) are valid for general 
curved-wall flows as long as the boundary-layer thickness is small compared to the 
wall radius of curvature. This would not be true at a sharp corner, but sharp corners 
invite immediate flow separation and are thus to be avoided. 


4-2.2 General Remarks about Flow Separation 


Before we attempt actual solutions, we can spot flow-separation effects from the 
boundary-layer equations themselves. If we apply the momentum equation at the 
wall, where u = v = O, we find that 


2 

Cup =l a (4-39) 
oy y=0 H dx 

Thus the wall curvature has the sign of the pressure gradient, whereas further out 
the profile must have negative curvature when it merges with the freestream. Profile 
curvature is an indicator of possible boundary-layer separation. Three examples are 
shown in Fig. 4-5a. For negative (favorable) pressure gradient, the curvature is neg- 
ative throughout, and no flow separation can occur. For zero gradient, e.g., flat-plate 
flow, the curvature is zero at the wall and negative further out; there is no separa- 
tion. For positive (adverse) gradient, the curvature changes sign and the profile is 


4 Py Omme me ae. 

is O (adverse) : 
— > 
dx 

Point of dp 

inflection — = 
dx 
dp Point of 


— < 0 (favorable j 
Jx <0( ) separation 


{a) (b) 


FIGURE 4-5 
Geometric effects due to pressure gradient: (a) types of profile; (b) persistent adverse gradient. 
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S-shaped. The increasing downstream pressure slows down the wall flow and can 
make it go back ward—flow separation. 

Figure 4-5% illustrates the separation process. A persistent adverse gradient 
(dp/dx > 0) makes the profile more and more S-shaped, reducing the wall shear to 
zero (the separation point) and then causing backflow, while the boundary layer 
becomes much thicker. Laminar flows have poor resistance to adverse gradients and 
separate easily. Turbulent boundary layers can resist separation longer-—at the 
expense of increased wall friction and heat transfer. 


4-2.3 Shear Stress in a Boundary Layer 


After the boundary-layer equations have been solved, a major interest is shear 
stress, which in two-dimensional flow would be given by 


But the order-of-magnitude analysis shows that the term dv/Ax is two orders small- 
er than du/dy. Hence it is quite proper in boundary-layer theory to calculate the 
shear stress from the approximation 


Cam! wx {2u 
= Moy Tw X (E) (4-40) 


The friction drag would of course be the integrated value of this local shear stress. 
The relation also shows that the approximate point of separation in Fig. 4-55 is the 
point of zero shear stress, i.e., the point where 7, passes from positive to negative. 


T 


4-3 SIMILARITY SOLUTIONS FOR STEAÐY 
TWO-DIMENSIONAL FLOW 


If we neglect buoyancy in Eqs. (4-35), the velocity is uncoupled from the temper- 
ature, and we can confine our attention temporarily to the momentum and continu- 
ity equations for steady flow: 


ax + ay = 0 (4-41a) 
ðu du _ ,,dU, „u 
un + vay =U T + tae (4-41) 
subject to u(x, 0) = v(x, 0) = 0 u(x, CO) = U(x) 


This is a system of partial differential equations of the parabolic type which can be 
solved with finite-difference techniques by marching downstream in the x direction. 
However, before trying that idea in Sec. 4-5, we study here the possibility of reduc- 
ing these equations to ordinary differential equations by similarity transformation. 
Similarity solutions for the full Navier-Stokes equations were discussed in Sec. 3-8. 
and one of those successes, stagnation flow, is also a solution of the boundary-layer 
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equations, as we shall see. Whole books are devoted to similarity techniques, e.g., 
Hansen (1964) and Sachdev (2000). We shall discuss here three similar boundary 
layers: the flat plate, the Falkner-Skan wedge flows, and the converging channel 
(sink flow). In each case the two-dimensional partial differential equations of conti- 
nuity and momentum can be reduced to a single ordinary differential equation. 


4-3.1 The Blasius Solution for Flat-Plate Flow 


Ludwig Prandtl’s first student, H. Blasius (1908), found a celebrated solution for 
laminar-boundary-layer flow past a flat plate, as in Fig. 4-1. If the displacement thick- 
ness is small (Re >> 1), then U = const and dU/dx = 0 in Eq. (4-41). There is a 
leading edge, (x, y) = (0,0), but no characteristic length “L.” Therefore the local 
velocity profiles must all have the same dimensionless shape, u/U = fcn(y/6). Since, 
from our integral analysis, Eq. (4-14), 6 = const(vx/U)!/?, the appropriate dimen- 
sionless similarity variable should be 


sgh ps 
N= Val opx (4-42) 


The factor “2” is not necessary—Blasius himself did not use it—but it will avoid 
another factor “2” in the final differential equation. 

The stream function of the flow, y = J u dy| const» Should increase as 6, or 
x!/?, and has the following nondimensional form: 


db = V 2vUx f(y) (4-43) 


where fis a function to be determined. Note another factor “2” introduced for con- 
venience. From the definition of stream function, 


er aa Uf’) 
(4-44) 


v 


| 
| 
D 
=| 
i 
N 
| 
PAN 
g 
| 
=h 
Ne” 


where the prime denotes differentiation with respect to n. We see that, as expected, 
u is of order U while v is of smaller order, U/ V Re,. 

Substitution of u and v from Eqs. (4-44) into the boundary-layer momentum 
relation (4-41) yields, after considerable manipulation useful as a student exercise, 
the following differential equation 


f” + ff" =0 (4-45) 

Referring to Eqs. (4-44), the no-slip conditions u(x, 0) = v(x, 0) = 0, and the 
freestream-merge condition, u(x, CO) = U, convert to 

f'@=  fO)=0 f'(~) = 1 (4-46) 


Equation (4-45) is the celebrated non-linear Blasius equation for flat-plate flow. 
Note its similar appearance to the stagnation-flow relation, Eq. (3-151), whose 
extra terms are due to the (favorable) pressure gradient. 
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The Blasius equation has never yielded to exact analytic solution. Blasius him- 
self (1908) gave matching inner and outer series solutions. Many other methods of 
attack are chronicled in the text by Rosenhead (1963). One method led to a general 
boundary-layer technique, now outdated, outlined in the text by Meksyn (1961). 
With the advent of the personal computer, it is now a simple matter to program Eqs. 
(4-45) and (4-46) using Subroutine RUNGE from App. C. Let f” = Y}, f’ = Y, 
and f = Y;. Then the proper FORTRAN relations are 


FUL) = —Y(1) * Y8) 
F(2) = Y(1) (4-47) 
FB) = Y(2) 


The problem is to find the correct value f”(0) = Y, (n = 0) which will make 
f’ = Y, approach 1.0 as ņ approaches infinity. By a simple asymptotic analysis, we 
find that “infinity” is approximately 7 = 10, and we can run off a few solutions for 
various values of f”(0), all of which behave beautifully. From these guesses, we 
can interpolate to find the value f”(O) which makes f’(CO) = Y,(10.0) = 1.0. The 
accepted value, correct to six significant figures, is 


f”(0) = 0.469600 ... (4-48) 


The complete numerical solution for the Blasius equation is given in Table 4-1. 
From this we can find all the flow parameters of interest to flat-plate flow. 

Figure 4-6a shows a plot of the Blasius functions f, f’, and f”, and Fig. 4-6b 
compares the profile f’ = u/U with the experiments of Liepmann (1943). The 
agreement is excellent, and we may regard this first test of the boundary-layer 
approximation as a success. 

Other properties follow from the table. We note that f’ = 0.99 at n = 3.5. 
Thus we have a value of the 99 percent boundary-layer thickness 


| 2vx 
Ogo%% od 3.5 U 


or (4-49) 
599% <2 


~ 


x V Re 


x 


The momentum and displacement thickness are related to integrals of f’ through 
their definitions from Eqs. (4-4) and (4-6): 


pale 

6” 2Vx 

or (4-50) 
6* 1.7208 


V Re, 


J (1 — f) dn = hm (7 — f) = 1.21678 
0 Qa CO 
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TABLE 4-1 

Numerical solution of the Blasius flat-plate relation, 
Eq. (4-45) 

n F) Fo) F” 
0.0 0.0 0.0 0.46960 
0.1 0.00235 0.04696 0.46956 
0.2 0.00939 0.0939 | 0.46931 
0.3 0.02113 0.14081 0.46861 
0.4 0.03755 0.18761 0.46725 
0.5 0.05864 0.23423 0.46503 
0.6 0.08439 0.28058 0.46173 
0.7 0.11474 0.32653 0.45718 
0.8 0.14967 0.37196 0.45119 
0.9 0.18911 0.41672 0.44363 
1.0 0.23299 0.46063 0.43438 
L} 0.28121 0.50354 0.42337 
1.2 0.33366 0.54525 0.41057 
1.3 0.39021 0.58559 0.39598 
1.4 0.45072 0.62439 0.37969 
1.5 0.51503 0.66147 0.36180 
1.6 0.58296 0.69670 0.34249 
1.7 0.65430 0.72993 0.32195 
1.8 0.72887 0.76106 0.30045 
1.9 0.80644 0.79000 0.27825 
2.0 0.88680 0.81669 0.25567 
2.2 1.05495 0.86330 0.21058 
2.4 1.23153 0.90107 0.16756 
2.6 1.41482 0.93060 0.12861 
2.8 1.60328 0.95288 0.09511 
3.0 1.79557 0.96905 0.0677 | 
3.2 1.99058 0.98037 0.04637 
3.4 2.18747 0.98797 0.03054 
3.6 2.38559 0.99289 0.01933 
3.8 2.58450 0,99594 0.01176 
4.0 2.78388 0.99777 0.006387 
4.2 2.98355 0.99882 0.00336 
4.4 3.18338 0.99940 0.00208 
4.6 3.38329 0.99970 0.00108 
4.8 3.58325 0.99986 0.00054 
5.0 3.78323 0.99994 0.00026 
5.2 3.98322 0.999971 0.000119 
5.4 4.18322 0.999988 0.000052 
5.6 4.38322 0.999995 0.000022 
5.8 4.58322 0.999998 0.000009 


6.0 4.78322 0.999999 0.000003 
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0.4696 


0 1 1.217 2 3 4 


FIGURE 4-6 
The Biasius solution for the flat-plate boundary layer: (a) numerical solution of Eq. (4-45); (b) comparison 
of f’ = u/U with experiments by Liepmann (1943). 
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The numerical value 1.21678 is shown in Fig. 4-6a to be the 7 intercept of a 45° line 
which is asymptotic to the curve f(n) at large 7. Since f is proportional] to the stream 
function, the dashed 45° line represents an inviscid stream function displaced a 
dimensionless amount 1.21678 away from the plate. Similarly, we calculate 


U 
OM Fae 


or (4-51) 
0 _ 0.664 


x V Re 


x 


We can also calculate the wall shear stress 


II 


I f'A — f’) dn = f"(0) = 0.4696 
0 


„ = „u| —-#UL@ 
i ðylw = V2vx/U 
or (4-52) 
PTa 
C= = 0.664 _8 


pU V Re E 


Finally, the integrated drag coefficient on a plate of length L is 


1.328 


V Re, 


This is. the drag on one side of the plate. Experimental values of the drag coefficient 
of a plate in the range 1 = Re, = 2000 are shown in Fig. 4-7 and compared with 


L 
C(L) = + r C,dx PSA DE (4-53) 
0 
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FIGURE 4-7 


Theoretical and experimental drag of a flat plate. 
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Eq. (4-53) and also with the Oseen relation discussed in Chap. 3, Eq. (3-226). We 
see that the Blasius relation is accurate for Re, = 1000, and the Oseen theory is 
valid for Re; = 1. 

The intermediate region 1 < Re, < 1000 has been the subject of many ana- 
lytical and numerical studies. It may be fit reasonably well by the correction factor 
given in a perturbation theory by Imai (1957): 


i (4-54) 


This relation is also plotted in Fig. 4-7 and can be seen to fall slightly lower than 
the data. 

Numerical solutions of the full Navier-Stokes equations for 0.1 < Re,< 1000 
by Dennis and Dunwoody (1966) and by Brauer and Sucker (1976) verify that the 
drag is higher than predicted by boundary-layer theory. Figure 4-8 shows the com- 
putations of Dennis and Dunwoody (1966) for (a) the local friction coefficient and | 
(b) the local surface pressure. For lower Reynolds numbers, there are marked 
effects at both the leading and trailing edges, and the boundary-layer approxima- 
tion is not realized until Re, = 1000. 

It is interesting that the normal velocity v is not zero at the edge of the bound- 
ary layer. From Eq. (4-44), we compute, as 7 — ©, 


0.8604U 


V Re, 


x 


There is a slight upwelling of the flow because of displacement of the outer stream. 
Panton (1996, Sec. 20.7) contains a good discussion of this effect. In favorable gra- 
dients, there can be downwelling toward the wall. 


v(x, CO) = (4-55) 


4-3.2 Flat-Plate Heat Transfer for Constant 
Wall Temperature 


If 7,. and T, are constant, the temperature profiles also satisfy similarity relations. 
By analogy with the stagnation-flow relation, Eq. (3-167), we define a dimension- 
less temperature difference 


T, 
OM) = FT (4-56) 


Assuming that u and v are known from the Blasius solution, we substitute Eq. (4-56) 
into the boundary-layer energy Eq. (4-35c), neglecting dissipation, that is, Ec << 1. 
The result is 

O” + Primo = 0 
subject to @(0) = 1 @(co) = 0 


(4-57) 
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FIGURE 4-8 


Numerical solution of the full Navier-Stokes equations for flat-plate flow at moderate Reynolds numbers: 
(a) local friction coefficient; (b) local surface pressure. [After Dennis and Dunwoody (1966).] 
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6 FIGURE 4-9 


n=y y Y Flat-plate temperature profiles for 
2xv zero dissipation. 


This is identical to the stagnation-flow relation Eq. (3-168) with the boundary con- 
ditions reversed. The solution is, by analogy, 


E fy d exp(—Pr f,’f ds) 


7 fy an exp( —Pr fyf ds) 


This result was given by Pohlhausen (1921). The temperature profiles computed 
from Eq. (4-58) are shown in Fig. 4-9 for various Prandtl numbers. Since Pr is a 
ratio of viscous to conduction effects, the higher the Prandtl number, the thinner the 
thermal boundary layer. The thickness ratio may be approximated by 


(4-58) 


ô 
re (4-59) 
The wall heat transfer may be computed from Fourier’s law: 
ee) aa a U 
Gy = —k ay |o K(T,, — T,)@'(O) Ix 
or, in dimensionless form, 
—@'(0 
Nu, = ali : (4-60) 
V2 


As seen in Fig. 4-9, the wall temperature slope ©’(0) is a function of the Prandtl 
number and from Eq. (4-56) is given by 


eh SEITE is ee i i 
O'O) I an exp( Prf fas) (4-61) 


By exact analogy with the stagnation-flow relation Eq. (3-172), this parameter may be 
evaluated by adding two FORTRAN statements to our Blasius analysis, Eq. (4-45): 


FO) = ¥ G3) 
F (5) = EXP(-—PR * Y(4)) 


The output !/Y;(0°) is the desired wall slope |@’(0)|. Some values of this slope 
may be tabulated as follows: 
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-0'(0)/V2 -07(0)/V2 


0.001 0.0173 
0.01 0.0516 100 1.572 
0.1 0.1400 1000 3.387 


0.3321 


For Prandtl numbers, in the range 0.1 < Pr < 10,000, a good curve fit to these 
tabulated values is — ©'(0)/ V2 = 0.332Pr'/?. Therefore Eq. (4-60) for low-speed 
laminar flat-plate heat transfer may be written as the familiar approximate relation 


Nu, = 0.332 Re! Pr!’ (4-62) 


This has the same form as our energy-integral result, Eq. (4-27). It is the accepted 
engineering approximation but predicts too high for liquid metals, Pr < 0.1. 

The solution of the flat-plate energy equation when dissipation is not neg- 
lected is very interesting and leads to the concept of the recovery factor and the adi- 
abatic-wall temperature. However, these concepts are realized in practice only by 
high-speed (compressible) boundary layers. Therefore discussion will be postponed 
until Chap. 7. 


4-3.3 The Falkner—Skan Wedge Flows 


The most famous family of boundary-layer similarity solutions was discovered by 
Falkner and Skan (1931) and later calculated numerically by Hartree (1937). Rather 
than merely “anticipating” the solution as we did with the Blasius problem, let us 
outline a search for similarity. 

To begin with, we can eliminate v from the momentum equation by using the 
no-slip condition to solve continuity for v 


a f° 
OS ae j u dy (4-63) 


the integration being carried out at constant x. The problem now reduces to a sin- 
gle integrodifferential equation for u alone: 


du _ du(a f" gaU a. Oru 
ua ay (ifea) = Uk + » oy? (4-64) 


We now inquire: Is there any possibility of combining x and y into a single variable 
n(x, y) such that the above equation becomes an ordinary differential equation in a 
function of n only? If so, we have achieved similarity, but only for certain special 
cases of the freestream velocity distribution U(x). 

Let us generalize the Blasius solution to variable freestream velocity: 


u(x, y) = UWF (n) (4-65) 


240 VISCOUS FLUID FLOW 


where 7 = n(x, y) is dimensionless but is not the Blasius variable from Eq. (4-42). 
With careful chain-rule differentiation, we can substitute this in the momentum 
Eq. (4-64). For example, if u = Uf’, then 


a 
ou = U' f’ + us" 
(4-66) 
ou = Uf „ôN 
oy dy 


and likewise for the second derivatives. An especially appealing form is linear in y, 
so that (07n/dy*) vanishes: 


n = ye) (4-67) 


Substitute Eq. (4-67) into the momentum relation, Eq. (4-64), evaluating the integral 
by Leibnitz’ rule, using integration by parts. The result may be rearranged as follows: 


Ue! dU/dx 
J” = ff" (=) ER (F? _ ff” = mI = ) (4-68) 


vg? 2 


Similarity is achieved if each of the two coefficients in this relation is such that all 
x’s disappear, leaving only constants. For Eq. (4-68), this implies that In(U) is pro- 
portional to In(g). 

Falkner and Skan (1931) found that similarity was achieved by the variable 
n = Cyx", which is consistent with a power-law freestream velocity distribution: 


U(x) = Kx” m = 2a + 1 (4-69) 


The exponent m may be termed the Falkner—Skan power-law parameter. The con- 
stant C must make ņ dimensionless but is otherwise arbitrary. The best choice is 
C? = K(1 + m)/2v, which is consistent with its limiting case for m = 0, the 
Blasius variable from Eq. (4-42). Thus we choose 


cs m+ 1 U(r) 
ote 2 vx 


(4-70) 


Substituting this particular C into g, and g, in Eq. (4-67) gives the most common 
form of the Falkner—Skan equation for similar flows: 


j” re ff” + ga = Ff) = 0 

(4-71) 
2m 
l+m 


where g = 


The boundary conditions are exactly the same as for the flat plate: 
fO=-fO)=0 f(œ)=1 (4-72) 


The parameter 8 is a measure of the pressure gradient dp/dx. If B is positive, the 
pressure gradient is negative or favorable, and negative 8 denotes an unfavorable 
positive pressure gradient. Naturally, 8 = O denotes the flat plate. A priori, we 
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expect the case m = —1 (B = +400) to be a trouble spot, but it is not: This case 
(U inversely proportional to x) is handled by a different choice of the constant C. 


4-3.3.1 INVISCID FLOW PAST WEDGES AND CORNERS. The Falkner—Skan solu- 
tion illustrates both favorable and adverse pressure gradients and is a realistic engi- 
neering flow pattern. The power-law freestream, U = Kx”, is the exact solution to 
inviscid flow past a wedge or corner shape. In plane polar coordinates, Laplace’s 
equation for the stream function (r, 0) is 


i a ( a) 1y 
ror Or r? ae? 


As shown in texts covering potential flow, e.g., White (2003), p. 546, an exact 
solution is 


wr, 8) = const r*+! sinfam + 1)6] (4-73) 


This formula has certain radial streamlines that can be interpreted as the “walls” of a 
wedge or a comer, as in Fig. 4-10, depending upon the value of B = 2m/(m + 1). 
The velocity along these walls has the form U = Kx” and represents the freestream 
driving the boundary layer on the wall, with x = Q at the tip of the wedge. We may 
list the following cases: 


oss 8 =), =} = m = Q0: flow around an expansion corner of turning 
angle Bar/2 


B = 0,m = Q: the flat plate 

0 = B = +2,0 = m = ov: flow against a wedge of half-angle B2/2 

B = i,m = 1: the plane stagnation point (180° wedge) 

B= +4,m= E doublet flow near a plane wall 

B= +5,m= —š : doublet flow near a 90° comer 

B = +0,m = ze flow toward a point sink [the boundary-layer version of 


the Jeffery-Hamel flow in a convergent wedge (Sec. 3-8) 
These are similar flows, 1.e., for a given £ the velocity profiles al] look alike when 


scaled by U(x) and &(x). They may also be used, with modest success, to predict the 
behavior of nonsimilar flows. 


U ZF 


ar px x 
SEDs a 2 UX) en 
U(x) ae yee 


Expansion corner: Wedge flow: Point sink: 
—2<sfs0 O<Ps2 B=teoo 
FIGURE 4-10 


Some examples of Falknex—Skan potential flows. 
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Equation (4-71) obviously yields to a digital-computer solution simply by adding 
the term B(1 — f ’2) to the FORTRAN relations of Eq. (4-47) for the Blasius equation: 


F(1) = —Y(1) * Y(3) — BETA * (1. — Y(2)* Y(2)) 
F(2) = Y(1) (4-74) 
F(3) = Y(2) 


As before, we select B and try to find the proper value of fẹ that makes f’(0o) 
asymptotically approach unity. 

Although we could easily attack Eq. (4-71) with our personal computers, in 
fact, the Falkner-Skan solutions have been well tabulated and charted. Extensive 
results are given in the text by Evans (1968). The most important results are plot- 
ted in Fig. 4-11, spanning the range from the stagnation point (8 = m = 1) down 
through fiat-plate flow (B = m = 0) to the separation point (B = —0.19884, 
m = —0.09043). Figure 4-1la shows the velocity profiles u/U = f’, which grow 
thicker as 6 decreases and, for B < 0, become S-shaped as in Fig. 4-5b and sepa- 
rate (7,. = 0) for 8 = —0.19884. Separation corresponds to an expansion angle in 
Fig. 4-10 of only 18°. 

Figure 4-11b shows the shear-stress profiles #”(7). Note that shear, in acceler- 
ated (favorable) flows, falis away from the wall value but instead rises from the wall 
in decelerated (adverse) flows. This is a consequence of the momentum-equation 
condition 7/ðy| yan dp/dx and is true also in turbulent boundary layers. Note in 
passing that the solution for B = A, m= + corresponds to the axisymmetric stagna- 
tion flow from Sec. 3-8.1.3. 


Accelerated flows 
B=1.0 


p=-0.1° 
B 
B = -0.198838 


FIGURE 4-11 
(a) Velocity profiles and (b) shear-stress profiles for the Falkner—Skan equation. 
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TABLE 4-2 
Numerical values of the streamwise velocity f’ (27) for Falkner—Skan similarity flows 


B -0.19884 -0.18 0.0 0.3 1.0 2.0 10.0 
4 0.0 0.12864 0.46960 0.77476 1.23259 1.68722 3.67523 

n* 2.35885 1.87157 1.21678 0.91099 0.64790 8.49743 0.24077 
n oF 0.58544 0.56771 0.46960 0.38574 0.29235 0.23079 0.11523 
0.0 0.0 © 0.0 0.0 0.0 0.0 0.0 0.0 
0.1 0.00099 0.01376 0.04696 0.07597 0.11826 0.15876 0.31843 
0.2 0.00398 0.02933 0.09391 0.14894 0.22661 0.29794 0.54730 
0.3 0.00895 0.04668 0.14081 0.21886 0.32524 0.41854 0.70496 
0.4 0.01591 0.06582 0.18761 0.28569 0.41446 0.52190 0.81043 
0.5 0.02485 0.08673 0.23423 0.34938 0.49465 0.60964 0.87954 
0.6 0.03578 0.10937 0.28058 0.40988 0.56628 0.68343 0.92414 
0.7 0.04868 0.13373 0.32653 0.46713 0.62986 0.74496 0.95259 
0.8 0.06355 0.15975 0.37196 0.52107 0.63594 0.79587 0.97057 
0.9 0.08038 0.18737 0.41672 0.57167 0.73508 0.83767 0.98185 
1.0 0.09913 0.21651 0.46063 0.61890 0.77787 0.87 172 0.98888 
1.2 0.14232 0.27899 0.54525 0.70322 0.84667 0.92142 0.99591 
l4 0.19274 0.34622 0.62439 0.77425 0.89681 0.95308 0.99856 
1.6 0.24982 0.41691 0.69670 0.83254 0.93235 0.97269 0.99957 
1.8 0.31271 0.48946 0.76106 0.87906 0.95683 0.98452 0.99998 
2.0 0.38026 0.56205 0.81669 0.91509 0.97322 0.99146 0.99999 
2.2 0.45097 0.63269 0.86330 0.94211 0.98385 0.99542 
2.4 0.52308 0.69942 0.90107 0.96173 0.99055 0.99761 
2.6 0.59460 0.76048 0.93060 0.97548 0.99463 0.99879 
2.8 0.66348 0.81449 0.95288 0.98480 0.99705 0.99940 
3.0 0.72776 0.8606! 0.96905 0.99088 0.99842 0.99972 
3.2 0.78578 0.89853 0.98037 0.9947] 0.99919 0.99987 
3.4 0.83635 0.92854 0.98797 0.99704 0.99959 0.99995 
3.6 0.87882 0.95138 0.99289 0.99840 0.99980 0.99998 
3.8 0.91315 0.96805 0.99594 0.99916 0.99991 0.99999 
4.0 0.93982 0.97975 0.99777 0.99958 0.99996 
4.5 0.97940 0.99449 0.99957 0.99994 0.99999 
5.0 0.99439 0.99997 0.99994 0.99999 


Table 4-2 lists the values of u/U = f'(ņ) for a variety of solutions. Also tab- 
ulated are the proper initial conditions f”(0), plus the dimensionless displacement 
and momentum thicknesses: 


n* =| Cf an = SD lyases 


saf Mie a ee eE 


(4-75) 


TETS 
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The ratio of these two, the shape factor H, will be especially useful in some approx- 
imate theories to be discussed. 

In keeping with our constant reminders that the Navier-Stokes equations are 
nonunique, the boundary-layer equations also show multiple solutions. Stewartson 
(1954) pointed out the following pathology of the Falkner-Skan equation for neg- 
ative B: 


1. For —0.19884 = B = Q, there are (at least) two solutions of Eq. (4-71) for any 
given B, one of which is of the type shown in Fig. 4-1 1a and the second of which 
always shows a backflow at the wall. The two types of solution are identical at 
B = 0.19884 but are entirely different at B = Q. 

2. For B < —0.19884, a multiple (probably an infinity) of solutions to Eq. (4-71) 
exists for any given value of the wail gradient fġ . For example, Fig. 4-125 shows 
a family of separating profiles (fọ = 0) calculated by Libby and Liu (1967), 


8 = -0.1988 


N 


100 1000 10,000 
f- (0) 


(d) 


FIGURE 4-12 

The multiplicity of Falkner-Skan solutions for negative 8: (a) five branches of solutions for negative 8. as 
found by Libby and Liu (1967); (b) five separating profiles corresponding to the five heavily marked inter- 
cepts in (a): (c) three overshoot profiles without backflow. calculated moving up along branch 2 [After 
Steinheuer (1968)], (d) solution sets along upper branch 2 as calculated by Steinheuer (1968), showing 
asymptotic approach to the wail jet solution found by Glauert (1956). 
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presumably there are even more of this same family; for B ~ —5.3, —6.3, etc., 
Stewartson (1954) has proved that ail solutions in this range of B must show veloc- 
ity overshoot, that is, f’ greater than 1.0, at some point in the boundary layer. 


The gist of these remarks is shown in Fig. 4-12a, which gives a polar plot of £ vs. 
fë for the first five branches of solutions for negative B found by Libby and Liu 
(1967). Figure 4-12c shows some profiles for positive fọ along branch 2 as com- 
puted by Steinheuer (1968); these, like the separating profiles, show overshoot but 
no backflow. Libby and Liu (1967) liken these profiles to streamwise blowing into 
a moving stream—a wall jet. Indeed, as f”(0) becomes very large along branch 2 
of Fig. 4-12a, B approaches —2.0 and, as pointed out by Steinheuer (1968), the 
velocity profile becomes identical with the pure laminar-wall-jet solution found by 
Glauert (1956). This effect is shown in Figs. 4-12c and d. 


4-3.4 Heat Transfer for the Falkner-Skan 
Flows 


If we neglect dissipation and assume constant wall and stream temperature, the flat- 
plate analysis of Sec. 4-3.2 holds in exactly the same form: 


O” + Prf, B)@' = 0 (4-76) 


where © = (T — T,)/(T,. — T.) as before. Here f(n, B) is the Falkner-—-Skan 
stream function—the output Y, from Eq. (4-74)—defined as 


Wx, y) = f |H ruo) (4-77) 


Compare with Eq. (4-43). The solution is given by Eq. (4-58), and the local Nusselt 
number may be written in the form 


U 
Nu, = m > l G(Pr, B)Re!” Re, = E = (4-78) 


E EN cae ee 
where G(Pr, B) | exp( prf fas) dn 


A plot of G(Pr, 8) for various $ is given in Fig. 4-13, and tabulated values are 
given in Table 4-3. For a given £, the variation with Pr is nearly a power law, as in 
Eq. (4-62). Three examples wouid be 

0.22 Pr®?? (separation, B = —0.1988) 
5 © 4 0.332 Pr'?  (flatplate, 8 = 0) (4-79) 
y 0.57 Pr®* (stagnation, 8 = 1) 


Note that separation flow, where skin friction is zero, supports considerable heat 
transfer. In fact, heat transfer in general (nonsimilar) separated-flow regions is sub- 
stantial for both laminar and turbulent flows, e.g., the rear of bluff bodies. 
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TABLE 4-3 
Numerical values of the heat-transfer parameter G(Pr, B) from Eq. (4-78) 


B 0.19884 -0.18 0.0 0.3 4.0 2.0 10.0 
fi 0.0 0.12864 0.46960 0.77476 1.23259 1.68722 3.67523 
Pr n* 2.35885 1.87157 1.21678 0.91099 0.64790 0.49743 0.24077 
0.001 0.02383 0.02410 0.02449 0.02467 0.02483 0.02492 0.02508 
0.003 0.03967 0.04047 0.04154 0.04206 0.04252 0.04278 0.04325 
0.006 0.05409 0.05555 0.05759 0.05859 0.05947 0.05999 0.0609! 
0.01 0.06745 0.06972 0.07296 0.07455 0.07597 0.07681 0.07831 
0.03 0.10547 0.14109 0.411935 0.12353 0.12734 0.12972 0.13385 
0.06 0.13666 0.14619 0.16050 0.16791 0.17480 0.17903 0.18693 
0.1 0.16339 0.17709 0.19803 0.20908 0.21950 0.22600 0.23843 
0.3 0.23180 0.25971 0.30371 0.32783 0.35147 0.3668} 0.39801 
0.6 0.28318 0.32498 0.39168 0.42892 0.46633 0.49130 0.54459 
Air 0.72 0.29777 0.34400 0.41786 0.45929 0.50113 0.52928 0.59054 
1.0 0.32581 0.38112 0.46960 0.51952 0.57047 0.60520 0.68219 
2.0 0.39145 0.47090 0.59723 0.66905 0.74372 0.79599 0.91815 
3.0 0.43478 0.53224 0.68596 0.77344 0.86522 0.93036 1.0872 
6.0 0.51896 0.65591 0.86728 0.98727 1.1147 1.2069 1.4396 
10.0 0.59054 0.76545 1.02974 1.1791 1.3388 1.4557 1.7597 
30.0 0.77839 1.0703 1.4873 1.7198 1.9706 2.1577 2.6682 
60.0 0.92602 1.3260 1.8746 2.1776 2.5054 2.7520 3.4395 
100.0 1.0523 1.5550 2.2229 2.5892 2.9863 3.2863 4.1332 
400.0 1.4885 2.4098 3.5292 4.133] 4.7894 5.2890 6.7332 
1000.0 1.8717 3.2319 4.7901 5.6230 6.5291 7.2212 9.2401 
4000.0 2.6471 5.0631 7.6039 8.9481 104112 11.5320 14.8312 
10,000.0 3.3285 6.8289 10.3201 12.1577 14.1583 15.6928 20.2262 


10 


G (Pr, P) 


0.01 0.1 1 10 100 1000 
Prandtl number, Pr 


FIGURE 4-13 


Heat-transter parameter G(Pr, 8) for Falkner—Skan similarity flows with constant wall temperature and neg- 
ligible dissipation. 
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4-3.5 The Reynolds Analogy as a Function 
of Pressure Gradient 


We saw in Sec. 3-8.1.5 that there is a proportionality between friction and heat 
transfer in stagnation flow. A comparable Reynolds analogy holds in flat-plate flow. 
If we divide Eq. (4-52) by Eq. (4-62), we obtain 


È 
g fat plate) = 2Pr*/3 (4-80) 


This is a pure proportionality, valid for laminar or turbulent flow, independent of the 
Reynolds number. It is often used as an approximation in other (nonsimilar, non- 
flat-plate) situations, such as duct flow. But Eq. (4-79) alerts us that there is a pres- 
sure gradient effect. 

Let us see if the Reynolds analogy holds for the Falkner—Skan solutions. The 
skin friction for these flows is given by 


2uC0u/dy), p J2 + myw 
pU*(x) Ux 


and the Stanton number C, is given by Eq. (4-78). If we adopt the usual power-law 
approximation near Prandtl number unity 


G(Pr, B) = GC, B)Pr'? (4-82) 


we find that the ratio of skin friction to heat transfer for the Falkner-Skan flows is 
given by 


Ci) = (4-81) 


C(x) E 
Cw 


fo 
G(1, B) 


2Pr/3 


Gases: (4-83) 


and the simple Reynolds analogy will be valid only if the factor f of GCL, B) is unity, 
which indeed it is for B = 0. However, this “analogy factor” varies strongly with 
B, as shown in Fig. 4-14. It is zero at the separation point, where C; is zero but C, 


FIGURE 4-14 

Variation of the Reynolds analogy 

0 from Eq. (4-83) with pressure gra- 

ae 0 +04 0.8 1.2 1.6 2.0 dient 8 for the Falkner-Skan 
Falkner~Skan parameter: 8 solutions. 
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FIGURE 4-15 
Flat-plate flow with suction or blowing: {a) velocity profiles; (b) local heat-transfer rates [After Hartnett and 


Eckert (1957).3 
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is finite, and increases without bound as 8 becomes large. The analogy is thus reli- 
able only for modest, near-zero pressure gradients. It breaks down completely for 
nonsimilar flows or if the wall temperature varies. 


4-3.6 The Flat Plate with Wall Suction 
or Blowing 


The Blasius solution can be extended to nonzero wall velocity, v, << U, either pos- 
itive (blowing) or negative (suction). The streamwise wall velocity, u,,, is still zero 
from the no-slip condition. This has practical application to many problems: mass 
transfer, drying, ablation, transpiration cooling, and boundary-layer control. For 
similarity, only a certain variation v,,(x) is allowed. From Eq. (4-44), at 7 = 0, the 
wall velocity v,. = —f(0)VvU/2x. Therefore suction and blowing can be simulated 
by a nonzero value of the Blasius stream function, (0), and v, must vary as x? We 
solve the Blasius Eq. (4-45) with 


fO=0 FS] f(0) = 0 (4-84) 


The results will vary with the suction-blowing parameter, v- 


vi = =V Re, = — = (4-85) 


The momentum problem was studied by Schlichting and Bussmann (1943), with 
heat-transfer results added by Hartnett and Eckert (1957). 

Figure 4-15 shows the basic results. The velocity profiles in Fig. 4-15a are 
strongly affected by v*. Suction thins the boundary layer and greatly increases the 
wall slope (friction, heat transfer). The suction profiles have strong negative curva- 
ture, like a favorable gradient, and are very stable and delay transition to turbulence 
(see Fig. 5-12). Blowing thickens the boundary layer and makes the profile 
S-shaped, less stable, and prone to transition to turbulence (look again at Fig. 5-12). 
Ata finite value v = +0.619, the solution yields du/dy = Qat y = 0, with u = 0 
for all: finite y. The boundary layer is said to be “blown off” by the wall effect, and 
both the heat transfer and friction are zero. (The boundary-layer approximations 
fail, of course, for this extreme case.) Figure 4-15b shows the heat transfer 
Nu,/ VRe, versus the suction-blowing parameter. The effect of the Prandtl number 
is seen to be slight, at least for gases. The dash-dot lines in Fig. 4-156 also repre- 
sent the skin friction C ff 2, since the Reynolds analogy is exactly valid if Pr = 1 
in flat+plate flow. 


4-3.7! Flow toward a Point Sink 


Figure 4-10 indicated that the limiting case B = +, m = —1 corresponds to 
flow toward a point sink. However, the Falkner-Skan approach is inappropriate, 
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FIGURE 4-16 
Boundary-layer similar solution for a 
point sink: (a) geometry; (b) solution. 


(a) 


since the similarity variable in Eq. (4-70) is squeezed to nothing when 
(1 + m) = 0. The remedy is to redefine the similarity variable for this case. For the 
point-sink coordinates in Fig. 4-16a, 


ua) = -£ (4-86) 


Comparison with Eq. (4-68) reveals that similarity is achieved if 7 is proportional 
to y/x. For the nicest constants, we choose 


Y iK 
N point sink — IA 4, (4-87) 


xVv 
Substitution in Eq. (4-67) gives the following differential equation for flow into a 
convergent channel: 


f" —f?+1=0 (4-88) 


subject to f(0) = f’(0) = O and f’(co) = 1. An exact solution may be found if one 
resists the temptation to retreat into Subroutine RUNGE: 


fi = É = 3 tank? poh + tanh! v3) es (4-89) 


V2 


where the constant tanh”! \/2 = 1.146 . A plot of this relation is given in Fig. 4-165. 
We have f’ = 0.99 at 7 = 3.4, so that once again we have the customary inverse 
square-root relationship 


899% aA 3.4 
4 V —Ux/v 


the minus sign merely denoting that U is opposite to x, as shown in Fig. 4-16a. It 
is interesting that the sink-flow profile in Fig. 4-165 is the same as the 
Jeffery—Hamel wedge-flow profiles of Sec. 3-8.3.1 for large negative Rea. See, e.g., 
the profile for Rea = —100 in Fig. 3-34. Note, however, that 77 is defined quite dif- 
ferently for Jeffery-Hamel flow. 


Point sink: (4-90) 
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4-4 FREE- SHEAR FLOWS 


Free- shear layers are unaffected by walls and develop and spread in an open ambi- 
ent fluid. They possess velocity gradients, created by some upstream mechanism, 
that they ‘try to smooth out by viscous diffusion in the presence of convective decel- 
eration. ‘Three examples are (1) the free-shear layer between parallel moving 
streams, (2) a jet, and (3) the wake behind a body immersed in a stream. 

Let the dominant free-shear velocity be u in the x direction. Then, if the 
Reynolds number is large, the boundary-layer approximations will hold: 
v << u, du/dx << du/dy, dp/dy ~ 0. Further, if there are no confining walls, the 
pressure gradient dp/dx will be essentially zero. Then plane free-shear flows satisfy 
the flat-plate equations 


Ou Ov 
ax * ay l 
(4-91) 
du ge yôu y p u 
u ax v ay Vv ay? 


except of course there are no walls to enforce a no-slip condition. 

Just downstream of the disturbance that caused the velocity gradients (the 
meeting point of the two parallel streams, the jet exit, the rear of the immersed 
body), the flow will be developing and nonsimilar. Further downstream, the flow 
will be similar and the velocity profiles will all look alike when suitably scaled. 
Here we discuss only the similar solutions for the shear layer, the jet, and the wake. 


4-4.1 The Free-Shear Layer between Two 
Different Streams 


Figure 4-17a shows two parallel uniform streams, U, (upper) and U, (lower), meet- 
ing at x = 0. As we move downstream, the discontinuity between U, and U, is 
smoothed out by viscosity into an S-shaped free-shear layer between the two. The 
simplest application would be for U, = O, such as a plane airflow emerging from a 
slot into ambient air at rest. Lock (1951) generalized this into two different fluids with 
physical properties (p,, j2,) and (p3, H2), respectively—also shown in Fig. 4-17a. He 
defined a Blasius-type similarity variable for each stream: 


u (4-92) 


Note that U,, not U, is specified in both variables. Substitution in Eqs. (4-92) yields 
a Blasius-type equation for each layer: 


FOP FRHO: FH 1,2 (4-93) 
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Density p} 
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t 
k = œ (Blasius} 
k = 60,000 (air—water) 


FIGURE 4-17 
Velocity distribution between two parallel streams of different properties: (a) geometry; (b} velocities at the 
interface (U, = 0) (c) representative velocity profiles. [After Lock (195/).] (By permission of The Clarendon 
Press, Oxford.) 
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The boundary conditions are of three types. First, an asymptotic approach to the 
two stream velocities: 


U 
HEYSE - Oa, (4-94) 
Second, there should be kinematic equality, u, = u, and v, = v5, at the interface, 


taken to be at ņ; = 0: 


f (0) = f,(0) = 0 


(4-95) 
fi) = f0) # 0 
Third, there should be equality of shear stress at the interface: 
| Ou, Ou, 
or (4-96) 


| FiO) = k'/? F400) 
where k = (p2415/p,,). The most practical cases, since we are neglecting mass 
transfer between the two fluids, are k = 1 (identical fluids) or k >> 1 (a gas flow- 
ing over a liquid). For the air—water interface, k = 60,000 or k! = 245. 

Some solutions computed by Lock (1951) for various k are shown in Fig. 4-17c. 
As k increases, the lower layer moves more slowly. The air—water case, k = 60,000, 
gives a good physical picture of slow “wind-driven” flow in the surface layer of a lake 
or ocean—although that large-scale flow would likely be turbulent, not laminar. The 
interface velocity when U, = 0 is shown in Fig. 4-170 as a function of k. 

The classic case k = 1, U, = O in Fig. 4-17c has two interesting facets. First, 
it is not antisymmetric. The interface velocity is greater than 0.5 U, because the two 
layers ‘have different convective deceleration. Second, the asymptotic value 
f2(—)/ V2 = —0.619, which represents a flat plate at (00) with its boundary 
layer “blown off” as in Fig. 4-15a. 


4-4.2 ` The Plane Laminar Jet 


Consider a plane jet emerging into a still ambient (identical) fluid from a (two- 
dimensional) slot at x = 0, as shown in Fig. 4-18. Since the jet spreads at constant 
pressure and there are no bounding walls, it satisfies Eqs. (4-91) and must also have 
constant momentum flux across any (x = const) cross section: 


+00 
J = of u? dy = const (4-97) 


which is the zero-drag, zero-freestream version of Eq. (4-5) for a constant-pressure 
control volume. Schlichting (1933a) showed that if boundary-layer approximations 
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FIGURE 4-18 

Definition sketch for a two-dimension- 
al laminar free jet. [Afer Schlichting 
(/933a).} 


are valid, the jet entrainment spreads as the cube root of x, and the proper stream 
function is 


se ae aC) (4-98) 
where n = R 
3p!/2,2/3 
The corresponding velocity components are 
_ fm 
oo 31/3 
yi? (4-99) 
= an = 2F'm) 
Substitution in Eq. (4-91) gives the following relation to be solved: 
f” $ ff” + f”? = 0 (4-100) 


The boundary conditions are symmetry about the x axis (v = 0 and du/dy = 0 at 
‘ y = 0) and a quiescent ambient fluid (u = O at y = œ). This translates in the sim- 
ilarity variables to 


f(O) = f"(O) = 0 
ees 6 (4-101) 


With all zero boundary conditions, it looks as if we have no driving force for the 
equation. Upon reflection, we see that the driving potential is the momentum flux 
J, rather analogous to the Jeffery-Hamel wedge flows of Chap. 3. 

Equation (4-100) contains the same two non-linearities as the Falkner—Skan 
equation (4-69), thus issuing a seductive call for Subroutine RUNGE. In fact, 
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however. Schlichting (1933a)} deduced the exact analytic solution, which is strik- 
ingly simple: 

: f) = 2a tanh(an) 
or | (4-102) 
7 f'() = 2a’ sech?(an) 


The jet velocity profile thus has the symmetrical sech’y shape, reminiscent of a 
Gaussian, probability distribution. The constant a is determined by evaluating the 
momentum flux J from Eq. (4-97): 


+00 2 
2a? 
J = pf (25 sechžan ) 3v! x Pdn = Sov'/2q3 


or : (4-103) 
9J E Je 
a= | — ===] ~ 0.8255-“—_ 
fae (op)'/® 


Since sech 0 = 1, the maximum or centerline velocity is seen to be 


5 2/3 92/3 2 NS 
E (at J E S 0.4543( -— (4-104) _ 
16 1/3 
(pux) 


Thus the jet spreads so that the centerline velocity drops off as x7, The velocity 
distribution is 


Umax — 25173 = 3 


J 1/3 
u(x, y) = Uma,sech’an = u,,,,sech* [0.2752 (5) J (4-105) 
ux 


We may define the width of the jet as twice the distance y where u = 0.0lu 
Noting that sech?3 ~ 0.01, we have 


max’ 


2, 2N 1/3 
E) (4-106) 


Width = 2y|,., = b= 21.8( jp 


and thus the jet spreads as x°”. The mass rate of flow across any vertical plane is 
given by ` 
; — 
n= 9 J u dy = (36Jppx)! = 3.302Vppx)'? (4-107) 


which is seen to increase with x'® as the jet entrains ambient fluid by dragging it 
along. This result is correct at large x but implies falsely that ń = O at x = Q, 
which is the slot where the jet issues. The reason is that the boundary-layer approx- 
imations fail if the Reynolds number is small, and the appropriate Reynolds num- 
ber here is “n/p ~ (Jpx/p’)'/?. Thus the solution is invalid for small values of 
Jpx/ u°, meaning that we cannot ascertain any details of the flow near the jet outlet 
with a boundary-layer theory. 
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Since jet velocity profiles are S-shaped (1.e., have a point of inflection), they 
are unstable and undergo transition to turbulence early—at a Reynolds number of 
about 30, based on exit slot width and mean slot velocity. Thus although there is 
further analysis of laminar jets in the literature [Pai (1954)], jets are more likely to 
be turbulent. Textbooks treating turbulent-jet analysis and experiments are by 
Abramovich (1963), Schetz (1980), and Morris et al. (2002). 

The analysis of axisymmetric (round) jets and wakes will be discussed in 
Sec. 4-10. 


4-4.3 The Plane Laminar Wake: 
Far-Field Approximation 


A wake is the defect in stream velocity behind an immersed body in a flow, as 
sketched in Fig. 4-19. A slender plane body with zero lift, such as the airfoil paral- 
lel to the stream in Fig. 4-19, usually produces a smooth wake whose velocity 
defect u, decays monotonically downstream. A blunt body, such as a cylinder, has 
a wake distorted by an alternating shed vortex structure-—the picture in Fig. 4-19 
would be a time-average wake. 

Immediately downstream of the body in Fig. 4-19, the wake is developing and 
nonsimilar. About three body-lengths downstream, the wake becomes developed, 
with similar profiles. Here we make only a simple far-field approximation for a 
developed wake by assuming that the velocity defect is very small: 


u(x, y) = Up — ux y) << Uo (4-108) 


in which case the convective acceleration can be linearized in the manner of the 
Oseen approximation, Sec. 3-9.4. The momentum Eq. (4-91) simplifies to 


Ou, au, 
Voar Y rg (4-109) 
Up 


Developed 
wake 


re uss tho 


Uo 


FIGURE 4-19 
Ftow in the wake of a body immersed in a stream. 
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subject. to u(x, +œ) = 0 and du,/ay =O at y= 0. This is the linear 
heat-conduction equation, and the solution is 


Uy? 
u; = BU "exp (- = | (4-110) 


where B is a constant. In the far field, then, the wake has a Gaussian velocity distri- 
bution whose centerline value drops off as x~'/?. The constant B is evaluated from the 
condition that the body drag force F equals the momentum flux defect in the wake: 


oO oo 
r= f puu, dy ~ pU f u; dy = 2pU2B TA (4-111) 
zao -oo 0 
Meanwhile, this force is correlated by the body drag coefficient: 
F= Cp ZPUL 


per unit depth into the paper. Equate this to Eq. (4-111) and solve for B, after which 
the wake velocity may be written in the form 


uy Re, \'2 /1\12 Uy 
i = Col ae) x) &P\ “ayy ee 


where Re, = UpL/v is the body Reynolds number. The wake defect is thus pro- 
portional to the body drag coefficient. For a flat plate wetted on both sides, 
Cp = 2.656/V Re, from Eq. (4-53), the centerline velocity defect becomes 


x, 0 1/2 
u(x, 0) _ 0.664 (z) (4-113) 
Uo flat plate VT X 


a result given by Tollmein (1931) and valid for x > 3L. 

A: complete review of laminar wakes, including near-field and three- 
dimensional geometries and compressible flows, is given in the monograph by 
Berger (1971). Like jets, wakes are unstable and are more likely in practice to be 
turbulent than laminar. 


4-5 OTHER ANALYTIC TWO-DIMENSIONAL 
SOLUTIONS 


It is clear that the similarity solutions of Secs. 4-3 and 4-4 are very special, in that 
their profile shapes remain the same (in the dimensionless sense) as we move down- 
stream. It is far more likely that typical flow in practice is nonsimilar and changes 
from adverse to favorable gradients and perhaps back again. For example, the 
freestream flow near a cylinder has a favorable gradient near the nose which 
changes continuously to an adverse gradient (with separation) as we move toward 
the rear; No similarity technique can attack such a flow. 

In the first 50 years after Prandtl’s development of boundary-layer theory, non- 
similar flows were vexing and had to be computed laboriously by hand using ana- 
lytic methods. Computed results, such as the boundary layer over a cylinder, were 
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cherished and used as examples over and over. Now, however, in this personal- 
computer era, any practical laminar freestream distribution U(x) can be computed 
swiftly and accurately by numerical methods which we illustrate in Sec. 4-7, (The 
same computational power is also available for turbulent boundary layers, but in that 
case the equations themselves are less reliable.) 

Three basic approaches have been used to analyze nonsimilar boundary layers: 


1. Analytic continuation by series expansion, e.g., Howarth (1938), Görtler (1957), 
and Meksyn (1961). These methods are now obsolete. 

2. Approximate integral methods—an extension of Sec. 4-1.1 An amazing number 
of these techniques are discussed by Rosenhead (1963). We will discuss here the 
simple and accurate laminar-flow correlation of Thwaites (1949), which seems 
to serve well for any U(x). 

3. Numerical modeling on a digital computer. Scores of these numerical tech- 
niques, both finite-difference and finite-element, are reported in recent literature, 
e.g., Schetz (1992) and Cebeci and Cousteix (1998). We will outline a simple 
finite-difference method easily implemented on a personal computer. 


Although approaches 2 and 3 above can handle any new problem with proper 
care, two classic results are worth a brief description here. 


4-5.1 The Linearly Retarded Flow of Howarth 


A simple decelerating nonsimilar freestream distribution, 


U(x) = v(1 — x) (4-114) 


was studied by Howarth (1938) to illustrate adverse gradients and laminar-boundary- 
layer separation. Howarth expanded the stream function into a power series in x/L 
whose coefficients were Blasius-type functions of [yVU,/vx]. He kept seven 
terms—each a complicated function—and plotted the velocity profiles shown in 
Fig. 4-20. The curve for x/L = 0 is the Blasius profile, downstream of which the pro- 
files become increasingly S-shaped and finally separation occurs at x/L œ 0.125, 
according to Howarth’s estimate. 

The series-expansion approach is definitely obsolete now, but even the most 
accurate numerical solution of boundary-layer equations is invalid and inappropri- 
ate at separation and beyond. No matter how the external potential flow U(x) varies, 
the wall shear stress at the separation point comes in vertically to zero, that is, 
dr,,/on = 0 at separation.” This is known as the Goldstein singularity, after 
Goldstein (1948), who showed that, in boundary-layer theory, the wall shear stress 


"Look ahead to see similar singular wall shear stress behavior on a cylinder, Fig. 4-24b. 
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FIGURE 4-20 


Velocity profiles from a series expansion of linearly retarded flow U(x) = Ui — x/L). [After Howarth 
(1938).} 


has square-root behavior near separation: 


pst = CONSE(Xsep — x7 (4-116) 
r y=0 


Though interesting mathematically, this is unrealistic physically and is a fundamen- 
tal limitation of boundary-layer theory. The dilemma was resolved by Sychev (1972), 
who showed that a free-streamline potential theory, discussed, e.g., in Milne- 
Thomson’s text (1968), plus a rescaled boundary-layer approximation in the imme- 
diate vicinity of separation, removes the singularity. The wall shear stress then varies 
smoothly through zero. Another example of this rescaling technique is given later in 
Sec. 4-11.5. In the separated region, higher order theory and, indeed, the full 
Navier—Stokes equations should replace boundary-layer approximations. Additional 
detailed calculations of the separation region structure are given by Smith (1977). The 
Sychev—Smith theory is most appropriate for bluff- body flows, where the free stream- 
line produces an adverse pressure gradient just sufficient to cause flow separation. For 
further discussion, see Chap. 14 of the monograph by Schlichting and Gersten (2000). 


4-5.2 üi Flat Plate with Uniform Wall 
Suction 


In another series solution of an important case, Iglisch (1944) studied boundary- 
layer flow past a flat plate with uniform suction, as in Fig. 4-21. Wall suction is a 
very practical means of delaying boundary-layer transition to turbulence. Iglisch 
solved the boundary-layer Eqs. (4-91) for constant pressure, dU/dx = 0, and a 
wall-suction boundary condition: 


u(x, 0) = 0 u(x, ©) = U v(x, 0) = vp = const < O (4-117) 


The flow is nonsimilar, and the velocity profiles in Fig. 4-21 gradually change 
shape from near-Blasius flow at the leading edge to the asymptotic exponential 
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FIGURE 4-21 


Velocity profile and drag coefficient of a flat plate with uniform suction. [After Iglisch (1994).] 
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profile of Eq. (3-121) far downstream. The asymptotic condition is reached at about 
(= vo/ Uso) VRE, = 2.0. If the suction rate is a typical value, (— vo/ Uo ) = 0.001, 

in air at 22°C with U% = 10 m/s, this corresponds to a distance x = 6 m. But the 
third chart in Fig. 4-21 shows that increasing suction raises the plate drag, possibly 
even above the turbulent-flow drag that we are trying to avoid with suction. The 
reader may show as an exercise (from a control volume similar to Fig. 4-1) that the 
drag coefficient on the plate is increased by suction, due to swallowing tangential 
momentum through the wall: 


L 
Cp = 4 l C dx + 2Co 
0 
(4-118) 
Co = T 


Here ce is the local viscous shear, 27,,/pUs. Iglisch’s drag computations are shown 
in Fig. 4- 21. The dashed line shows the optimum suction, the locus of points of 
minimum suction required to maintain laminar flow, according to the transition the- 
ory of Chap. 5. For further study, the reader is referred to the excellent review by 
Wuest i in Lachmann (1961). 


4-5.3 Other Classical Analytic Solutions 


There are quite a few other published classical solutions of boundary-layer equa- 
tions for special U(x). Some of these are theoretical: 


1. Tani (1949): U = UI — x*"),n = 2, 4, 8, and x* = x/L 

2. Gértler (1957): U/Uy = (1 — x*)",n = 4,2; (1 + x*)", m = —1, —2, cos(x*) 
3. Curle (1958): U = Up(x* — x + ax*5), a = 0, +0.07885, —0.12156 

4. Terrill (1960): U = Up sin (x*) 


Two of them are experiments used for comparison with theory: 


5. Hiemenz (1911): Flow past a circular cylinder 
6. Schubauer (1935): Flow past a slender elliptical cylinder 


All of these laminar flows are driven to separation and make good test cases for an 
alternate method. The reader will appreciate that they also make good problem 
exercises for integral or finite-difference methods. 


4-6 APPROXIMATE INTEGRAL METHODS 


The control- volume approach of Sec. 4-1 is exact in principle—if exact velocity 
and temperature distributions are used—but is approximate in practice, using 
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guessed profiles and other correlations. A wide variety of these “integral methods” 
are discussed in the text edited by Rosenhead (1963). Here we present only this 
writer’s favorite method, due to Thwaites (1949). 


4-6.1 The Boundary-Layer Integral Equations 


All integral methods use partially integrated forms of the continuity, momentum, 
and energy equations, which for two-dimensional incompressible flow are Eqs. (4- 
35). Continuity is eliminated during the derivation, so that the two basic results are 
(1) the momentum integral relation [Karman (1921)] and (2) the thermal-energy 
integral relation [Frank] (1934)]. Some workers also use a third, called the 
mechanical-energy integral relation [Leibenson (1935)}. The mechanical-energy 
equation is the x-momentum equation multiplied by u, that is, it changes forces 
into the rate of work done by those forces. It is not a fundamental relation but can 
be useful as a correlation tool, especially for turbulent boundary layers. 

We may derive the integral relations by direct integration, in the y direction, 
of the boundary-layer equations, repeated here for convenience: 


Continuity: aie = 0 (4-35a) 
. du, ou, au (au, əU\ lar 
Momentum: at +u ax + Yay x~ (a + U u) + p ay (4-35b) 
aT, aT , ƏT) 89 | ðu 
Thermal energy: pe. a t+ Hay + T) my +r ay (4-35c) 


We have neglected buoyant forces and have used 7 and g to represent shear stress 
and heat transfer, because then the equations are valid, as we shall see, for turbu- 
lent boundary layers also. In the laminar case, 7 = u du/dy and q = —k ðT/ðy. 


4-6.2 The Momentum-Integral Relation 


To obtain the momentum-integral relation, we first multiply continuity by u — U 
and subtract from momentum, with the result 


1dr _ Oop ð ai 
pay ~ ar U u) + 2 “U u‘) 


+ (U — u Se + jy @U — vu) (4-119) 


We allow unsteady flow and the possibility of a porous wall with normal velocity v,,.(x) 
which is positive for injection. We then integrate from the wall to infinity, noting that 


LAMINAR BOUNDARY LAYERS 263 


T vanishes at infinity in the boundary-layer approximation. The result is 


oo [es] 


wal oe ee aea 
p ot Jo Y T ax o " wae 
+E] U- way ~ Uv, (4-120) 
N 0 


This a fairly general form of the momentum-integral relation, often called the Kármán 
integral relation after T. von Kármán, who first suggested this approach in boundary- 
layer analysis (1921). As might be expected, the integrals of U — u and u(U — u) are 
equivalent to the displacement and momentum thicknesses, Eqs. (4-4) and (4-6). 
Hence we can rewrite the momentum relation in the more compact form 


Tw C Vy 
-= -$ = tf us» + 8 + (29 + pry OU — aaan 
pU 2 Uat ax Ueax U 
For steady flow with an impermeable wall, this reduces to 
C 
f d 6 dU _ ot 
2x CFU H= (4-122) 


which is:the most heavily analyzed and most commonly seen form of the Kármán 
integral relation. The so-called shape factor H is always greater than unity, as seen 
from the geometry of Fig. 4-2, and varies for laminar flow from about 2.0 at the 
stagnation point to about 3.5 at the separation point. In turbulent fiow, the variation 
is even less (about 1.3 to 2.5), but, paradoxically, determining the exact value of H 
in turbulent flow is critical to an accurate analysis of this type. 


4-6.3 The Thermal-Energy Integral Relation 


The thermal-energy integral is most easily derived by first multiplying the 
momentum Eq. (4-35) by u and adding this to the thermal-energy Eq. (4-35c). 
The result is 


oe + (use + ot) = Bea + un) (4-123) 


where hg = c,T + u?/2 is the total, or stagnation, enthalpy of the flow—neglecting 
v?/2, naturally. This equation will have important consequences in laminar com- 
pressible. flow (Chap. 7) of gases. Presently, we merely wish to integrate the equa- 
tion from zero to infinity, including porous walls and unsteady flow. The result is 


; CO oO 
ð ð 
Jw = z pcpT dy + ay pu(hy — hoe) dy — pev ATu — T) (4-124) 
0 0 


This is the general form of the thermal-energy integral relation, derived by Frank] 
(1934). For steady flow with impermeable walls and negligible dissipation, we have 
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the simpler form 


sa 
Ww = x i pc,u(T — T,) dy (4-125) 


which was used earlier in our flat-plate analysis, Eq. (4-21), and in fact is valid for 
any low-speed laminar or turbulent boundary layer. 


4-6.4 The Mechanical-Energy Integral 
Relation 


To derive the mechanical-energy integral relation, we multiply continuity by 
uw — U? and momentum by 2u, subtract, and integrate as before from the wall to 
infinity. The result is 


Pe ae ne a ee 2 _ 
2 / T ay dy at J uU-—uydy+ U af (: aL 


oS 
af u(U2 ~ u?) dy — Uv, (4-126) 


The integral on the left-hand side is often called the dissipation integral: 


w ae i 
D -f Tay D (4-127) 


On the right-hand side, we recognize the momentum thickness, the displacement 
thickness, and a third integral related to the so-called kinetic-energy thickness 
(sometimes called the dissipation thickness): 


8 SEQ oa (4-128) 
= ae — —- Y a 
Bs OB U? 


With this notation, Eq. (4-126) can be rewritten in the compact form 


A 22212 6484 a ag a 

pU U ðt U U 
This is the mechanical-energy integral relation, first derived by Leibenson (1935) 
and valid for laminar or turbulent flow. The relation has been used in laminar flow 
but is more appropriate for turbulent flow, where an extra correlation can help make 
up for uncertain modeling laws. 


7 U8 8) — (4-129) 


4-6.5 One-Parameter Integral Methods 


The three integral relations derived before are exact but are used in approximate 
methods, and many have been published. There are two basic categories: (1) guessed 
velocity and temperature profiles and (2) empirical correlations among the integral 
parameters. 
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For momentum analysis, Eq. (4-122), one could approximate u by a one- 
parameter family of velocity profiles: 


u(x, y) © UON, PN (4-130) 


where ņ = y/ô and P is a suitable dimensionless parameter. From such a profile we 
could then compute 6, 5*, H, and 7,, and substitute in Eq. (4-122) to obtain a first- 
order differential equation for, say, (x). 

The guessed-profile idea was dominated for decades by the first such method, 
developed by Pohlhausen (1921). Guided by the concurrent paper of Kármán 
(1921), Pohlhausen proposed a fourth-order polynomial: 


A 
GY 2 - WP + nt t Sin - I (4-131) 


where A:= 8?(dU/dx)/v varies with the local pressure gradient and is now called the 
Pohthausen parameter. Equation (4-131) looks good when plotted, fits five realistic 
profile boundary conditions, and, when substituted into the momentum-integral rela- 
tion (4-122), produces a differential equation that is easy to solve on a personal com- 
puter. Unfortunately, it is not very accurate and thus should be discarded. 

There have been many other methods using profile assumptions, some 
involving multiple parameters [Rosenhead (1963)]. But this writer believes that the 
correlation idea of Thwaites (1949) is excellent and sufficient for laminar flow and 
need not be supplemented by any other approximation. 


4-6.6 The Correlation Method of Thwaites 


Thwaites (1949) modified and improved an idea of Holstein and Bohlen (1940), 
who cleverly rewrote the momentum-integral Eq. (4-122) in terms of a better 
parameter A, defined as 


Qrir 2 
pa (2) A (4-132) 


Y 


Their simple but inspired idea was to multiply the momentum-integral relation, 
Eg. (4-122), by U@/v, with the result 
, TO _ UO dð | PU’ 


HU y dx v 


(2 + H) (4-133) 


Now H and the left-hand side of this equation are dimensionless boundary-layer 
functions and thus, by assumption, are correlated reasonably by a single parameter 
(A in this case). Thus we assume, after Holstein and Bohlen (1940), that 


aU = S(A) shear correlation 


5* (4-134) 
H= F = H(A) shape-factor correlation 
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FIGURE 4-22 
Empirical correlation of the boundary-layer function F(A) in Eq. (4-135). [After Thwaites (1949).] 


and further note that 6 d@ = dé? / 2). Equation (4-133) may thus be rewritten in the 
very neat form 


ie oe ae ee a _ 
ve() = 2[,S(A) — A(2 + H)]| = F(A) (4-135) 
Whereas earlier workers would have proposed a family of profiles to evaluate the 
parametric functions in Eq. (4-135), Thwaites (1949) abandoned the favorite-fami- 
ly idea and looked at the entire collection of known analytic and experimental 
results to see if they could be fit by a set of average one-parameter functions. As 
shown in Fig. 4-22, he found excellent correlation for the function F and proposed 
a simple linear fit 


F(A) = 0.45 — 6.0A [Thwaites (1949)] (4-136) 
If F = a — ba, Eq. (4-135) has a closed-form solution which the reader may ver- 
ify as an exercise: 
2 x 
— av f Udy + c) (4-137) 


0 


If xg is a stagnation point, the constant C must be zero to avoid an infinite momen- 
tum thickness where U = 0. Thus Thwaites has shown that @(x) is predicted very 
accurately (+3 percent), for all types of laminar boundary layers, by the simple 
quadrature 


62 = oa f U5 dx (4-138) 
0 
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TABLE 4-4 
Shear and shape functions correlated by Thwaites (1949) 


Le a e 


À : H(A) S(A) A H(A) S(A) 
+0.25 : 2,00 0.500 -0.056 2.94 0.122 
0.20 : 2.07 0.463 -0.060 2.99 0.113 
0.14 - 2.18 0.404 -0.064 3.04 0.104 
0.12 2.23 0.382 —0.068 3.09 0.095 
0.0 2.28 0.359 -0.072 3.15 0.085 
+0.080 | 2.34 0.333 -0.076 3.22 0.072 
0.064 - 2.39 0.313 —0.080 3.30 0.056 
0.048 ` 2.44 0.291 ~0.084 3.39 0.038 
0.032 - 2.49 0.268 -0.086 3.44 0.027 
0.016 ` 2.55 0.244 -0.088 3.49 0.015 
00 > 2.61 0.220 -0.090 3.55 ` 0.000 
(Separation) 

~0.016 - 2.67 0.195 

-0.032 ` 2.75 0.168 

-0.040 ` 2.81 0.153 

-0.048 ` 2.87 0.138 

-0.052 : 2.90 0.130 


Having found @ from this relation, one calculates A = 67U’ /v and calculates the skin 
friction and displacement thickness from the assumed one-parameter correlations 


W 


ô* = H(A) 


7, = sa 
=a (4-139) 


Thwaites’ suggested correlations for S(A) and H(A) are listed in Table 4-4 and plot- 
ted in Fig. 4-23. A simple and accurate curve fit to the shear function, shown in 
Fig. 4-235, is 


S(A) = (A + 0.09)°° (4-140) 


Being unable to divine a comparably simple formula for the shape-factor function 
F(A), this writer offers the following desperation polynomial: 


H(A) = 2.0 + 4.142 — 83.527 + 85427 — 333724 + 45762> (4-141) 


where z = (0.25 — A). The fit in Fig. 4-23a is good, though laborious. 

The accuracy of the Thwaites method is about +5 percent for favorable or 
mild adverse gradients but may be as much as +15 percent near the separation 
point. Nevertheless, since the method is an average of many exact solutions, it can 
be regarded as a best available one-parameter method. If more accuracy is desired, 
the finite-difference computer method of Sec. 4-7 is recommended. 
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FIGURE 4-23 


The laminar-boundary-layer correlation functions suggested by Thwaites (1949): (a) shape factor; (b) shear 
stress, with curve fits. 


4-6.7 Application to the Howarth 
Decelerating Flow 


To illustrate the simplicity and accuracy of Thwaites’ method, we apply it to 
the Howarth linearly decelerating flow of Eq. (4-114) and Fig. 4-20, with 
dU/dx = -U,/L = const. The momentum thickness is computed, approximately, 
from Eq. (4-138): 


Pes. 0.45 oe axy 5 vL ae 
Q@- = ie = z. u(i x) dx = 0.075 A x) l 
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from which, by definition, 


BEAT > a Ai 
A= a 0.075) (1 = z) = J (4-142) 


vY 


With A(x) given by this (approximate) expression, we could then compute the wall 
shear 7,,(x) from the function S(A) in Table 4-4 or Fig. 4-23b. Let us save that until 
Sec. 4-7 as a comparison. 

Given A(x), the separation point is predicted by 


Asep © —0.09 
or 
Xsep 


a. oe —1/6 — 
T. ! (2.2) 0.123 


This is within 3 percent of the exact finite-difference result Xsep = 0.120 L, achieved 
with very modest computational effort. This is better accuracy than the +10 percent 
that one might expect in any given case. Further, if U(x) is complicated algebraically, 
it may be necessary to carry out the integral of U? in Eq. (4-138) numerically—which 
is still much simpler than a full-blown finite-difference computer attack. 


4-6.8 | Application to Laminar Flow Past 
a Circular Cylinder 


Both the accuracy and the dilemma of a bluff-body boundary-layer calculation are 
illustrated by the circular cylinder. In terms of the dimensionless arc length 


Mm 


x* = x/a, where a is the cylinder radius, the potential-flow velocity distribution is 
J- = 2sinx* = 2.0x* ~ 0.333x* + 0.0167x*5... (4-143) 
oO 


from which we can easily generate boundary-layer solutions of any type (integral, 
series, or digital computer). Calculations of this type have been made. Separation 
is predicted at an angle x* = œ = 104.5° in numerical results by Terrill (1960), 
which we might (mistakenly) think would be reproduced in an experimental lami- 
nar cylinder flow. 

Unfortunately, as discussed earlier in Sec. 1-2, the broad wake caused by 
bluff-body separation is a first-order effect, i.e., it is so different from potential flow 
(see Figs. 1-5 and 1-6) that it alters U(x) greatly everywhere, even at the stagnation 
point. For example, the experiment of Hiemenz (1911) for a cylinder at a Reynolds 
number Re, = U.a/v = 9500 fit the polynomial 

U 


Ua © L8l4x* — 0.271x*? — 0.0471x*5 (4-144) 
oO 


which is quite different from potential flow. Even the Stagnation velocity gradient 
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FIGURE 4-24 
Comparison of potential-flow and actual-flow computations for a circular cylinder: (a) potential and actual 
velocity distributions; (b) potential-flow and actual-flow skin friction. 


(1.814) is 9.3 percent less than the potential-flow value (2.0), and the maximum 
velocity (1.595U..) occurs at @ = 71.2°, instead of 2.0U,, at $ = 90°. The two 
distributions are illustrated in Fig. 4-24a. It is clear that the potential flow is not a 
suitable input for the boundary-layer calculation. Once the actual U(x) is known, 
the various theories are accurate, as seen in Fig. 4-24b. The finite-difference 
method of Smith and Clutter (1963) places Peep at 80°, whereas Thwaites’ integral 
method, Eq. (4-138), predicts 78.5° and a Howarth—Tifford series (including 
19 terms) predicts 83°. All three are in reasonable agreement with the Hiemenz 
(1911) experimental observation ¢,.,, © 80.5°. 

All laminar-boundary-layer computations hinge upon knowing the correct 
U(x), however. It is presently a very active area of research to develop coupled 
methods in which a separating boundary layer interacts with and strongly modifies 
the external inviscid flow. 
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TABLE 4-5 
Laminar-separation-point prediction by Thwaites’ 
method 
Thwaites 

U(x) X sep (exact) Xsep Error, % 
Howarth (1938) 

t- x 0.120 0.123 +2.5 
Tani (1949) 

I= x 0.271 0.268 ~1.1 

1- x4 0.462 0.449 —2.8 

= x 0.640 0.621 -3.0 
Terrill (1960) 

sin(x) | 1.823 1.800 -13 
Curle (1958) 

x- 0.655 0.648 —1.1 
Görtler (1957) 

cos(x} 0.389 0.384 -]3 

(ay? 0.218 0.221 +13 

d — xy 0.0637 0.0652 +24 

O +x)! 0.15} 0.158 +46 

(xy 0.0713 0.0739 +3.6 


4-6.9 Laminar-Separation-Point Prediction 


One test of the general effectiveness of Thwaites’ theory Eq. (4-138) is to see how well 
it predicts laminar separation for a variety of U(x) freestream velocity distributions. 
Apply Eq. (4-138) to the distribution, compute @ (x), and note the position where 
Ag = '@? (dU dx)/v = —0.09. Some results are shown in Table 4-5 for eleven dif- 
ferent flows with adverse pressure gradients. The separation position error is less 
than 4 percent, but this success is tempered by our previous observation that large- 
scale separation greatly changes the external velocity and pressure distribution. The 
boundary-layer approximation is inadequate in the vicinity of separated flow. 


4-7 DIGITAL-COMPUTER SOLUTIONS 


The integral methods discussed in Sec. 4-6 are easy to use but limited in accuracy. 
The similarity solutions of Sec. 4-3 are accurate but limited in applicability. If one 
is faced with a heavy-duty study of nonsimilar boundary layers and needs great 
accuracy, then a digital-computer numerical model is required. 

For convenience, let us repeat the two-dimensional, steady, laminar, boundary- 
layer equations that we wish to solve: 


cre ðu dv _ 
Continuity: a F aC 0 (4-41a) 
2 
Momentum: gos + you = ptt + y Tt (4-415) 
ax oy dx oy 
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These equations are parabolic in x, so the numerical models are all of the 
downstream-marching type. The usual inputs for any method are (1) known upstream 
profiles (0, y) and v(0, y), (2) known freestream velocity U(x), and (3) known wall 
conditions u(x, 0) = 0 and v(x, 0) = v(x). 

The laminar-boundary-layer equations are parabolic or “marching” in char- 
acter and thus relatively easy to model with CFD. The literature contains scores 
of numerical models, many of which are summarized in three boundary-layer 
texts: Schetz (1992), Cebeci and Cousteix (1998), and Schlichting and Gersten 
(2000). The first two of these texts include FORTRAN codes for various bound- 
ary-layer models. Moreover, Schetz’ work has been extended, as sponsored by 
the National Science Foundation, in the form of Internet Boundary Layer 
Applets," Devenport and Schetz (2002), which anyone can access and run on 
their own PC, These excellent Applets are JAVA codes that include laminar and 
turbulent flows, both incompressible and compressible. With such resources 
available, the present text will not attempt to become a CFD monograph. We will 
simply present a simple, direct boundary-layer model that is effective and use- 
ful. The reader may wish to learn from this simple method and then graduate to 
more advanced codes. 

There are two types of marching schemes: explicit and implicit. In the explicit 
methods, the downstream profiles u(x + Ax, y) and v(x + Ax, y) are calculated 
immediately from the known upstream profiles u(x, y) and v(x, y) by direct applica- 
tion of an algebraic model of Eqs. (4-41). Explicit models are simple but become 
unstable numerically unless small step sizes Ax are used, which may mean excessive 
computer time. 

An implicit method is also an algebraic model of Eqs. (4-41), but points on 
the downstream profile u(x + Ax) must be solved simultaneously by either itera- 
tion or matrix inversion. Computation time per step Ax is larger than for explicit 
schemes, but there is no numerical instability. The step size may be as large as one 
likes, subject only to the normal truncation errors that do not diverge or oscillate. 
We will illustrate both an explicit and an implicit model. 

The methods we illustrate are finite-difference schemes, modeling derivatives 
by differences between nodal points on a rectangular (x, y) mesh. There are also 
numerous schemes using the finite-element method Beer (2001) or Löhner (2001) 
that is quite different m principle—simulating whole fields or “elements” of flow 
bounded by mesh points. We shall not discuss finite-element models here. 


4-7.1 An Explicit Finite-Difference Model 
for Plane Flow 


For both of our methods, we use the rectangular finite-difference mesh shown in 
Fig. 4-25. Subscripts are convenient: u,, „ means the velocity u at mesh point 


*An Applet is an Internet software program that a browser can downtoad and use interactively. Not all Applets 
are excellent. Poorly constructed Applets can slow or crash PCs and are known as “craplets.” 
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Previous Next 
values values 


FIGURE 4-25 
Finite-difference mesh for a two- 
X X+AxX dimensional boundary layer. 


(m, n), located at (x, y) = Km — 1) Ax, (n — 1) Ay]. Thus (m, n) = (1, 1) locates 
the origin, (x, y) = (0,0). The step sizes Ax and Ay need not be equal. We also 
locate vertical velocity v,, ,, and (later) temperature T, ,, at the same mesh points. 
AH values at station m are assumed known or “previous,” and we use them to march 
downstream and predict the “next” station values at (m + 1). Let the total mesh be 
M X N large, where m = M is the exit, = N isthe freestream, m = 1 is the inlet, 
and n = 1 is the wall. 

Let us begin by writing a finite-difference model of the momentum Eq. (4-415) 
representing level n of the mesh: 


umtii T Bman Un n+l T Ym n-i 
Unn Ax + Vinn 2 Ay 
2 2 co 
es. Unt hac, Ui, Hin nt | 2Uyy, n + Um n-i 
oe v 5 (4-145) 
2 Ax Ay 


Now, moving from left to right, let us remark about each term. The first term 
uses a forward difference to model du/dx. The second term uses a central dif- 
ference to represent du/dy, thus keeping the model at level “n.” The third term is 
the pressure gradient, using the form U(dU/dx) = d(U?/2)/dx and writing this as 
a forward difference—note that U,,,,, is known because U(x) is the freestream 
velocity. Finally, the fourth term is a central-difference model of d7u/dy?. All 
terms center about level “n,” which is good practice for numerical accuracy. The 
only unknown velocity in the model is w,,,, n» Which we may solve for and write 
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as follows: 3 : 
Umi _ Ui, 
Um+l, n fe (a ~ Btn, nt] + (1l = 2Q)Uy, n + (a + Bu, ial | + 2u 
(4-146) 
vAx eF Vin, „âx 
— Um, nA Sä £ p QU, nOy 


The right-hand terms in Eq. (4-146) are all known from the “previous” station. 
Therefore we may solve for u,, 4, ,, immediately—the model is explicit. However, 
algebraic recurrence relations such as Eq. (4-146) require, for numerical stability, 
that all the coefficients of the previous values u, be positive. In this case, a < 4 and 
B < a. The restraints limit both step sizes in the mesh: 


Umin AY” Ay < 2v 
2v 


Ax < (4-147) 


| Umax | 
We need the absolute value on Vmax because v is positive in adverse gradients but 
may be negative in favorable gradients. Usually ui occurs near the wall and Unax 
near the freestream. During this explicit computation, we have to monitor a(y) and 
By) to make sure that Eqs. (4-147) are satisfied. 

With uati, „n known from Eq. (4-146), we find v,,,,,, by modeling the continu- 
ity Eq. (4-41a@). The simplest way would be a forward difference for both terms: 


Unticn Yn, n Umt, n T Vmti, n=l 
St BO 
Ax Ay 
We start with n = 2 to compute v+, > because v,,, 1.1 = V, is known. However, 


let’s not bother: The first term is at level n, and the second is at level n — 3. numer- 
ical accuracy will be poor. Moving dv/dy up to a central difference 
Wml, n+1 T Umti,n—1]/2Ay at level n is self-defeating because we skip the value 
we wanted, v,,4) ,- Wu (1961) suggested that we move du/dx down to level n — 5 
by using an average value: 


Ou 
Ox 


oa [ete = Um, n + Uml, n-i Ka Un n-i 

avg 2 Ax Ax 

We use this expression instead in the continuity model and solve explicitly for the 
next vertical velocity: 


Ay 


Untin © Um+l,n-1 T [instr T Un pn F Hm+i,n=1 Um n—1) (4-148) 
2 Ax 


There is no instability in this relation other than that already required by Eqs. (4-147). 
We begin at n = 2 and move upward. 

Equations (4-146) and (4-148) constitute a satisfactory, explicit, laminar, 
boundary-layer model which may easily be programmed on a personal computer. 
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Since we are “marching,” there is really no need to use the “m” subscript, e.g., 
dimension u(1000, 50) and v(1000, 50) for 1000 downstream steps. One can oe 
denote station m as up(50) and up(50) for “previous” and station m + 1 as un(50) 
and vn(50) for “next,’ keep the results long enough to print them, reinitialize 
up(n) = un(n) and vp(n) = vn(n), and move on. During the computation, one 
should constantly monitor the stability conditions Eqs. (4-147) and also check to see 
that the outer values um y-, and tip y, etc., merge smoothly with the freestream 
velocity U, since the boundary-layer thickness is a priori unknown. 


4-7.1.1 APPLICATION TO HOWARTH LINEARLY DECELERATING FLOW. For 
illustration, Eqs. (4-146) and (4-148) were programmed to solve the Howarth 
problem U = U)(1 — x/L) from x = 0 until separation. Arbitrary values can be 
taken for Uo, L, and v, since the results will be nondimensionalized. Figure 4-26 
shows the computed values of normalized skin friction C,/C,(0) compared with 
the Howarth series solution, and Thwaites’ method using S(A) hen A is given by 


1 D —— Howarth series solution 


0 Thwaites’ method, Eqs. (4-140) and (4-142) 
å Finite differences, Eqs. (4-146) and (4-148) 
or (4-148) and (4-149) 


0.8 


0.6 
C; 
C; (0) 
0.4 
0.2 
0.0 
0.00 0.02 004 0.06 008 010 0.12 0.14 
x 
L 
FIGURE 4-26 


Comparisen of finite-difference, integral, and series solutions for wall friction in the Howarth linearly 
decelerating flow of Eq. (4-114). 
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Eq. (4-142), We see that the computer solution equals the Howarth series for 
x/L = 0.1 and then is more accurate near separation, Xsep/ L % 0.120. Thwaites’ 
method is quite good (+5 percent) over the entire range. The explicit computer 
method required 3000 steps, with Ax being extremely restricted by Eqs. (4-147) 
near separation. 


4-7.2 An Implicit Finite-Difference Model 


In an implicit model, more of the “next” terms are used to approximate the deriva- 
tives, resulting in simultaneous algebraic equations. In the present application, we 
model the viscous or second-derivative term in the momentum equation at the next 
station, m + 1: 


„2 Zz 
d7u Hore |e | os ar + Hm+tli.n-] 
rh Ao 


ovr Ay" 


When this replaces the “previous” second derivative used in the explicit model, the 
result is that each nth-level equation has three unknowns: 


a2 ree are > (I F 20 aiia E Ant | nl 
cf ? 
P = = 4 mth U;, 4 149 
~ Un yn BU, nt] Hy n=1) 2u ( T ) 


mn 


where a and £ have the same meaning as before, Eq. (4-146). Now we must solve 
simultaneously for the u+ „—the method is implicit. The benefit is that the results 
are unconditionally stable, regardless of the step sizes Ax and Ay—no need to use 
conditions Eqs. (4-147). We should select Ay small enough that, say, 20 or more 
points are within the boundary layer, and Ax should be small enough that changes 
In u,, , from station to station are small, say, less than 5 percent. 

One way to solve Eq. (4-149) is by Gauss-Seidel iteration: Solve for the dom- 
inant term Hpi p MOVIN u,,+) 4) Over, and sweep the right-hand side repeatedly 
until the values of u do not change. Convergence is not guaranteed unless Ax and 
Ay are relatively small. A second method is direct solution by Gauss elimination or 
matrix inversion. 


4-7.2.1 INVERSION OF A TRIDIAGONAL MATRIX. Assuming that n = J is the 
wall and n = N is the freestream, Eqs. (4-149) represent (N — 2) equations, each 
with three unknowns: The matrix is thus tridiagonal. Such matrices are easy to invert 
by a procedure, called the tridiagonal matrix algorithm (TDMA), very nicely 
described in Sec. 4.2-7 of the text by Patankar (1980). It works because there are 
only two unknowns at the bottom, n = 2, where u,-, = 0 (no slip), and only two 
at the top, n = N, where uy = U(x). Thus we can begin at the bottom and elimi- 
nate one variable at a time until we reach the top, where uy_, is immediately found. 
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We then work our way back to the bottom (“back substitution”), picking up u, in 
terms of u,,, until we secure the final value, u. 

The TDMA is outlined as follows. Dropping the “m” subscripts as superflu- 
ous, Eq: (4-149) may be written, at any n, as 


(l + 2&,, Uy, = Wy Uy +] + Qnn | + Ca 
where Ç, denotes the entire right-hand side of Eq. (4-149). The desired back- 
substitution recurrence relation has the form 
Ur T Prune: + Qn (4-150) 


First calculate P,, and Q,. Begin at the bottom, uw, = 0, by computing 


P, = — 
2 1 + 2a, 
E C, (4-151) 
O-TFT 2a, 
Then calculate the remaining P’s and Q’s by recurrence relations: 
| P = Qn 
eee ee 2a, 7 OP a) 
(4-152) 
a Ci + OO 39 
2, z l + 2A, = se aie 
At the top, since uy = U, the value of velocity follows immediately: 
| Gy 0 Bip iO eS Cp- 
Uy) = N-I N-1QyN-2 N-i (4-153) 


| + æy- — Ay-\Pn-2 


where U is the freestream velocity at that station. With uy- known, plus all the 
P’s and Q’s, we work our way downward using Eq. (4-150) until we reach the 
final unknown, u. The algorithm works extremely well for a well-behaved matrix 
such as Eq. (4-149). Remember that the coefficient @ itself varies with 7 because 
it contains H, p 

The implicit method was also applied to the Howarth distribution and results 
of accuracy equal to the explicit method, plotted in Fig. 4-26, were obtained with 
Ax/L = 0.001. Run time on a personal computer was less than the explicit method. 
There is no instability and no special need for decreased Ax near separation. 

Finally, to illustrate the yin and yang of nonsimilar boundary layers, the method 
was run for a circular cylinder with the Hiemenz experimental velocity distribution, 
Eq. (4-144). Boundary-layer profiles are plotted in Fig. 4-27 for every A@ = 10°, 
measured from the stagnation point. Separation was predicted at @ = 81° (see Fig. 4- 
24b). The nominal Reynolds number was taken as Uj)R/v = 10° to show the actual 
boundary-layer thickness, which is about 1 percent of the cylinder radius. In the 
favorable gradient for 0 up to 60°, the profiles are strongly curved and have increas- 
ing wall shear stress. From 60° on, as the freestream levels off and begins to deceler- 
ate, the profiles become thicker and then S-shaped, with an early separation. 
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FIGURE 4-27 


Laminar boundary layers on a cylinder computed by the implicit numerical method of Eqs. (4-148) and (4-149). 
Freestream velocity given by Eq. (4-144), 


4-8 THERMAL-BOUNDARY-LAYER CALCULATIONS 


The previous three sections were devoted to velocity calculations, because the 
assumption of incompressible flow with constant viscosity uncouples the velocity 
and enables it to be calculated independent of temperature. Afterward, the temper- 
ature can be calculated from the thermal-energy equation (4-35c) and the known 
velocity solution. We now review some of the methods of making temperature cal- 
culations under fairly arbitrary conditions. 

Almost all analyses of incompressible flow assume that dissipation is negli- 
gible and work with the simplified thermal-energy equation 


2 
Differential form: 7 oF + yee a A OT (4-154a) 


ax dy pt, day” 


Integral form: qd, = al J puc (T — T, ay | (4-154b) 
0 


